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We present a fault-tolerant Bell-pair distillation scheme achieving constant overhead through high-rate
quantum low-density parity-check (qLDPC) codes. Our approach maintains a constant distillation rate
equal to the code rate while requiring no additional overhead beyond the physical qubits of the code. Full
circuit-level analysis demonstrates fault-tolerance for input Bell-pair infidelities below a threshold ∼10%,
readily achievable with near-term capabilities. Unlike previous proposals, our scheme keeps the output Bell
pairs encoded in qLDPC codes at each node, eliminating unencoding overhead and enabling direct use in
distributed quantum applications through recent advances in qLDPC computation. These results establish
qLDPC-based distillation as a practical route toward resource-efficient quantum networks and distributed
quantum computing.
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As quantum systems scale, establishing high-fidelity
connections between nodes will be essential for distributed
quantum computation, communication, and sensing [1–7]
(see Fig. 1). A promising approach to achieving this is
through shared Bell pairs, where one qubit of each pair is
located at each node. Bell pairs provide nonlocal entangle-
ment, enabling quantum information transfer through local
operations and classical communication.
However, raw Bell pairs generated by current hardware

are too noisy for practical applications. Experiments can
produce Bell pairs with infidelities of ∼5% [8–12], whereas
distributed algorithms may require error rates below 10−10.
To bridge this gap, entanglement distillation—also known
as purification—is used to convert multiple noisy Bell pairs
into fewer, higher-fidelity pairs [13].
A practical Bell-pair distillation scheme should satisfy

several key criteria. It must be scalable, which can be
achieved by maintaining constant overhead. It should also

be fault tolerant, ensuring robustness against both network
errors and local gate errors. Additionally, it should exhibit
error thresholds for Bell-pair infidelity and local gate errors
that are both feasible and achievable with near-term
hardware. Finally, the scheme should minimize additional
resource requirements, such as classical communication
costs, code decoding complexity, and memory overhead
from postselection in nondeterministic schemes.
Topological codes are among the leading proposals for

fault-tolerant quantum computing, offering high thresholds,
local low-weight checks, and compatibility across multiple
architectures [14–20]. However, these codes encode only a
constant number of logical qubits, resulting in a vanishing
asymptotic rate. As a result, distillation schemes relying on
topological codes, such as lattice surgery schemes [21–25],
require a large number of physical Bell pairs to achieve the
low error rates demanded by logical algorithms.
Quantum low-density parity-check (qLDPC) codes pro-

vide a promising approach for constant-rate distillation
[26–30], but existing proposals lack a full fault-tolerant
analysis and typically decode to physical Bell pairs,
limiting robustness to local gate errors. To the best of
our knowledge, no qLDPC distillation proposal has yet
been analyzed at the full circuit-noise fault-tolerance level.
Reference [26] suggests a fault-tolerant encoder for qLDPC
codes, similar to the approach in this Letter, but does not
study specific codes or conduct threshold simulations. The
use of qLDPC codes for state distillation has also been
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proposed in Ref. [28], though in a different context; to
distill GHZ states for distributed quantum error correction
(QEC). Similarly, Ref. [29] explores hyperbolic Floquet
codes, implementing them nonlocally by distributing qubits
across multiple nodes. In contrast, we consider a different
approach, assuming local nodes large enough to implement
QEC internally [19,20].
An alternative scheme for achieving constant-rate dis-

tillation relies on QEC codes for error detection, where
errors are flagged and discarded instead of corrected.
Recent work has demonstrated constant-rate distillation
using code concatenation [31,32] and via scrambling [33].
However, these error-detection schemes are nondetermin-
istic and require two-way classical communication for
postselection. Additionally, this approach may require
additional buffer memory overhead, otherwise, faulty pairs
will bottleneck the execution by requiring one to wait until
the next distillation round completes.
In this Letter, we present a scheme that satisfies all the

key requirements for practical, constant-overhead entan-
glement distillation. We compare our method with other
leading distillation schemes across multiple performance
metrics in Table I. Our approach utilizes constant-rate
qLDPC codes, following a stabilizer protocol [34,35],
where code checks are measured to project Bell pairs onto
the encoded code state (see Fig. 1).
We consider codes that are feasible for implementation

in reconfigurable atom arrays [19,50–52] and possess high
rates. We perform a full fault-tolerant circuit-level analysis

of our scheme and observe high thresholds achievable with
near-term hardware [53]. Furthermore, recent advances in
qLDPC gates enable us to leave the output Bell pairs
encoded in the code. This approach eliminates the extra
unencoding stage required in many current distillation
schemes, allowing us to achieve distillation fidelities that
are not limited by gate errors.
Ancilla-assisted encoding—Now, we describe the pro-

tocol used to distill Bell pairs using constant-rate qLDPC
codes, as illustrated in Fig. 1. The goal of entanglement
distillation is to take noisy input Bell pairs, jΦþi⊗n, and
output higher-fidelity Bell pairs, jΦ̄þi⊗k, where jΦþi ¼
ðj00i þ j11iÞ= ffiffiffi

2
p

and k ≤ n.
This process can be associated with a QEC code, where

redundancy is used to achieve lower error rates [13,49]. A
quantum code is labeled as ½½n; k; d��, where n is the number
of physical qubits, k is the number of encoded logical
qubits, and d is the distance of the code. A code with
distance d can detect up to d − 1 errors and correct up to
bðd − 1Þ=2c errors. The code rate, defined as R ¼ k=n,
quantifies the encoding efficiency of the code. If the QEC
scheme is fault tolerant, there exists a threshold physical
error rate below which increasing the code distance can
exponentially suppress the error rate of the encoded logical
qubits, enabling arbitrarily low error rates.
A stabilizer quantum code is specified by stabilizer

generators S ¼ hg1;…; gmi, where each gi ∈Pn is an
n-qubit Pauli operator. The code space of the code is the
simultaneous þ1 eigenspace of the stabilizers of the code,
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FIG. 1. Constant-overhead Bell-pair distillation using qLDPC codes. Alice and Bob share n initial raw Bell pairs. They measure the
checks of a qLDPC code on each side using local ancilla qubits. Alice communicates her measurement results to Bob, who receives
them and performs error correction, projecting the Bell pairs into the code state. This process results in a constant distillation rate equal
to the rate of the qLDPC code, requiring only one-way communication. By performing logical operations on qLDPC codes, the encoded
Bell pairs can be used for various applications, including distributed computation, communication via repeaters, and distributed
sensing.
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satisfying gjψ̄i ¼ ðþ1Þjψ̄i for all g∈S. We focus on CSS
codes, whose stabilizer generators are divided into X-type
(gx ∈ fX; Ig⊗n) and Z-type (gz ∈ fZ; Ig⊗n).
Quantum low-density parity-check codes are those in

which each check is supported on a constant number of
qubits, and each qubit participates in a constant number of
checks. This bounded check and qubit degree ensures that
the syndrome extraction circuit remains constant depth,
facilitating the fault tolerance of the QEC protocol. When
qLDPC codes are used to distill Bell pairs, the distillation
rate is constant and equal to the code rate. Although the
checks of qLDPC codes can be highly nonlocal [54–56],
various schemes and architectures have been developed to
implement them efficiently [50,57–60].
To perform error correction, the stabilizers (or checks)

are measured and a decoding algorithm is used to infer the
error corresponding to any −1 measurement outcomes.
These −1 outcomes collectively form the syndrome of the
code. A single ancilla per check can be used to measure the
value of each check by entangling the ancilla with the data
qubits involved in the check and then measuring the ancilla.
Single-ancilla syndrome extraction circuits can be made
fault tolerant due to the bounded weight of the checks and,
further, can be made distance preserving for some code
families [50,61,62].
By measuring the stabilizers of the code on the qubits of

the Bell pairs at each node, Alice and Bob can project the
Bell pairs into the code space. Specifically, Alice uses local
ancilla qubits to measure the checks of the qLDPC code on
her side and sends the syndrome to Bob through a classical
channel. Then, Bob measures the checks of the code on his

side and adds his measurements to the syndrome received
from Alice. After Bob performs error correction on the joint
checks, the resultant state consists of k encoded Bell pairs
in the code space of the qLDPC code. A rigorous analysis
of this procedure, along with a proof of the fault tolerance
of the protocol, is provided in the End Matter.
Error modeling—We perform a full fault-tolerant analy-

sis by simulating the encoding of Bell pairs into qLDPC
codes, incorporating both Bell-pair and local gate errors—
extending beyond prior studies that typically assume only
depolarizing noise on input pairs.
Each Bell pair undergoes a depolarizing channel with

strength pbell, while local two-qubit gates in the error
correction circuit experience depolarizing noise with
strength p. To simplify the simulation, we leverage
symmetry in Bell-pair errors to shift all noise onto Bob’s
side, leaving Alice’s side noiseless. This approximation
allows us to simulate only Bob’s subsystem while preserv-
ing the overall logical error behavior. In the End Matter and
Supplemental Material [36], we show that the increased
noise on Bob’s side can be approximated as p0

bell ≈ 2pbell
and p0 ≈ 2p. Following convention in prior work
[23,28,30,31,33], we quote p0

bell as the input Bell error
rate. This convention aligns with experimental setups
where Alice generates the Bell pairs at her node, and only
the qubit sent to Bob experiences the noisy fiber channel.
Numerical simulations—We perform full fault-tolerant

circuit-noise simulations using three different classes of
qLDPC codes: hypergraph product (HGP) codes with a rate
of ∼4% [63], quasicyclic lifted product (LP) codes with a
rate of ∼11% [64], and a spatially coupled (SC) code with a

TABLE I. Summary of selected Bell-pair distillation methods. Overhead refers to the asymptotic number of input physical Bell pairs
required per output logical Bell pair, assuming perfect local operations. Classical communication indicates whether the method relies on
error detection (requiring two-way classical communication) or error correction (necessitating only one-way communication). Local
gate error tolerance specifies the robustness of the protocol against local gate errors. Protocols that directly decode to physical Bell pairs
are not robust against local gate errors. Encoding resources refer to any additional resources required by the protocol. Threshold
represents the threshold against network errors of the scheme. Our scheme is simulated at the full circuit-noise level, assuming a local
gate error rate of 0.1%. For further details on each method, refer to the Supplemental Material [36]. Bennett-DiVincenzo-Smolin-
Wootters protocol (BDSW) and Entanglement Purification Protocol (EPP).

Method Overhead
Classical

communication
Local gate error

tolerance Encoding resources Threshold

BDSW-2EPP [49] > Oð1Þ Two-way ✗ Nondeterministic, requires
buffer memory

50% with perfect local
ops.

BDSW-1EPP [49] Oð1Þ One-way ✗ Requires decoding random
quantum codes

Not practical

Lattice surgery [22–25] > Oð1Þ One-way ✓ OðdÞ timeb ∼10%
Shi et al. [26] Oð1Þ Two-way ✗ Oð1Þ Not studied
Pattison et al. [31] Oð1Þ Two-way ✓ Nondeterministic, requires

buffer memory
50% with perfect local

ops.a

This Letter Oð1Þ One-way ✓ Oð1Þ ∼10% full circuit-noise
simulation

aImperfect local operations reduce performance only slightly.
bAlthough the primary scheme analyzed in these works involves lattice surgery at the surface code boundary, Ref. [23] suggests that

the results extend to transversal gates, where the time cost can be reduced to Oð1Þ.
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rate of ∼1=3 [65,66]. To the best of our knowledge, a
distillation rate of 1=3 is the highest rate achieved by any
deterministic and efficiently decodable distillation protocol
to date [67]. Further details on code constructions can be
found in the End Matter.
The fault-tolerant simulations include multiple rounds of

the syndrome extraction circuit, followed by a final trans-
versal measurement of the data qubits of the code. To
extract the values of the qLDPC checks, we use a single
ancilla qubit, which is entangled with the data qubits in the
support of each check. A measurement of the ancilla qubit
then provides the syndrome information used for decoding.
Fault tolerance is maintained by scheduling the entangling
gates between the ancilla and data qubits in parallel,
following the coloration circuit approach [50,61]. We note
that accounting for movement errors required to implement
nonlocal checks on a reconfigurable atom array platform
introduces negligible additional errors, as idling error is low
and compact rearrangement schemes have been devel-
oped [36,50].
To decode, we turn the circuit into a spacetime code and

use the belief propagation with ordered statistics decoding
(BP+OSD) decoding algorithm [50,68–70]. The checks of
the spacetime code correspond to products of stabilizers at
subsequent time steps, and the “qubits” of the spacetime
code represent fault locations in the circuit. We leverage the
single-shot property of the codes, which requires onlyOð1Þ
cycles of QEC per decoding round to achieve fault
tolerance against measurement errors [50,71]. Although,
in principle, a single QEC cycle per round is sufficient for
fault tolerance, we implement three cycles per round to
provide additional redundancy against measurement errors.
Our simulations consist of 14 rounds of three cycles each,
totaling 42 cycles. We decode each round with BP only, and
to project back into the code space, we decode the final
round with BPþ OSD. The circuits are constructed in Stim

[72], and we use the BPþ OSD decoder implementation
provided in the LDPC library [73].
For the error model, we assume local gate errors with

strength p ¼ 0.1%, leading to an effective error strength on
Bob’s side of p0 ¼ 2 × 0.1% for the two-qubit gates in the
syndrome extraction circuits. We vary the input Bell error
p0
bell and calculate the logical error rate of the qLDPC block

per cycle. The results are presented in Fig. 2. We observe a
threshold of p0

bell ∼ 10% for the HGP and LP code families
and a pseudothreshold of pbell ∼ 7.5% for the SC code.
Since we plot the block error rate, meaning that a failure is
declared if any of the logical qubits of the qLDPC code
fails, the error rates per logical qubit can be substantially
lower than the values shown in Fig. 2.
The plateau observed in the logical error rate at low

values of p0
bell arises from the use of a fixed circuit-level

gate error. Instead, if we allow the local gate noise to vary
along with the Bell error rate, this plateau disappears,
enabling us to study the subthreshold scaling behavior of
the codes. In the End Matter, Fig. 5 and Table II, we
examine the subthreshold scaling of the codes and tabulate
the achievable error rates for various instances. For exam-
ple, we find, by extrapolation, that the SC code can achieve
a logical error rate of ∼2 × 10−12 at input physical error rate
of 1%.
Outlook—We presented and analyzed a one-way con-

stant-rate distillation scheme based on qLDPC error cor-
rection that achieves high fault-tolerant thresholds, rates as
high as 1=3, and requires no additional overhead beyond
the qubits of the qLDPC code. Leaving the Bell pairs
encoded at each node eliminates the unencoding step
required in many existing schemes and ensures protection
against local errors for future computations.
However, performing local operations on these encoded

Bell pairs requires the ability to manipulate qLDPC-
encoded qubits. In this direction, numerous resource-

FIG. 2. Fault-tolerant simulation of qLDPC distillation. The Bell pairs experience input depolarizing noise with effective strength p0
bell.

The circuit undergoes two-qubit gate depolarizing errors at a rate of p0 ¼ 2 × 0.1%. We simulate 14 decoding rounds with 3 cycles of
syndrome extraction per round (42 cycles in total) and decode each round with BP, using BPþ OSD for the final round. (a)–
(c) Numerical results for the HGP, LP, and SC codes, respectively. We find a threshold p0

bell ∼ 10% for the HGP and LP code families and
a pseudothreshold of pbell ∼ 7.5% for the SC code. We calculate the logical error rate for the entire block per cycle, using
P̄ ¼ 1 − ð1 − P̄totÞ1=42, where P̄tot is the total error after 42 cycles. Error bars are calculated assuming a binomial distribution, with N
shots, giving

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ptotð1 − PtotÞ=N

p
.
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efficient schemes have recently been proposed to enable
selective computation with qLDPC codes [74–81].
As an example, consider the implementation of a

distributed controlled NOT (CNOT) gate, as illustrated in
Fig. 3. This gate can be realized using the high-fidelity Bell
pairs distilled with the qLDPC code and local logical CNOT
gates. The local logical CNOTs must target a single Bell pair
among the k encoded pairs in the qLDPC code.
This targeted CNOT operation can be implemented

in various ways. Lattice surgery techniques
[50,75,76,78,82–84] provide a viable approach, while
certain product codes, such as HGP codes, enable a more
efficient implementation via homomorphic gadgets [74].
The latter maintains constant overhead and is naturally
compatible with the movement capabilities of reconfigur-
able atom arrays [50,74]. In the proposed implementation,
the error rate of the distributed CNOT gate is primarily
determined by the error rate of the qLDPC-encoded Bell
pairs, as this is the only stage where nonlocal (and noisy)
physical elements are involved. Thus, the results of Fig. 2
are also applicable to the distributed CNOT gadget shown in
Fig. 3. We note that, while the distillation protocol itself
requires only one-way communication for error correction,
distributed entangling operations, such as the one illus-
trated in Fig. 3, may practically necessitate two-way
communication, for example, to implement feedforward
Pauli corrections.
A challenge that future distillation protocolsmay face is the

rate of Bell-pair generation. Since the codes required for error
correction often demand numerous Bell pairs for encoding,
onemight naively wait for all Bell pairs to be available before
starting the encoding process. This idling time can introduce
additional errors on the Bell pairs. Convolutional codes, such
as the SC code, offer a potential solution by allowing

encoding to proceed in smaller segments, each of which is
itself a code. This structure enables on-the-fly encoding,
which may help mitigate these idling errors.
Focusing on distributed computation, we note that our

protocol is compatible with the recent paradigm of algo-
rithmic fault tolerance (AFT) for fast quantum computation
[85,86]. By leveraging AFT and the transversal operations
available in qLDPC codes [74], we can achieve a factor of
OðdÞ reduction in time cost per transversal logical oper-
ation compared to schemes based on lattice surgery [23,24],
which is relevant for the execution of resource-efficient
distributed algorithms.
With near-term Bell pair generation rates and infidelities

expected to reach values of 105 s−1 and pbell ¼ 0.1%,
respectively [53], qLDPC-based Bell-pair distillation
presents a promising approach for high-fidelity quantum
interconnects.
Exploring hybrid strategies that first reduce physical

Bell-pair error rates via standard distillation before
qLDPC encoding, as well as schemes that interpolate
flexibly between error detection and error correction
using decoder confidence metrics, are compelling direc-
tions for further research that may enhance practical
performance.
Finally, we emphasize that our distillation protocol is

broadly applicable, being compatible with any quantum
computing architecture capable of implementing the
long-range connectivity required by high-rate qLDPC
codes [57,87–91].
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End Matter

qLDPC encoder—To demonstrate that the ancilla-
assisted procedure described in the main text correctly
encodes onto the qLDPC code, let the stabilizers of the
qLDPC code be given by SqLDPC ¼ hgx⊔gzi where gx ¼
fgx;1;…; gx;mg and gz ¼ fgz;1;…; gz;mg. By performing
the encoding procedure, the stabilizers of the new code
become

S0 ¼ hg0x⊔g0zi;
g0x ¼ fgAx;1 ⊗ gBx;1;…gAx;m ⊗ gBx;mg;
g0z ¼ fgAz;1 ⊗ gBz;1…gAz;m ⊗ gBz;mg:

This holds because, for example, when Alice sends Bob
the parity of her first X stabilizer, gAx;1, Bob combines it with
the parity of his first X stabilizer, gBx;1, to obtain the value of
gAx;1 ⊗ gBx;1. After performing error correction on his side,
he projects the joint code state into the þ1 eigenspace of
gAx;1 ⊗ gBx;1. The same logic applies to the remaining
stabilizers. As a result, the stabilizers of the joint code
become S0 ¼ fs ⊗ sjs∈SqLDPCg, which is isomorphic to
the stabilizers of the qLDPC code: SqLDPC ≅ S0 via
s ↦ s ⊗ s.
The logical operators of the code are elements in the

centralizer of the stabilizer group. Since the structure of the
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stabilizers of the qLDPC code is preserved after the joint
projection, the logical operators are also preserved.
Explicitly, suppose the logical operators of the
qLDPC code are given by Lx ¼ fX̄1;…; X̄kg and
Lz ¼ fZ̄1;…; Z̄kg, where ½X̄i; Zj� ¼ 0 for i ≠ j and
fXi; Zig ¼ 0. Because of the isomorphism, the logical
operators of the output state are given by

L0
x ¼ fX ⊗ X̄jX̄∈Lxg and L0

z ¼ fZ̄ ⊗ Z̄jZ̄∈Lzg;

which are the logical stabilizers of the k outputBell pairs.We
highlight that the encoding protocol is fault-tolerant because
the logical Bell stabilizers consist of physical Bell stabilizers
that commute with the checks of the joint code, allowing for
deterministic fault-tolerant error correction [35].

Error modeling—The error channels are illustrated in
Fig. 4 (left). Each Bell pair undergoes independent
depolarizing noise at each node, modeled as

EðpbellÞ ¼ ð1 − pbellÞρþ
pbell

3
ðXρX þ YρY þ ZρZÞ: ðB1Þ

The QEC circuits experience two-qubit gate depolarizing
errors with strength p, given by

SðpÞ ¼ ð1 − pÞρþ p
15

X

P∈ fIX;IY;…;ZZg
PρP: ðB2Þ

To simplify simulations, we shift errors from Alice’s side
to Bob’s, effectively increasing the noise on Bob’s side.
This allows us to simulate only Bob’s end, where the
effective Bell error rate and circuit error rate are denoted
p0
bell and p0 (Fig. 4, right). In Supplemental Material [36],

we use the symmetry of Bell pairs under Pauli operators to

show that p0
bell ≈ 2pbell. As discussed in the main text, we

quote p0
bell as the input Bell error rate.

Similarly, we relate the two-qubit gate error rates of the
QEC circuit, p and p0, by considering physical error events
that lead to logical errors on the encoded Bell pairs. In
Supplemental Material [36], we show that p0 ≈ 2p is a valid
approximation for single-round QEC circuits. We also
numerically verify that, for a single round of QEC, joint
decoding yields approximately the same threshold as
decoding only Bob’s side using the effective error model.
For a large number of QEC rounds, p0 ≈ 2p becomes a
conservative, as argued in SM [36]. Nonetheless, we use
p0 ¼ 2p for the simulations in the main text, where the
local gate error is fixed at 0.1%, resulting in an effective
simulated gate error of p0 ¼ 0.2%.

Codes—The HGP codes are constructed as the
hypergraph product of two classical LDPC codes based
on (3,4) regular Tanner graphs [50,61,92]. The LP codes
extend this construction by incorporating a lifting
operation, which reduces qubit overhead while
preserving high code distances [64,68,93]. Finally, the
SC codes build upon the LP structure by introducing
spatial coupling of the lifted component matrices—a
form of parity-check matrix concatenation—which
further enhances qubit efficiency, achieving an encoding
rate of ∼1=3 [65,66]. All codes are optimized to
(1) reduce small loops in the Tanner graph, which
improves belief propagation decoding, (2) enhance
expansion properties, facilitating single-shot decoding,
and (3) maximize distance, improving error correction
performance. Further details on code constructions are
provided in Supplemental Material [36].

Resource requirements—To investigate the
subthreshold scaling behavior of the codes, we modify

input bell error measure checks
using ancillas

Original Modified

FIG. 4. Local and network noise in the encoding protocol. Alice and Bob initially share n noisy Bell pairs, modeled by a depolarizing
channel with error parameter pbell. Syndrome extraction is performed using local ancilla qubits, with a two-qubit gate error rate p at each
node. To approximate the full noisy circuit (left), where both sides experience noise, we use a simplified model (right) in which Alice’s
side is noiseless and Bob’s side has increased noise, with parameters p0

bell ≈ 2pbell and p0 ≈ 2p.
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the error model so that both the Bell-pair error and circuit
error scale with the noise strength. We set pbell ¼
p; p2q ¼ ðp=50Þ so that the observed thresholds in the
main text remain approximately preserved. Then, we vary
p and fit the data to a subthreshold scaling ansatz. The
ansatz we use is P̄ ¼ Aðp=pthÞBnC [50], where A, B, C
are fitting parameters, n is the code size, and pth is the

threshold physical error rate (also fitted). The numerical
data collected and the fitted ansatz are shown in Fig. 5.
The fitted logical error rates are given by P̄HGP ¼
0.07ðp=0.11Þ0.31n0.38 , P̄LP¼0.026ðp=0.094Þ0.05n0.79 , P̄SC ¼
0.26ðp=0.087Þ0.26n0.44 . We document achievable logical
Bell error rates as a function of input Bell error rates for
select codes in Table II.

TABLE II. Error rates of encoded Bell pairs as a function of input Bell error rates. Values marked with * represent extrapolated error
rates obtained by fitting to subthreshold data. Unmarked values are obtained from exact numerical simulations. The overhead (O)
indicates the number of physical Bell pairs required per logical Bell pair.

Input Bell error

Code (overhead) 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%

[[2500,100]] (O ¼ 25) 6.0 × 10−9* 7.6 × 10−6 4.2 × 10−5 2.0 × 10−4 6.9 × 10−4 1.9 × 10−3 4.4 × 10−3 9.3 × 10−3 1.9 × 10−2 3.6 × 10−2
[[1428,184]] (O ¼ 7.8) 2.0 × 10−17* 9.5 × 10−13* 5.1 × 10−10* 4.5 × 10−8* 4.0 × 10−6 2.8 × 10−5 2.8 × 10−4 2.5 × 10−3 1.1 × 10−2 3.2 × 10−2
[[5800,1624]] (O ¼ 3.6) 2.3 × 10−12* 7.9 × 10−9* 9.4 × 10−7* 2.8 × 10−5 1.9 × 10−4 1.9 × 10−3 1.7 × 10−2 8.7 × 10−2

FIG. 5. Subthreshold data and fitted ansatz. Bell pairs have input depolarizing noise with strength p0
bell ¼ p, and two-qubit gate

depolarizing errors at p0
2q ¼ p=50. We simulate 14 decoding rounds, each with three syndrome extraction cycles (42 total). Each round

is decoded using BP, with the final round using BPþ OSD. (a) Numerical results for the HGP codes. (b) Numerical results for the LP
codes. (c) Numerical results for the SC code. Dotted lines fit the subthreshold data to the ansatz P̄ ¼ Aðp=pthÞBnC , where n is the code
size, pth is the threshold error rate, and A, B, C are fitting parameters. The logical error rate per cycle is P̄ ¼ 1 − ð1 − P̄totÞ1=42, where
P̄tot is the total error after 42 cycles. Error bars assume a binomial distribution with N shots, computed as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ptotð1 − PtotÞ=N

p
.
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