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Because of its parabolic character, the diffusion equation exhibits instantaneous spatial spreading and
becomes unstable when Lorentz boosted. According to the conventional interpretation, these features
reflect a fundamental incompatibility with special relativity. In this Letter, we show that this interpretation
is incorrect by demonstrating that any smooth and sufficiently localized solution of the diffusion equation is
the particle density of an exact solution of the relativistic Vlasov-Fokker-Planck equation. This establishes
the existence of a causal, stable, and thermodynamically consistent relativistic kinetic theory whose
hydrodynamic sector is governed exactly by diffusion at all wavelengths. We further demonstrate that the
standard arguments for instability arise from considering solutions that admit no counterpart in kinetic
theory and that apparent violations of causality disappear once signals are defined in terms of the

underlying microscopic data.
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Introduction—Fick’s law of diffusion [1],
on = Ddn, (1)

is among the most ubiquitous equations in physics. It
describes the evolution of a conserved density n(t, Xx)
whose microscopic carriers undergo stochastic motion
characterized by a diffusivity ®. As a result, it provides
the universal long-wavelength description of transport
processes in a wide variety of systems [2], including
particle diffusion in fluids [3], heat conduction in both
fluids [4] and solids [5], and the probability spreading of
Brownian motion [6].

Despite its broad applicability, the diffusion equation is
widely regarded in the relativistic hydrodynamics literature
as a paradigmatic example of a dissipative theory incom-
patible with special relativity [7-18]. In particular, its
retarded Green function, defined as the solution of the
inhomogeneous equation 9,G = DA>G + 5(1)5(x) with
G(0~,x) =0,

e—xz/(4®t)

Vardt

exhibits Gaussian spatial tails extending to infinity at any
t > 0, suggesting instantaneous propagation. Furthermore,
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upon Lorentz transformation, Eq. (1) develops exponen-
tially growing Fourier modes at arbitrarily large wave
number [10,17,19], rendering the boosted initial-value
problem unstable and ill posed.

These undesired features of diffusion have prompted two
distinct responses. The prevailing approach has been to
interpret them as genuine pathologies and to eliminate them
by modifying Fick’s law, giving rise to a broad class of
hyperbolic relativistic dissipative theories [20,21], includ-
ing Cattaneo-type models [8,13], Israel-Stewart theory
[9,11,22,23], divergence-type formulations [24,25], and
the Bemfica-Disconzi-Noronha-Kovtun (BDNK) frame-
work [26-29]. An alternative viewpoint maintains that
the diffusion equation is not intrinsically incompatible
with relativity but instead appears problematic only when
extended beyond the class of solutions warranted by its
microscopic origin [19,30-32]. This perspective has
recently been sharpened by proposals advocating “approxi-
mate” Lorentz transformations of diffusive dynamics,
designed to exclude the unphysical branch of solutions
[33-35].

In this Letter, we resolve this long-standing tension by
demonstrating that the diffusion equation is, indeed, fully
compatible with relativity when interpreted within the
correct microscopic framework. We construct a fully
relativistic, causal, and stable kinetic theory whose hydro-
dynamic sector is governed exactly by the diffusion
equation, without introducing additional gradient correc-
tions, wave number cutoffs, or a finite propagation speed.
This explicit realization shows that, from a physical stand-
point, the apparent acausality and instability of diffusion do
not reflect a fundamental inconsistency: the commonly
cited pathologies arise solely from applying the diffusion
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equation to non-normalizable configurations that lie out-
side the solution space permitted by the underlying
relativistic dynamics, and relativistic causality (interpreted
as the physical impossibility of superluminal messaging) is
preserved once we keep track of all the available micro-
scopic information. We thus revisit the standard arguments
for acausality and instability and show that they fail once
diffusion is treated as a consistent and complete sector of a
relativistic kinetic theory. Note that, throughout the Letter,
we work in natural units, c = A = kg = 1.

The Vlasov-Fokker-Planck  equation—Consider a
relativistic particle of mass m > 0 confined, for simplicity,
to one spatial dimension. Denoting its momentum by p,
its energy is &= +/m*+p? and its velocity is
v=de/dp = p/e. We assume that the particle is
immersed in a thermal medium at inverse temperature f3,
and undergoes random momentum exchanges with it.
Under these conditions, the particle experiences
Brownian motion in momentum space. Accordingly, an
ensemble of such particles is described by a kinetic
distribution function f(z,x, p) satisfying the Vlasov-
Fokker-Planck (VFP) equation [36,37]:

0,4 100f = 0@ +huf). ()

where (#*®)~! denotes the momentum-space diffusivity
(which is assumed to be a positive constant). Because the
particle velocity obeys |v| < 1, the theory is manifestly
causal. It is moreover covariantly stable and thermody-
namically consistent (see, e.g., Ref. [38]). A quick way to
verify this is to notice that the free-energy current

1
v

fu:%/‘zi_ﬂ }f(ﬂe—klnf—l) (4)

has nonpositive divergence:

1 d
07" =~ | 3 0uf < Puff <0 (5)

in agreement with the second law of thermodynamics
[39-41]. This, combined with the convexity of FP°,
immediately establishes Lyapunov stability of the equilib-
rium state in any inertial frame [42,43].

Main theorem—We can now state our main result, which
we express in the form of a theorem.

Theorem 1—Let g(k) be a Schwartz function satisfying
g* (k) = g(—k), and define (for ¢ > 0)

dk . )
f(l, x,p) = P / Eg(k)e—ﬂs—zﬂ‘})kpﬂkx—ﬁkzt’ (6)

R

with a€R. Then, the following statements hold:
(1) f(t,x, p) is a smooth, real-valued function, well defined

for all # > 0 and with finite energy-momentum moments.
(2) f(t,x, p) is non-negative for all r > 0, provided that
llgllr < 27e®. (3) f(t,x,p) is an exact solution of the
relativistic VFP equation (3). (4) The associated particle
density n(r,x) = [(dp/2x)f(t.x, p) satisfies the diffusion
equation (1), with initial condition

n(0.x) = eamK]; (mp)
% mK] (mﬁ' 1 + gzkz) ikx
* R 2”g(k) V1 4+ D2k? e (D

Proof—(1) For t >0, the integrand in Eq. (6) is a
Schwartz function of k, ensuring absolute convergence
of the integral. Differentiation with respect to ¢, x, or p
introduces at most polynomial factors in k, which preserve
convergence and smoothness. Reality of f follows directly
from the condition ¢g*(k) = g(—k). The finiteness of all
moments [(dp/2n)e’p®f(t,x, p) (with a, b > 0) follows
from the fact that g(k)e ™" is a Schwartz function of (k, p).

(2) Using the triangle inequality, one finds

dk . . e Pe
/—g(k)e'ﬁg"ﬁ@k”“’“'g"z’ <—5—lglle- (8)
R 27 2

The stated bound on therefore
tees f(#,x, p) > 0.

(3), (4) The last two statements follow by direct sub-
stitution. All derivatives may be interchanged with the
k-integral, and the integrand is a Schwartz function also in
p, allowing for the exchange of p- and k-integrations. m

The theorem establishes that any sufficiently regular
solution of the diffusion equation n(z,x) = ng + dn(t, x)
(defined for 7 > 0), with n, being a constant background
and on being a localized perturbation, admits an exact
embedding into a corresponding VFP solution f(z, x, p) of
the form (6). This embedding is realized by choosing

V1 + D2
mK,(mpV1 + DU32)’

where 6n(k) denotes the Fourier transform of the initial
data 6n(0, x). Provided that g(k) is sufficiently regular and
the perturbation on is sufficiently small, the resulting
distribution f(¢,x, p) defines a physically admissible
kinetic solution whose associated particle density coincides
identically with n(z, x). In this sense, Fickian diffusion is an
exact hydrodynamic sector of the relativistic kinetic theory
rather than an approximation or a long-wavelength limit.

We now clarify which initial data admit a well-defined
embedding. If the initial perturbation 6n(0, x) belongs to
the Schwartz class, then its Fourier transform n (k) is also
Schwartz, implying that the corresponding g(k) is smooth.
However, g(k) may not itself be Schwartz since the

gl guaran-

g(k) = on(k)
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embedding kernel in (9) grows exponentially as /1Pl at
large |k|. Nevertheless, for any strictly positive time ¢ > 0,
the integral representation (6) acquires the Gaussian factor
¢~®¥1 which dominates this exponential growth and
ensures convergence. Thus, the embedding is unambiguous
for all > 0 whenever 6n(0,x) is Schwartz (while the
instant = 0 may require interpretation in a distributional
sense). A sufficient condition for the embedding to define a
bona fide kinetic distribution already at ¢ =0 is that
on(k)e"d+alk ¢ L1(R) (for some arbitrary a > 0), for
instance if 6n(0,x) extends analytically to the strip
|Smx| < mpD + a.

Let us finally note that, although Theorem | assumes
g(k) to be Schwartz for simplicity, the construction only
relies on convergence of the k integral for ¢ > 0 and
therefore extends to substantially less regular data, sug-
gesting that a broader class of initial profiles 6n(0, x) (e.g.,
in L? or H*) might admit an embedding, in a distribu-
tional sense.

Why stability is preserved—The standard argument for
the instability of the diffusion equation proceeds as follows
[17,19,44]. One considers a density perturbation of the
form 6n = e'’, where 7 = y(t — Vx) is the time coordinate
of an inertial observer moving with velocity V relative to
the medium and y = (1 — V?)~!/2, Substituting this ansatz
into (1) yields T'= (DyV?)~! >0, suggesting that a
boosted observer would detect exponential growth of
spatially homogeneous perturbations (signaling an insta-
bility [10]).

We now show that such pathological solutions do not
admit an embedding into relativistic kinetic theory. Indeed,
configurations proportional to e'”(=V*) are not spatially
localized and therefore fall outside the class of solutions
covered by our theorem. More strongly, one can show
that any solution of the relativistic VFP equation of the
form f(t,x, p) = e* 7 + 5f(p)e""""V*) necessarily satis-
fies I" < 0 and is thus stable. To see this, note that, for this
spacetime dependence, Eq. (3) reduces to

T(1—oV)sf = 0,(0,6f + pvf).  (10)

1
Dy
Multiplying both sides by e”(5f)*, integrating over
momentum, and solving for I', one finds

_J5Ee0,6f + pusfI?
pDr [92(1=vV)e 5P~

(11)

where we used the fact that 1 — oV > 1 — |V| > 0 and we
assumed that §f decays to O at large p.

In summary, the unstable modes of the diffusion equa-
tion lie outside the space of solutions that can be embedded
into a relativistic kinetic theory. Their existence therefore
does not signal a failure of diffusion as a relativistic model.

Rather, it reflects the necessity (peculiar to relativity) of
restricting Fick’s law to spatially localized initial data.
Within this physically admissible solution space, diffusion
is again stable [45,46].

Why microscopic causality is preserved—The claim that
the diffusion equation is acausal stems from the observation
that an initially compactly supported density perturbation
on(t,x) develops unbounded spatial support for 7> 0,
thereby suggesting that the propagation is instantaneous
[7,50]. We now show that, when such solutions are
embedded into the relativistic VFP framework, their
evolution is, in fact, perfectly causal, from a physical
standpoint.

All perturbations of the form (6) can be written
as of(t,x,p) = e P F(t,x— pDp). It follows that, if
there exists a phase-space point (xg, pg) such that
5£(0,xq, po) x F(0,xg — fDpy) #0, then for any
other spatial location x; one can find a momentum
p1 = po+ (x; —x0)/(pD) for which &f(0,x,p;)
F(0,x0 — fDpy) # 0. As a consequence, no kinetic dis-
tribution of the form (6) can possess compact spatial
support at the initial time. [5S1] This observation clarifies
the origin of the apparent superluminal behavior. While the
macroscopic density perturbation 6n(f,x) may exhibit
instantaneous spatial tails, the initial phase-space pertur-
bation §1(0, x, p) is already nonzero outside the support of
6n(0, x). No information is therefore transmitted faster than
light. The nonlocal tails of én arise from a redistribution
between positive and negative contributions of §f, fully
determined by the initial microscopic data within the past
light cone (see Ref. [52] for a similar argument).

In summary, diffusion appears acausal only if “signals”
are defined in terms of the macroscopic density on alone.
Once the complete microscopic information encoded in the
kinetic distribution 6 f is taken into account, the evolution is
manifestly causal, and the apparent superluminal tails of 6n
convey no new information to an observer far away.

The massless limit—TIt is instructive to consider a case in
which the kinetic distribution can be obtained explicitly. In
the ultrarelativistic limit m — 0, the embedding kernel in
Eq. (9) reduces to the polynomial z3(1 + D*k?), allowing
the integral representation (6) to be evaluated in closed
form:

f(t.x, p) = e PPl - gpe=PIPl(1 — D23%)6n(t, x — fDp).
(12)

One readily verifies that, for any solution én(z, x) of the
diffusion equation (not necessarily localized), the
distribution function (12) indeed satisfies the ultrarelativ-
istic VFP equation. By contrast, showing that the associated
particle density n(7,x) = [(dp/2x)f(t,x. p) coincides
with ng + én(t,x) requires an integration by parts in
momentum space:
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n(t,x) = ny + /djpﬂe_ﬁp(l — p720%)én(t, x — pDp)
=ng + /%pﬂ(l - B720%)ePPlsn(t, x — pDp)

=ng+ / dpé(p)én(t,x — pDp) = ng + on(t, x).

(13)

This step is justified only within the subset of diffusive
solutions for which dn does not grow too rapidly at spatial
infinity. As a counterexample, consider the unstable modes

(=Vx)/(®V?) discussed earlier. In this case, the inte-

on=e
grand in (13) behaves as e~ #IP+PP/V  which diverges
exponentially in one momentum direction, resulting in
an infinite particle density. These unstable modes therefore
lie outside the admissible solution space selected by the
kinetic theory.

The explicit form (12) also clarifies the mechanism by
which causality is preserved. Suppose that the initial
density perturbation 6n(0,x) is supported within the
interval —R < x < R. For a kinetic distribution of the form
(12), an observer located far away, at x = L > R, can
nevertheless register a weak precursor in the momentum
distribution at his or her location, appearing as a localized
“pbump” confined to the range (L —R)/(fD)<p<
(L+R)/(fD). This momentum-space feature already
encodes the complete spatial profile of on, since the
operator 1 — %2 is invertible. It follows that no new
information is conveyed when the apparently superluminal
density signal subsequently reaches the observer: all
relevant information was already contained in the initial
kinetic data.

Generalization to higher dimensions—We emphasize
that our restriction to one spatial dimension was adopted
solely for convenience. The construction extends straight-
forwardly to d spatial dimensions upon replacing kx and kp
by the inner products k - x and k - p and promoting the
operator 0,(d, + pv) to V, - (V,, + pv). With these sub-
stitutions, the proof of Theorem 1 is unchanged. The only
modification concerns the explicit form of the density
kernel appearing in Eqs. (7) and (9), which acquires a
dimension-dependent structure through the corresponding
d-dimensional momentum integral.

Physical interpretation and broader consequences—The
fact that the solutions (6) solve the diffusion equation at
arbitrarily large k does not imply that diffusion is the
dominant dissipation mechanism of VFP in all regimes. In
fact, when gradients are large, the states (6) are not generic
as they are explicitly fine-tuned to remove all nonhydro-
dynamic contributions, which are shown in a companion
paper to have ballistic character [47]. Only in the hydro-
dynamic regime (i.e., when gradients are small compared to
1/9D) are generic solutions well approximated by (6), and

diffusion becomes the dominant sector (and thus the
appropriate effective description) of the system.

The main point of this Letter, however, is not that
diffusion is the only relevant transport process in relativistic
VFP but that the diffusive mode w = —iDk? exists as an
exact excitation even at short wavelengths. In all other
known relativistic theories, this mode ceases to exist
beyond some critical value of k€ R, either because it
collides with other excitations [53,54] or because its
character changes qualitatively due to higher-order correc-
tions. Indeed, it was conjectured in [55] that w/k always
remains finite at large k in relativistic causal theories, a
claim that has had repercussions across the relativistic
hydrodynamics literature [15,27,56]. More recently, it was
argued [48,57] that the dispersion relation @ = —i®Dk?
cannot arise from causal microscopic theories, based on the
assumption that, if it exists for all real £, it should also exist
(by analytic continuation) at complex k, leading to insta-
bilities under Lorentz boosts. In VFP, however, the dif-
fusive mode ceases to exist as a genuine excitation before
entering unstable regions of the complex k plane (see
Ref. [46]). Since even a single consistent counterexample
suffices to invalidate a general prohibition, diffusion is not
intrinsically incompatible with relativity. It can arise as a
(possibility exact) sector of a microscopic theory, within
which all pathological solutions are physically forbidden.

Discussion and conclusions—We provided a rigorous
counterexample to the widely held belief that the diffusion
equation (and, more generally, parabolic theories of dis-
sipation) cannot consistently arise in a fully relativistic
context. We have demonstrated that a fully relativistic,
causal, and stable microscopic theory [58] can give rise to
the diffusion Eq. (1) as an exact hydrodynamic sector,
without the introduction of ultraviolet cutoffs, higher-order
gradient corrections, or finite relaxation times of the
Cattaneo type. The standard claims of instability are
revealed to be artifacts of extending diffusion beyond its
physically admissible solution space. When the analysis is
restricted to smooth, spatially localized configurations in
the rest frame of the medium, no instabilities arise, and the
principle of causality (i.e., the impossibility of super-
luminal information transfer) is preserved once the full
microscopic information carried by the kinetic distribution
is taken into account. [63] All results presented here are
derived within a linear model with constant coefficients;
extensions to nonlinear dynamics are not addressed in this
Letter.

The above results prompt a reassessment of the role
played by relativity in dissipative hydrodynamics. Our
findings do not undermine the extensive body of work
devoted to constructing hyperbolic relativistic theories of
dissipation, such as Cattaneo, Israel-Stewart, BDNK, or
divergence-type formulations [8,9,11,20-29]. In practice,
when one considers boosted frames, rotating fluids, or
systems without a globally comoving frame, the exact
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kinetic description leads to effective equations that are
highly nonlocal and difficult to handle numerically. In such
situations, hyperbolic hydrodynamic models remain indis-
pensable as controlled approximations that ensure manifest
Lorentz covariance and well-posedness at the level of
partial differential equations. Moreover, for many physical
systems, Israel-Stewart-type theories provide a quantita-
tively superior description of transient dynamics beyond
the diffusive regime [13,65-71].

At the same time, our analysis challenges a deeply rooted
intuition: that relativistic effects must necessarily manifest
themselves at the hydrodynamic level through a finite
signal speed [8,9]. The present results show that this
expectation is too restrictive. Relativity constrains the
microscopic dynamics and the admissible space of states,
but it does not require the emergent hydrodynamic equa-
tions themselves to be hyperbolic. In this sense, Cattaneo’s
equation is not intrinsically more “relativistic” than Fick’s
law; it is just more robust as a stand-alone macroscopic
theory, remaining well behaved over a broader class of
states and frames. In other words, the true imprint of
relativity lies not in the form of the macroscopic equations
alone but in the structure of the microscopic theory and in
the restrictions it imposes on physically realizable hydro-
dynamic solutions.

More broadly, our Letter highlights that apparent viola-
tions of causality or stability in effective theories often
signal a mismatch between the equation and its domain of
applicability, rather than a fundamental inconsistency. By
identifying diffusion as an exact, relativistically admissible
sector of kinetic theory, we provide a concrete example in
which parabolic dynamics coexist fully consistently with
relativistic causality. We expect that similar considerations
may apply to other dissipative processes and that a careful
separation between equations of motion and admissible
solution spaces will prove essential in future developments
of relativistic nonequilibrium physics.
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