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The electromagnetic field of standing-wave or ring cavities induces a spatially modulated, infinite-range
interaction between atoms in an ultracold Fermi gas, with a single wavelength comparable to the Fermi
length. This interaction has no analog in other systems of itinerant particles and has so far been studied only
in the regime where it is attractive at zero distance. Here, we fully solve the problem of competing
instabilities of the Fermi surface induced by single-wavelength interactions. We find that while the density-
wave (superradiant) instability dominates on the attractive side, it is absent for repulsive interactions, where
the competition is instead won by nonsuperradiant superfluid phases at low temperatures, with fermion
pairs forming at both vanishing and finite center-of-mass momentum. Moreover, even in the absence of
such symmetry-breaking instabilities, the Fermi surface exhibits a peculiar anisotropic deformation. We
estimate this full phenomenology to be within reach of dedicated state-of-the-art experimental setups.
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Introduction—The problem of an electron gas coupled to
transverse photons is a longstanding one in many-body
physics [1], showing an intriguing phenomenology deviat-
ing from standard metallic behavior. Recent developments
in the field of cavity quantummaterials [2] promise to bring
this rich physics within experimental reach [3], owing to
the enhancement of the light-matter coupling via optical
confinement. The latter introduces a tunable gap; it closes
at the superradiant phase transition, where non-Fermi-
liquid behavior has indeed been predicted [4].
Light confinement via mirrors enables strong coupling of

matter to a single electromagnetic mode. In solids, the
wavelength of this mode is orders of magnitude larger than
the Fermi length [5,6]. By contrast, in ultracold atomic
systems, where electrons are replaced by neutral fermionic
atoms, these two scales can be comparable [7]. This gives
access to a new regime where the photon-mediated inter-
action transfers a single, but finite momentum between
fermions, set by the cavity-photon wave vector. This
situation, absent in other itinerant systems, becomes par-
ticularly interesting in the presence of a Fermi surface (FS).

To date, both theory [8–16] and experiment [17–19] have
mainly focused on the attractive regime, where the super-
radiant (SR) (density wave) phase dominates due to a
collective enhancement caused by the single-wave-vector
nature of the photon-mediated interaction. In this work, we

0

FIG. 1. Phase diagram for a transversely driven ultracold
polarized Fermi gas in a cavity. For attractive interactions
(g < 0), below a critical coupling scaling as the inverse of the
number of atoms, the system is dominated by a superradiant (SR)
phase with modulated density ordering in the atom cloud. For
repulsive interactions (g > 0), the SR phase is suppressed, and a
paired superfluid (SF) phase emerges with a superposition of
pairs with zero and finite c.m. momentum P. Inset: sketch of two
possible cavity geometries, (a) a standing-wave cavity and (b) a
ring cavity.
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leverage the latter feature to fully solve the competition
problem via a mean-field treatment, which becomes exact
in the thermodynamic limit [20].
As shown in Fig. 1, on the repulsive side of the photon-

mediated interaction, the SR phase is absent, giving way to
a nontrivial competition between nonsuperradiant phases,
governed by the hot spot points on the FS which are
connected by a photon wave vector (see Fig. 2). At low
temperatures, this competition is won by superfluid phases,
which exhibit degenerate pairing channels with either
vanishing or finite center-of-mass (c.m.) momentum.
Remarkably, independent of the sign of the interaction
and even in the absence of symmetry breaking, we find that
the Fermi surface is always anisotropically deformed. This
deformation is a true many-body effect due to the
anisotropy of photon-mediated interactions, similarly to
what happens in dipolar Fermi gases [21–23]. Contrary to
the latter case, however, the FS is not an ellipsoid, but rather
shows a new type of deformation geometry due to the
single-wave-vector nature of the interaction.
We fully characterize the behavior of the pairing gap,

which strongly depends on momentum, and estimate that
the required temperature and light-matter couplings lie
within reach of dedicated, state-of-the-art experimental
setups.
Model—We study a fully spin-polarized ultracold gas of

fermionic atoms, at temperature T, confined by an external
potential to two spatial dimensions [24] in a homogeneous
trap [25,26]. Because of spin polarization, intrinsic short-
range interactions are absent [24,27,28], allowing us to
focus exclusively on photon-mediated interactions.

The dispersion relation is given by the standard form
ξk ¼ k2=ð2mÞ − εF (we work in units with ℏ ¼ kB ¼ 1),
where the Fermi energy εF determines the particle density
n ¼ k2F=ð4πÞ via the Fermi wave vector kF ¼ ð2mεFÞ1=2,
which sets the radius of the Fermi disk in the absence of
interactions at zero temperature. The Fermi gas is located
within an optical ring cavity [Fig. 1(b)] that supports two
counterpropagating cavity modes expð�iQc · rÞwith cavity
momentum Qc and corresponding frequency ωc, and
transversally driven by a laser pump of frequency ωp, with
an adjustable detuning Δc ¼ ωc − ωp [29,30]. Typical
cavity experiments with ultracold Fermi gases [17–19]
operate at densities where kF and Qc are of comparable
magnitude. Here we focus on a ring cavity, which is
translationally invariant and thus the simplest case.
However, we find similar results for the experimentally
more common standing-wave cavity [see Fig. 1(a)]; a
summary of this generalization is provided below and
discussed in full in Supplemental Material [31]. In the
dispersive regime, the system is described by the
Hamiltonian [7]

Ĥ ¼
X
k

ξkĉ
†
kĉk þ

g
2

X
p;k

s¼�1

ĉ†pþsQc
ĉ†k−sQc

ĉkĉp; ð1Þ

where the geometry of the ring cavity implies momentum
conservation in the interaction term. In the above, the
operators ĉk and ĉ†k annihilate and create a fermion with
momentum k. Assuming jΔcj much larger than the cavity
loss rate κ, the tunable coupling strength is given by
g ≈U0V0=Δc, where U0 is the depth of the cavity potential
per photon and V0 corresponds to the light shift induced by
the pump, proportional to the pump intensity [7,18,34].
Physically, these cavity-mediated interactions transfer

only fixed momenta�Qc and are therefore of infinite range
in real space, with a periodic modulation with wave vector
Qc. The sign of g, which is tunable via the cavity detuning
Δc, determines the sign of the interaction at zero distance.
Because of the long-range nature of the interactions, mean-
field theory becomes exact in the thermodynamic limit [7],
which forms the basis of the analysis of the phase
diagram below.
Mean-field analysis—We first identify the most relevant

low-energy processes in the pairing and exchange channel
[35], since the direct channel is dominated by the density
wave (superradiance). For a given Qc with Qc ∼ kF and
Qc < 2kF (necessary for hot spots to exist), the
Hamiltonian Ĥ singles out special interaction processes
where all incoming and outgoing momentum states reside
on the FS, which, therefore, correspond to the primary
candidates for instabilities. As depicted in Fig. 2, these
occur if and only if the four momentum hot spots �khs and
�ðkhs − QcÞ are involved.

FIG. 2. Sketch of the mean-field decouplings evaluated at the
hot spots on the FS. (a) Cooper order parameters Δð0Þ

khs
¼

ghĉ−khs ĉkhsi and Δð0Þ
khs−Qc

¼ ghĉ−khsþQc
ĉkhs−Qc

i (red), together with
PDW order parameters Δð�Þ

�ðkhs−QcÞ ¼ hĉ�khs ĉ�ðkhs−QcÞi (green).

(b) Exciton order parameters X�khs ¼ ghĉ†�khs
ĉ∓ðkhs−QcÞi (orange),

together with momentum occupation numbers hn̂�khsi ¼
hĉ†�khs

ĉ�khsi and hn̂�ðkhs−QcÞi ¼ hĉ†�ðkhs−QcÞĉ�ðkhs−QcÞi (blue

dashed). The latter are at the origin of the FS deformation
(see Fig. 3), whereas the others are associated with instabilities
due to spontaneous symmetry breaking. (a) Pairing channel.
(b) Exchange channel.
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In Ĥ, these two processes are given by the contributions

gĉ†khs−Qc
ĉ†−khsþQc

ĉ−khs ĉkhs ; ð2Þ

gĉ†�ðkhs−QcÞĉ
†
�khs

ĉ�ðkhs−QcÞĉ�khs : ð3Þ

Astandardmean-field decouplingofEq. (2) in both thepairing
and the exchange channel yields gĉ†khs−Qc

ĉ†−khsþQc
ĉ−khs ĉkhs≃

Δ̄ð0Þ
khs−Qc

ĉ−khs ĉkhs − X̄−khs ĉ
†
−khsþQc

ĉkhs þH:c:þconst. Here, a

finite value of Δð0Þ
khs

¼ ghĉ−khs ĉkhsi [red in Fig. 2(a)] describes
a state with pairs of vanishing c.m. momentum, which is
referred to as Cooper pairing in the following. On the other
hand, for the exchange channel, the particle-hole expectation
value X−khs ≡ ghc†−khsckhs−Qc

i [orange in Fig. 2(b)]
describes exciton condensation (XCON) with finite relative
momentum K ¼ 2khs − Qc. Applying the same decoupling
to process (3) leads to gĉ†�ðkhs−QcÞĉ

†
�khs

ĉ�ðkhs−QcÞĉ�khs≃

Δ̄ð�Þ
�ðkhs−QcÞĉ�ðkhs−QcÞĉ�khs − ghn̂�ðkhs−QcÞiĉ†�khs

ĉ�khs þ H:c:þ
const. The order parameter Δð�Þ

�ðkhs−QcÞ ¼ hĉ�khs ĉ�ðkhs−QcÞi
[green in Fig. 2(a)] describes pair-density-wave (PDW)
pairing with fixed c.m. momentum �P ¼ �ð2khs − QcÞ. In
the exchange channel, momentum occupation numbers
hn̂khsi ¼ hĉ†khs ĉkhsi [blue dashed in Fig. 2(b)] emerge, which
donot give rise to instabilities but instead lead to a reshapingof
the FS. Moreover, as we shall see below, the pairing
instabilities Δð0;�Þ are always dominant over the XCON
instability.
To extend the mean-field approach beyond the hot spots,

we introduce the momentum deviations δk� ¼ ð�δkx; δkyÞ
and include shifted copies of the hot spots, displaced by
multiples of Qc. The generalized pairing order parameters
then become (l∈Z)

Δð0Þ
khsþδk�þlQc

≡ ghĉ−ðkhsþδk�þlQcÞĉkhsþδk�þlQc
i

ΔðþÞ
khsþδkþþlQc

≡ ghĉkhsþδk−−ðlþ1ÞQc
ĉkhsþδkþþlQc

i
Δð−Þ

−khs−δkþþlQc
≡ ghĉ−khs−δkþ−ðl−1ÞQc

ĉ−khs−δk−þlQc
i: ð4Þ

Further details—including the analogous expressions for
the exchange channels X, Y [the latter becomes distinct
only beyond the hot spots, see Eq. (B8)], and hn̂i—are
presented in the End Matter (EM), along with the full
mean-field Hamiltonian. Moreover, the Hamiltonian (1)
exhibits a special SO(2) symmetry in momentum space
originating from the fact that the ky components (êy⊥Qc)
are untouched by the interaction, such that any fermion
may be replaced by a superposition with the fermion with
flipped ky momentum. This leads to an exact degeneracy
between Cooper and PDW pairing, as is detailed in the EM,
too. Upon entering the paired phase, the system

spontaneously breaks this symmetry by selecting a specific
superposition of Cooper and PDW states.
Given the full mean-field decoupled Hamiltonian, one

can derive (see EM) a closed set of coupled equations for all
the above order parameters, which we use to solve the full
problem of competing instabilities.
Results—We focus on repulsive interactions, g > 0, such

that the superradiant density wave instability (direct chan-
nel) is absent (see EM for details). To fully solve the
coupled mean-field equations (B13), we resort to numerics
on a truncated momentum grid containing the vicinity of
the Fermi sea and the corresponding momenta shifted by
�Qc. Including further shifted copies amounts to a per-
turbative expansion in g=ϵF, yielding small corrections in
the regime jgj=εF ≪ 1. The results in Figs. 3 and 4 are
shown for g ¼ 0.3εF and Qc ¼ 1.2kF.

FIG. 3. Momentum distribution hn̂ki (left) and Cooper gap Δð0Þ
k

(right) for different temperatures below Tc. Dotted line: FS
reshaped by interactions. The dotted arches on the left and right
side correspond to the analytic result ξk ¼ g. Dashed line: bare
FS. Green dots: renormalized hot spots. Inset in the lower-right
panel: enlarged view of the region around a hot spot for a
temperature just below Tc.
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To gain a deeper understanding of the underlying
physics, we first analyze the mean-field equations in the
absence of pairing and exchange. The Hamiltonian then
becomes diagonal with a renormalized dispersion, and the
self-consistency equation reduces to

ϵðn̂Þk ¼ ξk − g
X
s¼�1

hn̂kþsQc
i hn̂ki ¼ nFðϵðn̂Þk Þ; ð5Þ

with the Fermi-Dirac distribution nF. This results in a
reshaped FS: From a grand-canonical perspective, the
ground-state corresponds to a Fermi sea that includes all

single-particle states with ϵðn̂Þk < 0. For g > 0 (see Ref. [31]
for the case g < 0), Equation (5) implies that not only the
noninteracting FS ξk < 0 is occupied, but also momentum
states with ξk − g < 0, provided that simultaneously
ξk�Qc

− g < 0. The left column of Fig. 3 shows the
reshaped FS with renormalized hot spots (green dots) for
three different temperatures below Tc. The new khs;y hot
spot coordinates are determined by the equation ξkhs ¼ g

(hot spots on reshaped FS), where khs;x ¼ �Qc=2 because
of the symmetry kx ↔ −kx. For the parameters used, this
predicts the hot spots at ð�0.6kF;�0.889kFÞ, in perfect
agreement with the numerics.
We can now use the mean-field equations (restricted to

the renormalized hot spots) to separately determine the
critical temperatures for Cooper and PDW instabilities,
yielding

Tð0Þ
c ¼ Tð�Þ

c ¼ jgj
4
þ g2

8ϵðn̂ÞkhsþQc

þOðjgj3=ε2FÞ; ð6Þ

whereas for the XCON sector one obtains

TðXÞ
c ¼ jgj

4
þ jgje−4ϵ

ðn̂Þ
khsþQc

=jgj þ…; ð7Þ

where we give the leading exponential correction. The
linear dependence on g also appears in other models with
fixed momentum transfer [5,6,32]. However, in our case
where this fixed momentum is also strictly nonzero, Tc
becomes independent of the sign of g, since any initial state
has to undergo an even number of scattering events to
return to itself: e.g., in the Cooper channel

ðkhs;−khsÞ⟶
g ðkhs − Qc;−khs þ QcÞ⟶

g ðkhs;−khsÞ. As a
consequence, all the nonsuperradiant instabilities occur
for both attractive and repulsive interactions, as shown in
Fig. 1. Because of the symmetry (B1), Cooper pairing and
PDW states are degenerate, as the results for Tc confirm.
Since the degeneracy follows from a symmetry of the
microscopic Hamiltonian, it is exact and will not be lifted
upon the inclusion of higher orders or fluctuations.
Comparison of Eqs. (6) and (7) shows that pairing always
dominates in the relevant experimental regime ϵkhsþQc

∼ εF
and jgj=εF ≪ 1 due to the next-to-leading order terms.
These arise from the first shifted copies of the hot spots and
explain the suppression of XCON: To create a particle-
particle pair, only the necessary energy to scatter from the
FS to the shifted copies is required. In contrast, the particle-
hole pair in the case of XCON needs, in addition, a
thermally excited particle at the shifted copy that turns
into the hole. At low T, such an excited state has an
exponentially small probability. This has also been con-
firmed in the numerics: By initializing the system in a
generic superposition of Cooper, PDW, and XCON order
parameters, the iterative calculation always converges to a
state where the XCON is suppressed. For this reason, in the
following, we focus only on the dominant pairing channels.
The right column of Fig. 3 depicts the pairing gap

Δð0Þ
k ¼ ghĉ−kĉki for three different temperatures. Because

of the symmetry-induced degeneracy, Δð�Þ
k is identical. The

critical temperature corresponds to the instability at the hot
spots, and pairing progressively gaps the FS as the temper-

ature is lowered. The sign structure ofΔð0Þ
k is due to the form

(a)

(b)

FIG. 4. (a) jΔð0Þ
k j as a function of kx along a horizontal

momentum cut passing through the hot spots (ky ¼ khs;y) at
different temperatures below Tc. The dashed vertical lines
correspond to the kx of the hot spots and their first shifted

copies. (b) jΔð0Þ
k j as a function of temperature T for ring (solid

lines) and standing-wave (dashed lines) cavities at specific k
points on the FS. For the ring cavity, these are indicated with dots
of the corresponding color in the inset (hot spots shown in red).
The standing-wave cavity calculation has been performed on the
equivalent points of the circular FS.
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of themean-field equations (see EM) and the triplet nature of
the pairing: under k → −k, the pairing amplitude hĉ−kĉki
changes sign due to the fermionic anticommutation.
In Fig. 4(a) we plot Δð0Þ

k at fixed ky ¼ khs;y: The maxima
of the order parameter occur at the hot spots while side
peaks are found in the vicinity of the shifted copies. Both
the variation of Δð0Þ around khs, as well as the reduction of
the maximum from khs to the shifted copy depend alge-
braically on g and ξkhsþQc

(see EM). Furthermore, analytics

at T ¼ 0 provide the gap value jΔð0;�Þ
k ðT → 0Þj ¼ jgj=2

everywhere on the reshaped FS, in agreement with Figs. 3

and 4(a). Figure 4(b) shows the dependence of Δð0Þ
k on the

temperature for different momenta on the FS. The blue
dotted line corresponds to temperatures where the full FS is
gapped. The evaluation of Eq. (6) for our parameters yields

Tð0Þ
c ¼ 0.0789TF again in perfect agreement with Fig. 4(b).
Standing-wave cavity—On top of the momentum-con-

serving interactions inEq. (1), the standing-wave-cavity setup
exhibits additional interactions that break momentum con-
servation and change the c.m. momentum of any pair by
�2Qc. Nevertheless, analogous derivations lead to similar
conclusions (see Ref. [31] for details). Again, pairing
dominates over the exchange channel. However, now a third
type of leading pairing instability occurs, which arises from

pairs of the form ΔðkÞ
khs

¼ ghĉ−khsþQc
ĉkhsi. It is related to Δð0Þ

pairs by an additional SO(2) symmetry of a formanalogous to
Eq. (B1) with different momentum indices, while the latter
symmetry also remains intact.As a result,Δð0Þ,Δð�Þ, andΔðkÞ
pairs are all exactly degenerate, independently of the mean-
field approximation. The critical temperature is derived as

Tc ¼ jgj=4þ 3g2=ð8ϵðn̂ÞkhsþQc
Þ þOðjgj3=ε2FÞ, where the g2

correction is enhanced by a factor of 3 with respect to
Eq. (6), owing to pairs connected to the hot spots via
nonmomentum-conserving interactions. This result, as well
as the symmetry-induced degeneracy, is confirmed numeri-
cally [see Fig. 4(b)]. Consequently, the phase diagram of
Fig. 1 applies to both cavity geometries.
Experimental parameters considerations—Our predic-

tions are general and do not rely on a specific atomic
species; multiple choices of fermions and cavity configu-
rations may be explored to optimize parameters. To
compare with the present state of the art, we focus on
the commonly used choice of 6Li [17–19,36]. The key
requirement for observing the predicted phase transition,
based on the leading order of Eq. (6) for Tc, is the
dimensionless ratio jgj=4T > 1, where g ≈U0V0=Δc [see
below Eq. (1)]. Present experiments typically operate with
U0=h ≈ 10–20 Hz [18,19,36], while the pump-induced
light shift V0 can reach values up to 100 times the lithium
recoil energy, i.e., ðV0Þmax=h ≈ 7.4 MHz. Since avoiding
dynamical instabilities demands Δc > κ, where κ=h ≈
77 kHz is the cavity linewidth, these values, together with
a typical Fermi energy of εF=h ≈ 10 kHz, imply a maximal

coupling of gmax=εF ¼ U0V0=κεF ≈ 0.2. Using the lowest
temperatures achieved in ultracold Fermi gas experiments
T=TF ≈ 0.03 [37,38], one obtains jgmaxj=4T ≈ 1.7, show-
ing that the required regime is in principle accessible with
current state-of-the-art setups. In addition, further improve-
ments are feasible: employing cavities with reduced loss
rate κ allows one to work at smaller Δc, and tighter mode
confinement at the cavity waist increases U0 [39]. Finally,
observing the predicted ordering requires nesting between
the cavity wave vector and the FS. Because the cavity-
mediated interaction is of global range, such nesting
requires a globally uniform density, realized in homo-
geneous (boxlike) traps [25,26]. To summarize, the pairing
phase can be realized by combining state-of-the-art tech-
nologies for both cavity setups and boxlike traps.
Conclusions—Standing-wave or ring cavities mediate a

unique type of interaction between ultracold fermions,
involving the transfer of a single momentum, which can
be comparable with the Fermi momentum. This property
enabled us to fully solve the problem of competing Fermi-
surface instabilities in such systems. We found that the
superradiant density-wave instability dominates for
attractive interactions but is absent in the repulsive case.
There, the Fermi surface is instead gapped in a strongly
momentum-dependent way by the formation of a sponta-
neously chosen superposition of zero- and finite-momen-
tum fermion pairs. The corresponding temperature scales
are estimated to be accessible to state-of-the-art
experiments.

Note added—Recently, we became aware of Ref. [40],
which focuses on superradiant density wave order and the
resulting Fermi-surface reshaping, and its interplay with the
Pauli crystal characterizing the Fermi gas.
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ΠRðQ;ΩÞ¼2gΔcNat

n

Z
dk

ð2πÞ2
nFðξkÞ−nFðξkþQÞ
Ωþξk−ξkþQþ i0þ

; ðA2Þ

where Nat is the total number of atoms, n is the atomic
density, and nF is the Fermi-Dirac distribution.
Performing the angular integral in Eq. (A2) and
expressing the relation (A1) in dimensionless units using
εF ¼ 2πn=m and kF ¼ ffiffiffiffiffiffiffiffiffiffiffi

2mεF
p

, one obtains the
condition

1 ¼ −8Nat
g
εF

Z
1=2

0

dk̃
k̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4k̃2
p nFðξk̃Þ; ðA3Þ

where k̃ ¼ k=kF. All the terms on the rhs are positive
except for g, thus the condition is satisfied only for g < 0.
At T ¼ 0, we find that gc scales as 1=Nat (see Fig. 1).

Details on mean-field approach—This section
provides further details on the extension of the mean-
field approach to the entire momentum space, introduced
in Eq. (4). A graphical representation of the momentum
description is given in Fig. 5. To simplify the notation
we define k� ¼ khs þ δk�, with δk� ¼ ð�δkx; δkyÞ. As
can be seen in Fig. 5, this choice of momenta together
with their mirror images conserves the kx;y → −kx;y
mirror symmetry of the system. Moreover, we note that
the full Hamiltonian Ĥ from Eq. (1) possesses a special
continuous rotation symmetry in momentum space

�
ĉk−þlQc

ĉ−kþþðlþ1ÞQc

�
→

�
cosðαÞ − sinðαÞ
sinðαÞ cosðαÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡RðαÞ

�
ĉk−þlQc

ĉ−kþþðlþ1ÞQc

�
;

ðB1Þ

as is evidenced in SM. Physically, this symmetry arises

from the fact that any scattering process ðqðinÞ1 ; qðinÞ2 Þ →
ðqðoutÞ1 ; qðoutÞ2 Þ has an equivalent counterpart obtained by

flipping the sign of the qy components of either qðin;outÞ1

or qðin;outÞ2 since ξqx;−qy ¼ ξqx;qy . Since these processes are
independent, they can occur in arbitrary superpositions.
Next, we construct the mean-field Hamiltonian ĤMF for

the full momentum space under the condition that it is
invariant under the action of RðαÞ. With the k� notation, the
generalization of Cooper pairs of Eq. (4) then becomes

Δð0Þ
k�þlQc

≡ ghĉ−ðk�þlQcÞĉk�þlQc
i: ðB2Þ

Setting l ¼ 0 and taking the limit δk → 0 returns the hot
spots. The corresponding mean-field decoupling of the
interaction Hamiltonian is given by (see [31] for details)

ĤCooper ¼
X
δkx;δky
s¼�1;l

h
ðΔ̄ð0Þ

kþþðlþsÞQc
ĉ−ðkþþlQcÞĉkþþlQc

þ H:c:Þ

þ g−1Δ̄ð0Þ
kþþðlþsÞQc

Δð0Þ
kþþlQc

þ ðkþ ↔ k−Þ
i
: ðB3Þ

Regarding PDW states, arbitrary c.m. momenta P are, in
principle, possible. In the ring-cavity setup, however, the
Hamiltonian (1) conserves momentum such that
PDW states with different P are decoupled. This is not
valid in the case of a Fabry-Pérot cavity, where pairing
sectors of different c.m. momenta mix such that all
possibilities have to be taken into account, which changes
the results quantitatively but leaves the overall physical
picture untouched. Here, we focus on the specific gener-
alization of the PDW expectation values [equivalent to
Eq. (4)]

ΔðþÞ
kþþlQc

≡ ghĉk−−ðlþ1ÞQc
ĉkþþlQc

i;
Δð−Þ

−k−þlQc
≡ ghĉ−kþ−ðl−1ÞQc

ĉ−k−þlQc
i; ðB4Þ

since this choice preserves the continuous rotation sym-
metry (B1). In particular, the corresponding decoupled
Hamiltonian reads

ĤPDW¼
X
δkx;δky
s¼�1;l

½ðΔ̄ðþÞ
kþþðlþsÞQc

ĉk−−ðlþ1ÞQc
ĉkþþlQc

þ Δ̄ð−Þ
−k−þðlþsÞQc

ĉ−kþ−ðl−1ÞQc
ĉ−k−þlQc

þH:c:Þ
þg−1ðΔ̄ðþÞ

kþþðlþsÞQc
ΔðþÞ

kþþlQc
þ Δ̄ð−Þ

−k−þðlþsÞQc
Δð−Þ

−k−þlQc
Þ�;

ðB5Þ

while ĤCooper þ ĤPDW remains invariant under RðαÞ
(see Ref. [31] for a proof). However, the order

FIG. 5. Schematic representation of the momentum structure
used for the mean-field decoupling. The hot spots and their mirror
images are indicated by brown dots, while l gives the corre-
sponding index. The momentum deviations δkþ and δk− are
depicted by red and green arrows.
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parameters in the pairing sector transform as follows:

ðΔð0Þ
kþþlQc

;ΔðþÞ
kþþlQc

Þ → R−1ðαÞðΔð0Þ
kþþlQc

;ΔðþÞ
kþþlQc

Þ, and

ðΔð0Þ
−k−þlQc

;Δð−Þ
−k−þlQc

Þ → RðαÞðΔð0Þ
−k−þlQc

;Δð−Þ
−k−þlQc

Þ. As a
consequence, the Cooper pairing and PDW states do not
compete in breaking the global U(1) symmetry of Ĥ
associated with the particle number conservation.
Instead, the pairing instability occurs simultaneously for
Δð0;�Þ by also spontaneously breaking the SO(2) symmetry
of Eq. (B1). The attained value of α describes the relative
admixture of Cooper and PDW pairing. This behavior is
indeed observed both analytically and numerically. Finally,
Eq. (B4) implies �PðδkÞ ¼ �ð2khs − Qc þ 2δkyêkyÞ, such
that the hot spots are again recovered for l ¼ 0 and δk → 0.
In the exchange channel, the generalization of the XCON

away from the hot spot is defined as

XkþþlQc
≡ ghĉ†−kþþðlþ1ÞQc

ĉkþþlQc
i

Xk−þlQc
≡ ghĉ†−k−þlQc

ĉk−þðl−1ÞQc
i; ðB6Þ

since the other option ghĉ†−k�þðlþ1ÞQc
ĉk∓þlQc

i requires the

excitation of two particles or two holes. The corresponding
relative momenta become Kðδk�Þ ¼ 2ðkhs þ δk�Þ − Qc
and we have

ĤðXÞ
XCON ¼

X
δkx;δky
s¼�1;l

½ðX̄kþþðlþsÞQc
ĉ†−ðkþþðlþ1ÞQcÞĉkþþlQc

þ H:c:Þ

þ g−1X̄kþþðlþsÞQc
XkþþlQc

þ ðkþ ↔ k−Þ�: ðB7Þ

In order to comply with the rotation symmetry (B1), we
additionally have to take

Y�kþþlQc
≡ ghĉ†�k−þlQc

ĉ�kþþlQc
i ðB8Þ

into account. These expectation values describe exciton
condensation around the same hot spot, which entails the
smaller relative momenta KðδkÞ ¼ 2δkxêkx and the mean-
field interaction

ĤðYÞ
XCON ¼

X
δkx;δky
s¼�1;l

½ðȲkþþðlþsÞQc
ĉ†k−þlQc

ĉkþþlQc
þ H:c:Þ

þ g−1ȲkþþðlþsÞQc
YkþþlQc

þ ðk� ↔ −k�Þ�: ðB9Þ

In this case, one finds that ĤðXÞ
XCON þ ĤðYÞ

XCON is
invariant under RðαÞ, while the order parameters trans-
form like ðYkþþlQc

; XkþþlQc
Þ → RðαÞðYkþþlQc

; XkþþlQc
Þ

and ðY−kþþlQc
; Xk−þlQc

Þ → R−1ðαÞðY−kþþlQc
; Xk−þlQc

Þ. As
in the pairing sector, this means that X and Y occur in a

superposition and thus TðYÞ
c ¼ TðXÞ

c from Eq. (7).

Finally, we also include the momentum occupation
numbers, which in fact do not give rise to an instability
but affect the shape of the interacting FS. The correspond-
ing Hamiltonian contribution reads

Ĥn̂ ¼ −g
X
δkx;δky
u;s¼�1;l

½hn̂ukþþðlþsÞQc
iĉ†ukþþlQc

ĉukþþlQc

−
1

2
hn̂ukþþðlþsÞQc

ihn̂ukþþlQc
i þ ðkþ ↔ k−Þ�: ðB10Þ

The total mean-field Hamiltonian ĤMF ¼ Ĥ0 þ ĤCooperþ
ĤPDW þ Ĥn̂ þ ĤðXÞ

XCON þ ĤðYÞ
XCON, where Ĥ0 ¼P

δkx;δky;u¼�;l ½ξuðkþþlQcÞn̂uðkþþlQcÞ þ ðkþ ↔ k−Þ� denotes
the kinetic energy, can be diagonalized via a Bogoliubov
transformation [33]

ĤMF ¼
X
α

ϵαγ̂
†
αγ̂α þ E0; ðB11Þ

to fermionic excitations γ̂α with positive energies ϵα and the
mean-field ground-state energy E0 (see Ref. [31] for
details), which both depend on the order parameters.
From the corresponding free energy density FMF, one
obtains via the thermodynamic conditions

δFMF

δΔ̄ð0Þ
k�þlQc

¼ δFMF

δΔ̄ðþÞ
kþþlQc

¼ δFMF

δΔ̄ð−Þ
−k−þlQc

¼ 0;

δFMF

δX̄k�þlQc

¼ δFMF

δȲ�kþþlQc

¼ 0;

δFMF

δhn̂�k�þlQc
i ¼ 0; ðB12Þ

the set of self-consistent mean-field equations:

ΔðrÞ
qþlQc

¼−
g
2

X
α; l0

ðMÞ−1ll0 th
�
βϵα
2

�
δϵα

δΔ̄ðrÞ
qþl0Qc

;

AðþÞ
qþlQc

¼ g
2

X
α; l0

ðMÞ−1ll0 th
�
βϵα
2

�
δϵα

δĀðþÞ
qþl0Qc

;

hn̂�k�þlQc
i−1

2
¼1

2

X
α;l0

ðMÞ−1ll0 th
�
βϵα
2

�
δðϵα=gÞ

δhn̂�k�þl0Qc
i : ðB13Þ

Here we define the indices ðr; qÞ ¼ ð0; k�Þ; ðþ; kþÞ;
ð−;−k−Þ for the first line and ðA; qÞ ¼ ðX; k�Þ; ðY;�kþÞ
for the second line. The matrix Mll0 ¼ δl;l0þ1 þ δl;l0−1,
which takes the fixed momentum transfer into account,
makes the mean-field equations resemble a nearest-neigh-
bor tight-binding model in momentum space. This gives

rise, for instance, to the sign change of Δð0;�Þ
k upon shifting

k → kþ Qc as is depicted Fig. 3.
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