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A reliable calculation of radiative corrections to 7 — zzv, decays is an important prerequisite for using
hadronic 7 decays for a data-driven evaluation of the hadronic-vacuum-polarization (HVP) contribution to

the anomalous magnetic moment of the muon, aj " -°|

zz, 7). In this Letter, we present an improved

model-independent analysis of these radiative corrections, including, for the first time, effects beyond
pointlike pions in the evaluation of the loop diagrams. These structure-dependent corrections, implemented
via a dispersive representation of the pion form factor, lead to significant changes compared to previous
calculations due to enhancements near the p(770) resonance. We also devise strategies for the matching to
chiral perturbation theory and a stable implementation of the real corrections down to the two-pion
threshold, which shows that some higher-order isospin-breaking corrections need to be kept due to a strong
threshold enhancement. Finally, we perform dispersive fits to the currently available 7 — 7y, spectra and

discuss the consequences for isospin-breaking corrections in the evaluation of a

DOI: 10.1103/ryk1-x6v1

Introduction—The release of the final results of the
Fermilab experiment has significantly reduced the uncer-
tainty of the experimental world average of the anomalous
magnetic moment of the muon a, [1-8],

aS® = 11659207.15(1.45) x 10710, (1)

and would allow for a test of the standard model at an
unprecedented level of precision. Unfortunately, the limit-
ing factor is represented by the precision of the current
theory prediction [9-74]

a;M =11659203.3(6.2) x 10717, (2)

which is worse than the experimental one by about a factor
of 4. The main source of theory uncertainty is the leading-
order (LO) hadronic-vacuum-polarization (HVP) contribu-
tion a,IfVP’LO, which in Ref. [9] was estimated on the basis
of lattice-QCD calculations, differing substantially from the
previous ete~-based result [39,75-81]. In fact, a data-
driven estimate of this contribution was not even provided
in Ref. [9] due to tensions in the ete~ — hadrons database.
The main rationale for this change was that after the CMD-
3 measurement of the critical e*e™ — atz~ channel
[82,83] systematic tensions had increased to a level that
could no longer be taken into account by a meaningful error

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/26/136(10)/101903(9)

101903-1

,I,{VP’LO [z, 7].

inflation. Fortunately, there are a number of ongoing
developments to rectify this situation [9,84], including
new data (such as the preliminary measurement by
BABAR [85]) as well as improvements of radiative correc-
tions and Monte Carlo generators [86-95].

A complementary avenue to shed light on the 2z
contribution proceeds via T — zzv, decays, in which case
control over radiative corrections is arguably even more
crucial. The 7-based approach, pioneered in Ref. [96], relies
on an isospin rotation from the 77" channel probed in ¢
decays back to 7"z~ as required for the two-pion con-
tribution ay*"C[zz]. To make this work, first, the -
specific radiative corrections need to be removed from the
measured spectral function and branching fraction, then
isospin-breaking (IB) corrections need to be applied to the
hadronic matrix elements, to account for the difference
between the pion form factors FY(s) and f.(s) in the
neutral and charged channel, respectively, and finally the
ete -specific IB corrections need to be added back to

match the conventional definition of a'*""°[zz]. The latter
can be extracted in a reliable way using a dispersive
approach [78,97-101] from the eTe™ — z'z~ datasets
[82,102-106], while the remaining IB corrections at
present require model-dependent input [9] (see
Ref. [107] for a first step toward a dispersive calculation),

preventing the use of 7 decays in the evaluation

of aVPXO zz].

In this Letter, we address an improved calculation of the
radiative corrections to 7 — zzv,, which presents a key
challenge in the above program. So far, the evaluation of
radiative corrections is based on chiral perturbation theory
(ChPT) [108,109] in combination with resonance models

Published by the American Physical Society


https://orcid.org/0000-0003-3954-9503
https://orcid.org/0009-0007-3577-4785
https://orcid.org/0000-0003-1113-9377
https://orcid.org/0000-0001-8193-0928
https://ror.org/02k7v4d05
https://crossmark.crossref.org/dialog/?doi=10.1103/ryk1-x6v1&domain=pdf&date_stamp=2026-03-11
https://doi.org/10.1103/ryk1-x6v1
https://doi.org/10.1103/ryk1-x6v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 136, 101903 (2026)

[110-115], which makes robust uncertainty quantification
difficult. Most importantly, we consider structure-depen-
dent virtual corrections based on a dispersive representation
of the pion form factor, which were previously shown to be
sizable in the case of et e~ — 77z~ [87,88]. In this context,
we pay particular attention to the matching to ChPT, to be
able to make the connection to short-distance (SD) con-
tributions as well as lattice QCD [116]. We also revisit the
calculation of real corrections, including the singular
threshold behavior, and develop a method for a stable
numerical evaluation of these corrections down to the two-
pion threshold. Finally, we perform fits to the available =
spectral functions from Belle [117], ALEPH [118,119],
CLEO [120], and OPAL [121], to assess the consequences

for the IB corrections in a z-based evaluation of the 27

channel, a;WP'LO (77, 7]

Formalism—At first order in IB, the decay rate for the
process T — nav,(y) can be expressed in the form

dl'[z — zav.()]

ds = SE’QKF(SWL() |f+(s)|2GEM(S>7 (3)

where s is the invariant mass squared of the two-pion pair,
the phase-space factor is defined as

M2 M?
P = 112 (1,7”,—”(’), (4)

N

where M, =M., Aa,b,c)=a*+b>+c*—2(ab +
ac + bc), and the normalization further involves

| V.al? s \2 2s
K“”‘Tz"(“ﬁ) (HW)’ 5)

T T

with I',=T[r - ev,p,|, Brlt— ev, ] =17.82(4)%
[122,123], and V,, =0.97367(32) [122]. We will
also use the result of the global fit Br[r — zav,] =
25.49(9)% [122,123], including its correlation —0.19 with
Br[z - ev,D,).

The SD contributions are subsumed into the electroweak
(EW) correction factor SE&, = 1+ 2a/xlog(Mz/m,) +
-+ =1.0233(3)(24) [124-131], where the uncertainty
reflects the O(a/z) scheme ambiguity pointed out in
Ref. [9]. £ (s) denotes the pion form factor in the charged
current, normalized as f (0) = 1, and radiative corrections
are expressed in terms of the electromagnetic (EM)
correction factor

fzmax(? dtD(s, 1)[1 4+ 2f100p (8. 1) 4 Graa(s. 1)]

min(s
Gem(s) = :
S diD(s, 1)

)

(6)

which is the central object of this Letter. It is normalized in
such a way that Ggy(s) =1+ O(a) and amounts to

---T Y ;T
o 1 /

I ;Vr’\’v"v_i,

! ’

I___’]'[‘U ___7]'[]

(a) \ " (b) \

FIG. 1. Virtual photonic corrections to 7 — zzv, in ChPT. Solid
lines denote leptons, dashed lines pions, and wiggly lines
photons. Diagram (a) refers to the chiral analog of the box
diagram, while diagrams (b) and (c) originate from the five-
particle vertex in ChPT. Not shown are self-energy diagrams and
contact terms.

averaging the amplitudes fiqqp (s, 7) and g4 (s, ¢) for virtual
and real contributions, respectively, over the entire phase
space. The variable ¢ represents the invariant mass squared
of the 7 and the charged pion, with integration boundaries
fmin /max ($), and the weight function reads

m
2

2
D(s,t) = —-(m? —s) + 2M3% — 2t(m? — s + 2M3) + 21>
(7)

In practice, we perform the calculation of Ggy(s) in the
isospin limit, as otherwise a large number of second-order
IB effects would need to be considered, and restore the
correct phase-space boundaries by mapping [(M, +
M,0)?, m?] linearly onto [4M2, m?] in the end [132].
Virtual corrections—The virtual corrections in ChPT are
shown in Fig. 1. Using the Lagrangians constructed in
Refs. [133,134], the complete corrections at O(e*p?) were
derived in Refs. [108,109]. In particular, adding self-energy
and contact-term contributions, this leads to a chiral

prediction fi 2T (1) that is UV finite but IR divergent, with

the latter divergences to be canceled by real radiation. The
validity of the resulting prediction for Ggy(s), however, is
limited to the low-energy region, as the physics of hadronic
resonances is only reproduced perturbatively or integrated
out in the low-energy constants (LECs).

This limitation can be overcome in a dispersive
approach, in which case the diagrams in Fig. 1 need to
be reinterpreted as unitarity diagrams. From this perspec-
tive, since Figs. 1(b) and 1(c) do not generate analytic
singularities in the Mandelstam variables, only Fig. 1(a)
needs to be considered further. Keeping in mind that the
tv,z7° vertex arises from integrating out the W boson, this
topology then takes the form shown in Fig. 2 and,
accordingly, is referred to as “box diagram.” In general,
its calculation requires knowledge of the full amplitude
(m7°| jaity|0) of EW and EM currents, which could be
constructed dispersively in analogy to pion Compton
scattering [135—140]. In practice, by far the most dominant
correction will arise from the pion-pole contribution
indicated in Fig. 2. Following the strategy of Ref. [88],
the calculation can be reduced to standard one-loop
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FIG. 2. Box diagram in a dispersive approach. The gray blobs
denote the pion form factor, in the neutral and charged channel,
respectively. The short-dashed line indicates that the intermedi-
ate-state pion is taken on shell.

Passarino-Veltman functions B, Cy, D, [141] by inserting
a dispersive representation of the pion form factor

fo) = [ ar ) ®)

and interpreting the Cauchy kernel as a propagator in the
loop calculation. In this way, we arrive at a decomposition

fintst) =a [~ a5 [* asing () g (")
4M2 4M2
X Z Mk(s,t, s S”), (9)

ke{By.Co.Do}

where the M represent a collection of loop functions and
kinematic factors. In particular, using an unsubtracted
dispersion relation (8) ensures that the result is manifestly
UV finite. Moreover, we checked that IR singularities and
the chiral logarithms agree with ChPT, by evaluating
Eq. (9) in the limit of a narrow resonance. Numerically,
the evaluation becomes complicated by a superficial
singularity at s’ =s” in one of the IR-divergent D,
functions [142], which disappears due to a factorization
property at the border of the phase space—a cancellation
that needs to be made manifest for a stable implementation.
Based on the same factorization, one can show explicitly
that the resulting contribution to Ggy(s) is finite at
threshold, in agreement with the expectation from ChPT.
More details of our dispersive result for Ggy(s) are given in
Ref. [143], which contains all the details concerning the
analyses presented in this Letter.

The dispersive calculation of fo,(s,#) does not yet
account for the ChPT diagrams besides Fig. 1(a), but due to
the absence of any nontrivial analytic structure in the
remaining ones, the full result can be constructed by
matching at s =t = 0,

u dis dis,
Fioop(5:1) = Foop(8:1) = Fioep(0:0) + fioe (0.0). (10)

which, as an added benefit, suppresses the high-energy part
of the integral in Eq. (9) and thus reduces the sensitivity to
the asymptotic form of Im 1, (s).

Finally, to produce numerical results, we need to choose
a value for the chiral LECs X, [144], on which the final

FIG. 3. Sample diagrams for the real corrections from the
WZW anomaly [diagram (a)] as well as the exchange of vector
[diagram (b)] and axial-vector [diagram (c)] meson resonances
(indicated by the double lines). Otherwise, notation as in Figs. 1
and 2.

correction depends linearly, i.e., we can express our results
at some value X ,(p) and restore the general result by means

of [143]

Gem(9)lx, () = Gem(9)|x, (u)=x, () — € [Xe (1) = X (1))
(11)

We choose X,(M,) = 14 x 1073 [145], while emphasizing
that this is the place at which the scheme ambiguity in SE3,
resurfaces, so that only the product SE5, Gry(s) becomes
scale and scheme independent at the considered order.
Work to reduce this scheme dependence is in progress
[146], using input from lattice QCD for the required
nonperturbative matrix elements in the matching [147,148].

Real corrections—For the real corrections, we follow the
general strategy from Refs. [108,109], including radiation
off the 7 and the charged pion, resonance contributions that
saturate the LECs Lg, Lo [149,150], and the prediction
from the Wess-Zumino-Witten (WZW) anomaly [151,152],
see Fig. 3. The leading corrections from Low’s theorem
[153] can be given in an analytic form, while the remainder
has to be calculated numerically. In contrast to the leading
Low contribution, which only diverges logarithmically at
threshold, it behaves as Ggy(s) « 1/(s —4M2), in such a
way that a stable numerical evaluation becomes challeng-
ing close to threshold. This issue can be circumvented by a
suitable change of integration variables [143]—angular
variables that yield stable expressions for amplitude times
Jacobian—which allows us to evaluate both real and virtual
contributions down to threshold in a robust manner.

The main source of uncertainty originates from the
resonance parameters in the diagrams of Figs. 3(b) and
3(c), which, in the notation of Refs. [154,155], can be
expressed in terms of two vector couplings Fy, Gy, one
axial-vector coupling F4, and the mass parameters My,
M 4. 1dentifying the latter ones with M, and M, , this leaves
two main strategies for the determination of the couplings:
SD constraints [154]

F

Fy =V2F,~0.13 GeV, G, =—=~0.065 GeV,

S

F,=F,~0.092 GeV, (12)

and data-driven determinations
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FIG. 4. Global fit to the 7 — zzv, spectrum, including the
datasets from Belle [117], ALEPH [118,119], CLEO [120], and
OPAL [121].

Fy~0.16GeV, G, ~0.065GeV, F,~0.12GeV,

(13)

obtained from p — eTe™, p — zn, K* — Kr [156], and
a; — my [157], respectively. The extraction of F, from
a; — my has been challenged in the literature mostly
suggesting smaller values of F, [135,158-162], but the
situation is far from conclusive. Hoping to shed some light
on the issue, we attempted yet another indirect determi-
nation, by assuming that the a; — zy decay proceeds via
a; — prn — ny [143,163,164], which gives values of
F, =(0.07...0.13) GeV, depending on the assumptions
for the a; parameters. In view of the substantial uncertainty,
especially in F'4, we define our central values as the average
of fits performed with either Eq. (12) or Eq. (13) as input
and assign the difference between the results as lo
uncertainty. The resulting sizable error band should there-
fore encompass a reasonably broad set of vector-meson
parameters, while including yet higher multiplets does not
appear well motivated.

Fits to the t spectral function—For the numerical
evaluation of Eq. (9) we need input for Im f, (s), which
should be determined in a self-consistent way with the data
for the 7 spectral function to which Ggy(s) is applied. To
achieve this, we employ an iterative procedure, starting
from the Omnes function [165]

fils) = Ql(s) = exp{% / . dss’;i(—_)s)} (14)

where 5! denotes the P-wave zx phase shift, and calculate a
first approximation for Ggy(s). We then use the resulting
correction in a fit of f (s) to the = data, see End Matter for
more details of the fit function (including a conformal
polynomial with N parameters to describe inelastic effects
as well as explicit parametrizations of the p/, p”

1.1 T T T T
This Letter, total error m—
This Letter, fit error
ChPT ——
1.05 H Flores-Baéz et al [110] —

Miranda and Roig [113] ——

=
= 1
O

0.95 |

0.9 ! ! ! ! ! !

0.5 1 1.5 2 2.5 3
s [GeV?]
FIG. 5. Final result for Ggy(s) and comparison to previous

work, Flores-Baéz et al. [110], Miranda and Roig [113], and
using ChPT instead of dispersion relations for the box diagram
(based on Refs. [108,109]).

resonances). We recalculate Ggy(s) with the improved
f+(s) obtained from the fit and iterate the procedure until it
converges after a few steps.

We perform fits for N = 3, 4, 5 to the Belle data only, to
Belle + ALEPH, and to all datasets combined. This pattern
is motivated by the fact that the Belle dataset provides the
most precise spectral function, necessary to resolve the
detailed structure in the p’, p” region. For the ALEPH
dataset also a full documentation of statistical and system-
atic covariance matrices is available, while for CLEO and
OPAL systematic errors are either not provided or com-
bined with the statistical ones. We take the global fit as our
final result, but we still find it instructive to compare to fits
to the more complete datasets only. Stable fits are obtained
for N = 3, 4, with p values ranging from a few percent for
the Belle fits to ~10~3 for the combined fits, signaling some
tension in the database. The fit quality improves signifi-
cantly at N = 5, to p values of ~60% and a few percent,
respectively, but at the expense of clear signs of overfitting:
the resonance parameters of the p”, which lies very close to
the border of the phase space, need to be constrained, and
the asymptotic behavior of Im f_ (s) outside the energy
range covered by the decay region deteriorates signifi-
cantly. For this reason, we choose the fits with N = 4 as our
central result, while including the variationto N = 3,5 as a
systematic error. The result of the global fit is shown
in Fig. 4.

Based on these fits, we obtain the result for Ggy(s) in
Fig. 5. For small values of s close to threshold, our result
agrees with ChPT, while significant changes are observed
in the vicinity of the p resonance. These changes are due to
the structure-dependent virtual corrections from Fig. 2, and
the corresponding increase in the p region has immediate
consequences for the a, integral.

Consequences for a,—To quantify the impact on IB
corrections to a,, we use the master formula
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TABLE 1. Summary of corrections to aj ' "-© [z, ] in units of

10719, see main text for the definition of the different rows. All
results are given for the fit to Belle, Belle + ALEPH, and all four
datasets. The first (second) error refers to the experimental
(theoretical) uncertainty, the latter excluding the scheme ambi-

guity in the SD contribution and higher intermediate states.

Belle Belle + ALEPH All
Gy —2.292(15)(14)  —2.279(13)(16)  —2.267(13)(14)
G{:j‘f,I -5.21(3)(2) —5.20(3)(2) =5.19(3)(2)
G%ﬁ}l —5.44(3)(40) —5.43(3)(40) —5.41(3)(40)
PS —7.74(4)(3) —7.73(4)(3) —7.74(4)(3)
St —12.180(57)(8)  —12.177(57)(7) —12.166(56)(8)
Sum  —25.36(12)(44) —25.34(12)(44) —25.32(12)(44)
Full —24.84(12)(39) —24.82(12)(39) —24.80(12)(39)
a, 510.1(2.4)(0.2) 510.0(2.4)(0.2) 509.5(2.4)(0.2)

am,\2 [m} K(s)
™l = (52) [ s

< ) = 1]l

UT(S) - E’\IV ﬂﬂ0]3|f+(s)|2GEM(s>’ (15)
where rIB(S) = {I/GEM(S)7 (ﬁmr/ﬁzmo)?” I/SEI\IV} for the
three z-specific IB contributions—Ggy(s), phase space
(PS), and SD—in a linearized form, and K(s) is the
standard a, kernel function [166,167]. Our results for
the three fit variants are summarized in Table I, where
we also show the breakdown for the leading Low con-
tribution, GE3¥ (i), and the full radiation off 7 and z without
resonance or WZW effects, Gi () [the latter are included
in Gl (s)]. Moreover, we give the sum of the three
contributions and the full correction without linearization,
as well as a quantity &, defined by r(s) =1+
(Brn/Pren0)’ [Gem(s) Sy ), quantifying the a, integral after
the z-specific IB corrections have been applied, but not IB
corrections in the matrix element nor in e*e~ added. The
main conclusions from Table I are as follows: first, the
differences among the fit variants are very small, owing to
the small overall size of the IB corrections. Second, at the
relevant level of precision, the linearization of IB correc-
tions is not justified, as O(e*) terms enhanced by the
threshold singularity of Ggy(s), see Fig. 5, are sizable,
emphasizing the importance of a stable numerical imple-
mentation down to threshold.

Our results are compared to previous work in Table II.
For PS and SD corrections there is reasonable agreement,
but the Ggy(s) contribution increases in magnitude, as a
consequence of the structure-dependent virtual diagrams
and local terms in the matching to ChPT. Part of this shift is

TABLE II. Comparison to previous work (notation as in
Table I). The SD uncertainty from Ref. [9] has been added to
our results from Table I, as has an additional uncertainty of 0.3
units to capture higher intermediate states in the virtual con-
tribution to Ggy(s) [143].

Ref. [114] Ref. [I15]  Ref. [9] This Letter
PS ~7.88 -7.52 —77(2)  =7.74(5)
smo —1221(15)  —12.16(15) —122(13) —12.2(1.3)
GML  —1.92(90)  (—1.67)70%0  —2.0(1.4)  —5.4(5)
Sum  —22.01(91) (=21.35)*062 -21.9(1.9) -25.3(1.4)
Full o o o —24.8(1.4)
a,  51033.0) 510972  510.334) 509.52.7)

canceled when including the threshold-enhanced O(e*)
terms, so that the net effect

AalI;IVP.LO [ﬂﬂ’ T] |Full = _24'8(0‘1)exp(0‘5)[h(1‘3)SD’ (16)

changes by about three units (in 1071°). While the overall
uncertainty is now dominated by the scheme dependence in
the SD contribution, addressed in Ref. [146], the remaining
uncertainty due to radiative corrections mainly reflects the
role of higher intermediate states in the real and virtual
contributions. Overall, the uncertainty due to Ggy(s) has
been reduced by almost a factor of 3 over the previously
assigned error in Ref. [9], with a shift in central value by
about 2.5¢.

In addition to improving the radiative corrections para-
metrized by Ggy(s), our Letter also strongly motivates
increased efforts in new measurements of the v — zzv,
spectral function, as possible at Belle II [168]. Indeed, our
dispersive fits to the spectrum reveal that some tensions
among the currently available datasets do exist, and at the
same time we observe differences to previous evaluations,
as visible in the context of a, in Table II. Part of the
difference might originate from the changes in Ggy(s), but
we also find that the constraints imposed by analyticity and
unitarity result in a moderate tension between the low-
energy part of the spectrum and the p region, which tends to
increase the integral for small values of s. An improved
measurement of the 7 — zzy, spectral function, profiting
from the statistics available at Belle II, would therefore be
extremely valuable.
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End Matter

Dispersive fit function—For the fit, we use a form that
combines the dispersive representation developed for
ete” »>rxtr~  [78,98] with explicit resonance
contributions for p’, p” [79,170-172],

Fils) = [1+Gﬁ<s>+ 3 cVAV<s>]szi<s>, (A1)

V=p p"

where the phase shift is parametrized as the solution of
the Roy equations [173—-175] in terms of the phase-shift
values at sy = (0.8 GeV)?, s; = (1.15 GeV)?, GN(s)
denotes a conformal polynomial with threshold
Sor = (M, + M,,)?, and the explicit form for Ay reads

Auts) =2 [T ay T

n s'(s' =)’
1
W =5 = AT )

ImAy(s) =Im (A2)

where the energy dependence of the width T'y(s) is
constructed from the zw phase space. In this way, we
arrive at two free parameters in Ql(s), three for each
resonance, plus the N —2 free parameters in G (s).
Here, we use one parameter to ensure P-wave behavior
of Imf,(s), and a second parameter to enforce the sum
rule

L1 e mfL(s)
1= A ds ; ; (A3)

T Jam? N

which, in the unsubtracted form (8), is mandatory to
respect charge conservation. We also tried fit variants in
which p/, p” are directly implemented via the conformal
variable [176], but observed worse performance
especially for the p” due to its location very close to the
border of the phase space. Finally, for the fit at each
step, we employ yet another iteration to avoid
D’Agostini bias [177,178] and account for the finite bin
size via a weighted average [78].
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