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The consistent matching of short-distance contributions and hadronic matrix elements is crucial for
precise predictions of weak processes involving hadrons. In this Letter, we address this point for charged-
current processes involving two pions—pion β decay π� → π0e�νe and hadronic τ decays τ� → π�π0ντ—
whose decay rates depend on the so-called γW box correction. Using recent results from lattice QCD, we
show how to formulate the matching beyond leading-logarithmic accuracy, in particular, how to cancel the
dependence on the scheme choice for evanescent operators. As main results, we obtain a prediction for the
decay rate of pion β decay with theory uncertainties improved by a factor of 3, which renders theory
uncertainties negligible for future determinations of Vud even beyond the reach of the PIONEER
experiment, and an evaluation of isospin-breaking corrections to τ → ππντ with negligible uncertainty from
the short-distance matching, as necessary for a future τ-based determination of the hadronic-vacuum-
polarization contribution to the anomalous magnetic moment of the muon.
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Introduction—A precision determination of the
Cabibbo-Kobayashi-Maskawa (CKM) [1,2] matrix element
Vud, either from neutron decay or superallowed nuclear β
decays, crucially relies on a careful consideration of
radiative corrections [3], which thus play a key role in
the first-row unitarity test of the CKM matrix. Despite a
long history in their evaluation [4–18], it has proven
challenging to quantify and ideally remove the remaining
model dependence in these corrections, and substantial
effort has been invested in recent years to address this issue
using dispersion relations, lattice QCD, effective field
theory (EFT), and ab initio nuclear-structure methods
[19–35]. Such robust uncertainty quantification is critical
to either corroborate current hints for a unitarity deficit or
impose stringent constraints on potential physics beyond
the standard model (SM) [36–54].
Already in the single-nucleon system, this program

requires the calculation of perturbative corrections and
their resummation [26,31,35], but also the incorporation of
nonperturbative matrix elements, most notably the so-
called γW box corrections [17,19,20,23,55–59]. Extend-
ing previous analyses in the meson sector [60] to the
nucleon case, in Ref. [26] it was shown how to formulate

the traditional master formula for the neutron decay rate
based on an EFT approach, allowing for the consistent
resummation of large logarithms. This approach requires
the matching of low-energy EFT (LEFT) to chiral pertur-
bation theory (ChPT), to separate low-energy constants
(LECs) into short-distance components and nonperturba-
tive matrix elements. As a key feature, the scheme
dependence due to the choice of evanescent operators
manifestly cancels between LEFT Wilson coefficients
and the matrix elements, leading to a result for the decay
rate in which the scheme dependence as well as the
dependence on the LEFT scale μ and the chiral scale μχ
cancel up to the order in the fine-structure constant α and
the strong coupling αs to which the perturbative calculation
has been performed.
While not competitive at present, an alternative avenue

toward the determination of Vud proceeds via pion β decay,
π� → π0e�νe [61–63], which is sensitive to the same LEFT
operator as the β decays involving nucleons, in such a way
that the same challenges arise in its theoretical description.
In this case, input from lattice QCD [64–66] is available to
determine the nonperturbative parts, and given ongoing
efforts to improve the experimental measurement of the
branching fraction at PIONEER [67,68] it is timely to work
out the matching beyond leading-logarithmic (LL) accu-
racy for this process as well, by adapting the methods from
Refs. [26,60] accordingly.
Similarly, by crossing lepton and charged pion, it is

evident that the exact same procedure also determines the
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short-distance contribution to hadronic τ decays
τ� → π�π0ντ, a crucial ingredient for the evaluation of
isospin-breaking (IB) corrections in the context of the
hadronic-vacuum-polarization (HVP) contribution to the
anomalous magnetic moment of the muon aμ [69–78].
While a τ-based estimate is provided in Ref. [77], based on
input from Refs. [73,75,79–81], several key short-comings
need to be addressed to allow for a full uncertainty
quantification of the IB corrections. One of them concerns
the scheme dependence of the short-distance contribution,
which boils down to the exact same LECs required for pion
β decay, as a direct consequence of lepton flavor
universality.
Accordingly, we first provide a general discussion of the

pion matrix element, matching relations, and renormaliza-
tion-group (RG) resummation, highlighting the universal
form of the resulting correction to the decay rate, and then
discuss the phenomenological applications to pion β decay
and hadronic τ decays. To obtain a complete result for
the decay rates, we also need a calculation of the corre-
sponding long-range radiative corrections, which due to the
small phase space for pion β decay can proceed in ChPT
[62], while for τ decays a full calculation of the struc-
ture-dependent corrections has only recently become
available [82,83].
Renormalization group and matrix elements—We use

EFT methods to efficiently compute β decay rates in the
SM beyond the LL approximation. Integrating out the weak
gauge bosons, the Higgs boson, and the top quark, we write
the pertinent part of the LEFT Lagrangian with nf active
quark flavors in the convention

LLEFT ¼ −2
ffiffiffi
2

p
GFēLγρμLν̄μLγρνeL

− 2
ffiffiffi
2

p
GFVudC

ðfÞ
β ðμ; aÞēLγρνeLūLγρdL þ H:c:;

ð1Þ

i.e., the Fermi constant GF is defined in muon decay [84],

and a Wilson coefficient CðfÞ
β ðμ; aÞ ¼ 1þOðαÞ describes

the semi-leptonic operator in the nf-flavor theory. It
depends on the LEFT scale μ in the MS scheme as well
as the scheme chosen for the evanescent operator, defined
by EðaÞ

γαγργβPL ⊗ γαγργβPL ¼ 4ð4 − aϵÞγρPL ⊗ γρPL þ EðaÞ;
ð2Þ

where d ¼ 4 − 2ϵ is the dimensional regulator, and naive
dimensional regularization for γ5 is used. (We use here the
evanescent scheme parameter a as defined in Ref. [35],
which is related to the conventions of Ref. [26] (CDMT) by
a ¼ 2aCDMT þ 3.) In these conventions one finds for the
Wilson coefficient in the five-flavor theory at μ ≃MW;Z

[10,26,35,85–87]

Cð5Þ
β ðμ; aÞ ¼ 1þ α

π
log

MZ

μ
þ α

4π
BðaÞ − ααs

4π2
log

MZ

μ

þ ααs
ð4πÞ2 BsðaÞ −

ααs
4π2

1

s2W

�
c2W
s2W

log
MW

MZ
þ 1

�
þOðα2; αα2sÞ; ð3Þ

where BðaÞ ¼ ða=3Þ − 4 and BsðaÞ ¼ ð41=6Þ − ð14=9Þa
parametrize the scheme dependence, and sW , cW are the
sine and cosine of the weak mixing angle. The effec-

tive coupling CðfÞ
β ðμ; aÞ can be evolved down to the

hadronic scale using the RG equations (RGE). The solu-
tion is known to next-to-leading-logarithmic (NLL)
fO½αnþ1logn ðMZ=μÞ�g [26] and NLLs fO½ααnþ1

s logn

ðMZ=μÞ�g [35] accuracy [88]. The final result for the decay
amplitude is written in the three-flavor theory in terms

of a scheme-independent Wilson coefficient C̄ðfÞ
β ðμÞ≡

CðfÞ
β ðμ; aÞ=Jfðμ; aÞ defined in terms of the quantity

Jfðμ; aÞ that naturally appears in the solution of the
RGE to NLL [88].
Matching to ChPT—Starting from Eq. (1), to achieve

NLL (and NLLs) accuracy one needs to compute the matrix
element of Oβ ≡ ēLγρνeLūLγρdL between the appro-
priate external states to OðαÞ [and OðααsÞ], including
finite, nonlogarithmically enhanced terms, whose scheme

dependence will cancel the one in CðfÞ
β ðμ; aÞ. In the EFT

approach, one computes hfjOβjii in ChPT, the low-energy
EFT in which the degrees of freedom are mesons and
baryons, along with light particles involved in the electro-
weak interactions (photons, charged leptons, and neutri-
nos). Through tree-level and loop amplitudes, ChPT
captures the infrared (IR) physics to a given order in the
low-energy expansion, while encoding the short-distance
and nonperturbative effects of hard virtual photons in
appropriate LECs. We next provide a representation of
the LECs contributing to pion β decay and τ → ππντ,
capturing the short-distance contributions to NLL and
NLLs accuracy as well as nonperturbative effects originat-
ing at the hadronic scale. Next, we present the main results,
while more details of the derivation are discussed in the
End Matter.
In the spirit of EFT, we factorize the dependence on the

LEFT Wilson coefficient from the chiral LECs [26], as a
result of which these LECs carry a dependence on both
scales μ and μχ , and on the evanescent scheme parameter a.
The relevant linear combination of the Xi [113] and Ki
[114] reads,

Xlðμχ ; μ; aÞ≡
�
Xr
6 − 4Kr

12 þ
4

3
Xr
1

�
ðμχ ; μ; aÞ: ð4Þ

Matching LEFT with three quark flavors and ChPT, and
using the results from Refs. [26,35] for the OðαÞ and
OðααsÞ terms, respectively, we find
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−2παχðμχÞXlðμχ ;μ;aÞ≡□
Vð3Þ
π ðμ0Þ−

αð3ÞðμÞ
4π

�
5

4
þ3

2
log

μ2χ
μ20

þBðaÞþ2 log
μ20
μ2

�
þααð3Þs ðμÞ

ð4πÞ2

×
�
−BsðaÞþ2−2 log

μ2

μ20

�
; ð5Þ

where □
Vð3Þ
π ðμ0Þ represents the nonperturbative matrix

element, αχðμχÞ denotes the fine-structure constant in
ChPT [26], while the couplings on the right-hand side refer

to MS. [The scale in αð3Þs is chosen following Ref. [35].

Replacing αð3Þs ðμÞ → αð3Þs ðμ0Þ would ensure exact analytic
cancellation of μ0 [26].] Combining Wilson coefficient and
matrix element, we define the scheme-independent short-
distance correction to the vector (Fermi) transitions

gπVðμχÞ≡ 1þ ΔS̃EWðμχÞ

≡ C̄ð3Þ
β ðμÞ

�
1þ□

Vð3Þ
π ðμ0Þ

þ αð3ÞðμÞ
4π

�
17

6
−
3

2
log

μ2χ
μ20

þ 2 log
μ2

μ20

�

þ ααð3Þs ðμÞ
ð4πÞ2

�
−
130

81
− 2 log

μ2

μ20

��
: ð6Þ

[The usual SEW correction corresponds to 1þ 2ΔS̃EWðμχÞ.
The tilde is introduced to indicate that now we include
nonperturbative contributions.] With appropriate replace-
ment of the external states in the transition-dependent
nonperturbative matrix element □

Vðμ0Þ, this correction
universally applies to the Fermi component of all β decays.
The dependence on μ0 cancels between □

V
π ðμ0Þ and the

explicit logarithms, up to terms beyond NLLs accuracy; the
dependence on μ cancels between the scheme-independent

Wilson coefficient C̄ð3Þ
β ðμÞ [88] and the explicit logarithms;

finally, the dependence on μχ cancels once one combines
gπVðμχÞ with the chiral loops. Beyond one-loop order, RG
corrections need to be included; see End Matter for details.
Nonperturbative matrix element—Following Ref. [26]

and taking into account the factorization of short-distance
QCD corrections from Ref. [35], the nonperturbative input
is collected in

□
V
π ðμ0Þ ¼ −ie2

Z
d4q
ð2πÞ4

ν2 þQ2

Q4

×

�
Tπ
3ðν; Q2Þ
2Mπν

−
2

3

1 − αsðμ0Þ
π

Q2 þ μ20

�
; ð7Þ

where μ0 is a factorization scale that allows one to subtract
the asymptotic part of the VA correlator, known from the
operator product expansion (OPE). Its scalar projection is

written as in Ref. [26], translating to the conventions of
Ref. [64] via

1ffiffiffi
2

p T3ð−iν; Q2Þ ¼ Tπ
3ðν; Q2Þ
4Mπν

; ð8Þ

where ν ¼ q0, Q2 ¼ −q2. Accordingly, we can express
□

V
π ðμ0Þ in terms of the integrand MπðQ2Þ defined in

Ref. [64]:

□
V
π ðμ0Þ ¼

3α

2π

Z
∞

0

dQ2

Q2

�
MπðQ2Þ − 1

12

Q2ð1 − αsðμ0Þ
π Þ

Q2 þ μ20

�
:

ð9Þ

For sufficiently small values ofQ2 ≤ Q2
0,MπðQ2Þ is known

from lattice QCD [64,66], while asymptotically its form is
determined by perturbative QCD (pQCD),

MπðQ2Þ ¼ CdðQ2Þ
12

;

CdðQ2Þ ¼ 1 −
αs
π
þ
X
n≥2

cn

�
αs
π

�
n
; ð10Þ

with coefficients cn known up to n ¼ 4 [115,116]. The
subtraction in Eq. (9), however, is only accurate at OðαsÞ,
so that, asymptotically, one needs to assume this form in
MπðQ2Þ starting at some value Q2

1. Accordingly, Eq. (9)
takes the form

□
V
π ðμ0Þ ¼

3α

2π

Z
Q2

1

0

dQ2

Q2
MπðQ2Þ þ αð1 − αsðμ0Þ

π Þ
8π

log
μ20
Q2

1

:

ð11Þ

To improve the matching between lattice QCD and the
OðαsÞ pQCD asymptotics, we take Q1 larger than Q0 and
use the full four-loop pQCD result for Q0 ≤ Q ≤ Q1. The
subtraction scale μ0 is identified with Q0, while Q1 is
determined as the point at which CdðQ2

1Þ ¼ 1 − ½αsðμ0Þ=π�
to ensure a smooth transition to the asymptotic form. We
observe that the convergence of the pQCD expansion prefers
a slightly higher matching point than Q2

0 ¼ 2 GeV2 [64], at
the expense of slightly larger uncertainties from lattice
artifacts. We therefore choose μ0 ¼ Q0 ¼ 1.6 GeV, and

evolve αs down from αð5Þs ðMZÞ [117,118], at the loop order
that corresponds to the accuracy of CdðQ2Þ used. Given that
the calculations in Refs. [64,66] are performed with 2þ 1
and 2þ 1þ 1 active quark flavors, respectively, we repeat

the analysis for nf ¼ 3 and nf ¼ 4, leading to Qð3Þ
1 ¼

4.46 GeV and Qð4Þ
1 ¼ 4.53 GeV. Altogether, we obtain for

Refs. [64,66], respectively
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103 ×□
Vð3Þ
π ðμ0Þ ¼ 0.714ð12Þð28Þ − 0.023ð6Þ

¼ 0.691ð31Þ;
103 ×□

Vð4Þ
π ðμ0Þ ¼ 0.709ð27Þ − 0.020ð4Þ

¼ 0.690ð28Þ; ð12Þ

where the two terms refer to the contribution of the integral
below Q0 and the remainder, respectively. For the latter, the
uncertainty derives from the difference to the three-loop
pQCD result, while for the integral the uncertainties are
propagated from the lattice-QCD calculations. In the case of
Ref. [64], this error is split into statistical and systematic
components, where the dominant systematic effect concerns
lattice artifacts, estimated as the difference of the two
discretizations considered. (We define the central value
for Ref. [64] by the average of the two discretizations
therein. The systematic error given in Ref. [64] also accounts
for higher-twist effects, which are found to be subleading
compared to the discretization uncertainties. For increased
Q0, the impact of such power corrections should be reduced
further.) The corrections in Eq. (12) that arise from the
improved matching between the lattice-QCD results and
the OðαsÞ pQCD asymptotics are of the same size as the
lattice-QCD errors, and thus control over theOðα2sÞ terms in
the OPE subtraction in Eq. (9) would be required to further
improve the precision. The resulting integrand MπðQ2Þ and
its subtracted form according to Eq. (9) are shown in Fig. 1.
Pion β decay—The master formula for pion β decay

reads [62,63],

Γ½πþ → π0eþνeðγÞ� ¼
G2

FjVudj2M5
πjfπþð0Þj2

64π3

× ð1þ Δπl
RCÞIπl; ð13Þ

whereMπ denotes the mass of the charged pion. [GF can be
identified with its value extracted from muon decay GF ¼
1.1663785ð6Þ × 10−5 GeV−2 [84,119], since the only proc-
ess-dependent corrections not accounted for via the con-
ventions (1) concern mass corrections to the W propagator
2ΔGW

F ≃ 3m2
μ=ð5M2

WÞ ≃ 1 × 10−6 [120,121].] The form
factor fπþð0Þ ≃ 1–7 × 10−6 deviates from unity by a neg-
ligible amount due to the Behrends-Sirlin-Ademollo-Gatto
theorem [122–124], which ensures that IB corrections can
only enter quadratically. The phase-space factor evaluates to

Iπl ¼ 7.3767ð41Þ × 10−8; ð14Þ

where the uncertainty derives from the pion mass difference,
Mπ −Mπ0 ¼ 4.59364ð48Þ MeV [125]. [This value includes
corrections from the slope parameter λþ ¼ 0.036ð3Þ [124],
with uncertainties derived from higher-order effects in the
LEC Lr

6ðMρÞ ¼ 6.6ð6Þ × 10−3 [126–128].] Radiative cor-
rections are included in Δπl

RC, which decomposes as

1þ Δπl
RC

½1þ ΔS̃EWðμχÞ�2
¼ 1þ 3αχðμχÞ

2π
log

μχ
2E0

þ ΔIπl; ð15Þ

where ΔIπl ¼ −0.00378ð8Þ [62], including an estimate
of higher chiral orders ≃ðα=πÞðMπ=MρÞ2 ≃ 7.5 × 10−5.
In this form, we isolated the only large logarithm that
remains in the phase-space correction ΔIπl by virtue of the
Kinoshita-Lee-Nauenberg theorem [129–131], sensitive to
the endpoint energy E0 ¼ ðM2

π −M2
π0
þm2

eÞ=ð2MπÞ ¼
4.51894ð48Þ MeV. While we use the full relativistic cal-
culation from Ref. [62], the value ofΔIπl can be understood
from the integral over the Sirlin function; see End Matter.
Using Eq. (6), we find for the effective ππ vector coupling

gπVðMρÞ ¼ 1.01084ð2Þ
□π
ð3Þμ½4�tot; ð16Þ

where the first uncertainty is propagated from Eq. (12) and
the second one indicates the residual perturbative uncer-
tainty estimated by varying the decoupling and matching
scales as in Ref. [35]. [For Ref. [66], we use the four-flavor

FIG. 1. Resulting integrandMπðQ2Þ for the lattice-QCD inputs
from Refs. [64] (upper, nf ¼ 3) and [66] (lower, nf ¼ 4). In both
cases, we show the lattice-QCD results up to 2 GeV, the pQCD
curves above 1 GeV (green dashed and solid for three- and four-
loop order), and the constant one-loop result above the respective
values of Q1 (maroon dashed and solid). The resulting subtracted
integrand as it enters in Eq. (9) is represented by the black curves
(dashed and solid for three- and four-loop pQCD betweenQ0 and
Q1). The dashed vertical line indicates the value of Q1 for the
three-loop case.
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analog of Eq. (6) [88], yielding a gπVðMρÞ that only differs
by 3 × 10−6 from the three-flavor result derived from
Ref. [64]. Accordingly, we quote the average as our final
value.] For the radiative-correction factor Δπl

RC we further
need to consider the evolution to μχ ≃ 2E0, which gives

Δπl
RC ¼ 0.03403ð4Þ

□π
ð5Þμð5Þμχ ð8ÞChPT½11�tot; ð17Þ

where the uncertainty denoted by μχ comprises a variation

of μχ within ½2E0=
ffiffiffi
2

p
;

ffiffiffi
2

p
2E0� and of the matching scale

within ½Mρ=
ffiffiffi
2

p
;

ffiffiffi
2

p
Mρ�, dominated by the latter.

Our result (17) differs substantially from Δπl
RCj½64� ¼

0.0332ð1Þ
□π
ð3ÞQED, primarily due to the low-energy RG

corrections and the quadratic terms in Eq. (15). In a fully
linearized form, the direct application of Eq. (16) would
give Δπl

RC ¼ 0.0335, which then increases by

Δπl
RCjLLþquad ≃

�
α

π

�
2
�
17

16
log2

Mρ

2E0

þ
�
log

MZ

Mρ
þ 3

4
log

Mρ

2E0

�
2
�
≃ 4.7 × 10−4

ð18Þ

due to LL and quadratic terms. The final result in Eq. (17) is
obtained from the full RG solution, including another
≃0.6 × 10−4 from NLL.
Our improved evaluation of Δπl

RC given in Eq. (17)
implies

Vπ
ud ¼ 0.97346ð281ÞBrð9Þτπ ð5ÞΔπl

RC
ð27ÞIπl ½283�tot; ð19Þ

where the uncertainties refer to the branching fraction
Br½π� → π0e�νeðγÞ� ¼ 1.038ð6Þ × 10−8 [61] [slightly
adjusted to the current normalization from Br½π� →
e�νeðγÞ� ¼ 1.2326ð23Þ × 10−4 [119,132–134] ], the pion
lifetime τπ [119,135,136], Δπl

RC, and the pion mass differ-
ence (14), respectively. Accordingly, the theory uncertainty
in the extraction of Vud due to Δπl

RC is reduced by a factor of
three, while all other sources of uncertainty are of exper-
imental origin. The PIONEER experiment aims at improv-
ing the uncertainty in the branching fraction by an order of
magnitude, at which level the uncertainty in the pion mass
difference becomes the limiting factor.
τ → ππντ—The photon-inclusive τ → ππντ decay rate is

expressed as

dΓ½τ� → π�π0ντðγÞ�
KΓðsÞds

¼ ½βππ0ðsÞ�3jfþðsÞj2SππEWGEMðsÞ;

ð20Þ

where

KΓðsÞ ¼
ΓejVudj2
2m2

τ

�
1 −

s
m2

τ

�
2
�
1þ 2s

m2
τ

�
; ð21Þ

Γe ≡ Γ½τ → eντν̄e�, βππ0 denotes the phase-space factor

βππ0ðsÞ ¼ λ1=2
�
1;
M2

π

s
;
M2

π0

s

�
;

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ; ð22Þ

and SππEW [10,137–142] includes short-distance effects. The
rate is normalized to the leptonic decay width Γe, which
requires that the respective radiative corrections ΔSeEW ¼
ðα=2πÞ½ð25=4Þ − π2� that connect it to GF be removed:

SππEW ¼ ½1þ ΔS̃EWðμχÞ�2 − ΔSeEW: ð23Þ

Besides providing a convenient normalization channel, this
convention also avoids mass corrections ≃m2

τ=M2
W ≃ 5 ×

10−4 [120,121], as would arise when using GF from muon
decay instead. The chiral LECs are contained in GEMðsÞ,
depending linearly on XlðμχÞ [83]:

GEMðsÞjXlðμχÞ¼0 ¼ GEMðsÞjXlðμχÞ¼X̄lðμχÞ þ e2X̄lðμχÞ: ð24Þ

The analysis of GEMðsÞ in Refs. [82,83] is performed for
the reference value X̄lðMρÞ ¼ 14 × 10−3 [65], which can
be easily adjusted to an arbitrary value by means of
Eq. (24). It is evident that only the product SππEWGEMðsÞ
is scale and scheme independent, and in the following we
will therefore only consider the combined effect. Since both
SππEW and the relevant terms in GEMðsÞ do not depend on the
ππ invariant mass s, the respective IB corrections for the
HVP contribution to aμ can simply be obtained by scaling
Δāμ½SππEW� ¼ −12.166ð56Þð8Þ × 10−10 accordingly (quan-
tities taken from Refs. [82,83] are indicated by a bar), so
that the analysis of Refs. [82,83] can be updated via

Δaμ½ππ; τ� − Δāμ½ππ; τ� ¼
�
ΔSππEW − ΔḠEM

ΔS̄ππEW
− 1

�
Δāμ½SππEW�

¼ −0.07ð4Þ × 10−10; ð25Þ

where ΔSππEW ¼ SππEW − 1 from Eq. (23), ΔS̄ππEW ¼ 0.0233,
and

ΔḠEM ¼ −e2
�
X̄lðMρÞ −

1

4π2
log

m2
τ

M2
ρ

�
: ð26Þ

Including phase-space corrections in addition to SππEW and
GEMðsÞ, we obtain

Δaμ½ππ; τ� ¼ −24.9ð1Þexpð5Þthð1ÞSD × 10−10; ð27Þ
with central value almost identical to Refs. [82,83], but the
uncertainty from the short-distance matching, previously
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estimated as 1.3 × 10−10 [77], has become negligible.
Accordingly, the uncertainty of isospin breaking in the
matrix elements, jFV

π =fþj, estimated as 4.7 × 10−10 in
Ref. [77], now constitutes by far the dominant limitation
for the use of hadronic τ data in the evaluation of the HVP
contribution to aμ.
Conclusions—In this Letter, we presented the matching

of short-distance contributions and hadronic matrix ele-
ments for pion β decay and τ → ππντ at NLL accuracy. To
this end, we first derived the required matching relations
between ChPT and LEFT, both with the spurion method,
which yields explicit expressions for the relevant LECs,
and based on general properties of the amplitude related to
Ward identities, current algebra, and the IR structure, which
confirms the spurion analysis and reveals a remarkable
universality feature of the matching relation.
For the phenomenological analysis, we combined our

matching relations with recent results for the hadronic
matrix elements in lattice QCD and NLL corrections in the
strong coupling. As key results, we substantially improved
the radiative corrections to pion β decay and the short-
distance contributions to τ → ππντ. The remaining theory
uncertainty in Vud extracted from pion β decay now lies a
factor of five below the precision goal of the PIONEER
experiment, rendering the phase-space factor and thus the
pion mass difference the limiting factor besides the meas-
urement of the branching fraction. For τ → ππντ, the main
application concerns IB corrections for the HVP contribu-
tion to aμ, in which case the remaining uncertainties from
the short-distance matching are now negligible.
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[72] F. Flores-Baéz, A. Flores-Tlalpa, G. López Castro, and G.
Toledo Sánchez, Phys. Rev. D 74, 071301 (2006).

[73] M. Davier, A. Hoecker, G. López Castro, B. Malaescu,
X. H. Mo, G. Toledo Sánchez, P. Wang, C. Z. Yuan, and Z.
Zhang, Eur. Phys. J. C 66, 127 (2010).

[74] J. A. Miranda and P. Roig, Phys. Rev. D 102, 114017
(2020).

[75] G. L. Castro, A. Miranda, and P. Roig, Phys. Rev. D 111,
073004 (2025).

[76] T. Aoyama et al., Phys. Rep. 887, 1 (2020).
[77] R. Aliberti et al., Phys. Rep. 1143, 1 (2025).
[78] D. W. Hertzog and M. Hoferichter, arXiv:2512.16980.
[79] M. Davier, A. Hoecker, A.-M. Lutz, B. Malaescu, and Z.

Zhang, Eur. Phys. J. C 84, 721 (2024).
[80] G. Colangelo, M. Hoferichter, B. Kubis, and P. Stoffer, J.

High Energy Phys. 10 (2022) 032.
[81] M. Hoferichter, G. Colangelo, B.-L. Hoid, B. Kubis, J.

Ruiz de Elvira, D. Schuh, D. Stamen, and P. Stoffer, Phys.
Rev. Lett. 131, 161905 (2023).

[82] G. Colangelo, M. Cottini, M. Hoferichter, and S. Holz,
Phys. Rev. Lett. 136, 101903 (2026).

[83] G. Colangelo, M. Cottini, M. Hoferichter, and S. Holz, J.
High Energy Phys. 02 (2026) 181.

[84] V. Tishchenko et al. (MuLan Collaboration), Phys. Rev. D
87, 052003 (2013).

[85] J. Brod and M. Gorbahn, Phys. Rev. D 78, 034006 (2008).
[86] W. Dekens and P. Stoffer, J. High Energy Phys. 10 (2019)

197; 11 (2022) 148(E).
[87] R. J. Hill and O. Tomalak, Phys. Lett. B 805, 135466

(2020).
[88] See Supplemental Material at http://link.aps.org/suppleme

ntal/10.1103/rg2q-m515 for details of the matching with
the spurion method, at the amplitude level, and the RG to
NLL, including Refs. [89–112].

[89] B. Moussallam, Nucl. Phys. B504, 381 (1997).
[90] A. J. Buras and P. H. Weisz, Nucl. Phys. B333, 66 (1990).
[91] Y. Aoki et al. (FLAG Collaboration), Phys. Rev. D 113,

014508 (2026).
[92] K. Maltman, D. Leinweber, P. Moran, and A. Sternbeck,

Phys. Rev. D 78, 114504 (2008).
[93] S. Aoki et al. (PACS-CS Collaboration), J. High Energy

Phys. 10 (2009) 053.
[94] C. McNeile, C. T. H. Davies, E. Follana, K. Hornbostel,

and G. P. Lepage, Phys. Rev. D 82, 034512 (2010).
[95] B. Chakraborty, C. T. H. Davies, B. Galloway, P. Knecht, J.

Koponen, G. C. Donald, R. J. Dowdall, G. P. Lepage, and
C. McNeile, Phys. Rev. D 91, 054508 (2015).

[96] M. Bruno, M. Dalla Brida, P. Fritzsch, T. Korzec, A. Ramos,
S. Schaefer, H. Simma, S. Sint, and R. Sommer (ALPHA
Collaboration), Phys. Rev. Lett. 119, 102001 (2017).

PHYSICAL REVIEW LETTERS 137, 051902 (2026)

051902-7

https://arXiv.org/abs/2510.27648
https://doi.org/10.1140/epjc/s10052-020-7691-6
https://doi.org/10.1140/epjc/s10052-020-7691-6
https://doi.org/10.1103/PhysRevLett.125.071802
https://doi.org/10.1103/PhysRevLett.125.071802
https://doi.org/10.1007/JHEP05(2020)117
https://doi.org/10.1007/JHEP05(2020)117
https://doi.org/10.1007/JHEP10(2021)079
https://doi.org/10.1007/JHEP10(2021)079
https://doi.org/10.1007/JHEP07(2021)099
https://doi.org/10.1007/JHEP07(2021)099
https://doi.org/10.1007/JHEP10(2021)221
https://doi.org/10.1007/JHEP12(2020)166
https://doi.org/10.1007/JHEP12(2020)166
https://doi.org/10.1103/PhysRevD.103.035004
https://doi.org/10.1103/PhysRevLett.127.071801
https://doi.org/10.1103/PhysRevLett.127.071801
https://doi.org/10.1103/PhysRevLett.125.111801
https://doi.org/10.1103/PhysRevLett.125.111801
https://doi.org/10.1103/PhysRevD.103.073002
https://doi.org/10.1103/PhysRevD.103.073002
https://doi.org/10.1103/PhysRevD.103.015032
https://doi.org/10.1126/science.abk2450
https://doi.org/10.1103/PhysRevLett.127.011801
https://doi.org/10.1103/PhysRevLett.127.061803
https://doi.org/10.1103/PhysRevLett.127.061803
https://doi.org/10.1103/PhysRevD.108.113005
https://doi.org/10.1103/PhysRevD.108.113005
https://doi.org/10.1103/PhysRevD.106.075001
https://doi.org/10.1007/JHEP03(2024)033
https://doi.org/10.1007/JHEP08(2024)175
https://doi.org/10.1007/JHEP08(2024)175
https://doi.org/10.1103/PhysRevD.100.073008
https://doi.org/10.1103/PhysRevD.100.073008
https://doi.org/10.1103/PhysRevD.101.111301
https://doi.org/10.1103/PhysRevD.101.111301
https://doi.org/10.1103/PhysRevD.103.113001
https://doi.org/10.1103/PhysRevD.104.033003
https://doi.org/10.1103/PhysRevD.104.033003
https://doi.org/10.1016/j.physletb.2023.137748
https://doi.org/10.1140/epjc/s2005-02316-8
https://doi.org/10.1140/epjc/s2005-02316-8
https://doi.org/10.1103/PhysRevLett.93.181803
https://doi.org/10.1140/epjc/s2002-01093-2
https://doi.org/10.1140/epjc/s2002-01093-2
https://doi.org/10.1103/PhysRevD.101.091301
https://doi.org/10.1103/PhysRevD.101.091301
https://doi.org/10.1103/PhysRevLett.124.192002
https://doi.org/10.1103/PhysRevD.103.114503
https://doi.org/10.1103/PhysRevD.108.034508
https://arXiv.org/abs/2203.01981
https://arXiv.org/abs/2504.06375
https://doi.org/10.1007/s100520050127
https://doi.org/10.1007/s100520050127
https://doi.org/10.1016/S0370-2693(01)00764-X
https://doi.org/10.1016/S0370-2693(01)00764-X
https://doi.org/10.1088/1126-6708/2002/08/002
https://doi.org/10.1088/1126-6708/2002/08/002
https://doi.org/10.1103/PhysRevD.74.071301
https://doi.org/10.1140/epjc/s10052-009-1219-4
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.111.073004
https://doi.org/10.1103/PhysRevD.111.073004
https://doi.org/10.1016/j.physrep.2020.07.006
https://doi.org/10.1016/j.physrep.2025.08.002
https://arXiv.org/abs/2512.16980
https://doi.org/10.1140/epjc/s10052-024-12964-7
https://doi.org/10.1007/JHEP10(2022)032
https://doi.org/10.1007/JHEP10(2022)032
https://doi.org/10.1103/PhysRevLett.131.161905
https://doi.org/10.1103/PhysRevLett.131.161905
https://doi.org/10.1103/ryk1-x6v1
https://doi.org/10.1007/JHEP02(2026)181
https://doi.org/10.1007/JHEP02(2026)181
https://doi.org/10.1103/PhysRevD.87.052003
https://doi.org/10.1103/PhysRevD.87.052003
https://doi.org/10.1103/PhysRevD.78.034006
https://doi.org/10.1007/JHEP10(2019)197
https://doi.org/10.1007/JHEP10(2019)197
https://doi.org/10.1007/JHEP11(2022)148
https://doi.org/10.1016/j.physletb.2020.135466
https://doi.org/10.1016/j.physletb.2020.135466
http://link.aps.org/supplemental/10.1103/rg2q-m515
http://link.aps.org/supplemental/10.1103/rg2q-m515
http://link.aps.org/supplemental/10.1103/rg2q-m515
http://link.aps.org/supplemental/10.1103/rg2q-m515
http://link.aps.org/supplemental/10.1103/rg2q-m515
https://doi.org/10.1016/S0550-3213(97)00464-1
https://doi.org/10.1016/0550-3213(90)90223-Z
https://doi.org/10.1103/nfzp-p5dn
https://doi.org/10.1103/nfzp-p5dn
https://doi.org/10.1103/PhysRevD.78.114504
https://doi.org/10.1088/1126-6708/2009/10/053
https://doi.org/10.1088/1126-6708/2009/10/053
https://doi.org/10.1103/PhysRevD.82.034512
https://doi.org/10.1103/PhysRevD.91.054508
https://doi.org/10.1103/PhysRevLett.119.102001


[97] A. Bazavov, N. Brambilla, X. Garcia i Tormo, P. Petreczky,
J. Soto, A. Vairo, and J. H. Weber (TUMQCD Collabo-
ration), Phys. Rev. D 100, 114511 (2019).

[98] S. Cali, K. Cichy, P. Korcyl, and J. Simeth, Phys. Rev. Lett.
125, 242002 (2020).

[99] C. Ayala, X. Lobregat, and A. Pineda, J. High Energy
Phys. 09 (2020) 016.

[100] P. Petreczky and J. H. Weber, Eur. Phys. J. C 82, 64 (2022).
[101] M. Dalla Brida, R. Höllwieser, F. Knechtli, T. Korzec, A.

Nada, A. Ramos, S. Sint, and R. Sommer (ALPHA
Collaboration), Eur. Phys. J. C 82, 1092 (2022).

[102] R. H. Parker, C. Yu, W. Zhong, B. Estey, and H. Müller,
Science 360, 191 (2018).

[103] L. Morel, Z. Yao, P. Cladé, and S. Guellati-Khélifa, Nature
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End Matter

Derivation of the matching conditions and universality
—We arrived at the matching conditions (5) and (6)
between LEFT and ChPT in two ways: first, following
Refs. [26,60] we performed the matching at the level of
Green’s functions obtained by differentiation of the
generating functional with respect to charge and weak
spurions. The results could not be immediately read off
of Ref. [60], because for the LEFT a Pauli-Villars
regulator with on-shell subtraction scheme was used,
while we work in dimensional regularization and MS
subtraction scheme (to resum logarithms to NLLs

accuracy). Following the logic of Ref. [60], we arrived
at an expression for Xlðμχ ; μ; aÞ in terms of the
correlation function

R
dxeik·xh0jTfVa

μðxÞVb
νð0Þgjπci [88],

where a, b, c are SU(3) flavor indices. Finally, using a
soft-pion theorem we related this matrix element to the
object appearing in the γW box, namely,

R
dx eik·xhπdjT

fVa
μðxÞAb

νð0Þgjπci, up to higher-order chiral correc-
tions. One of the advantages of the spurion method is
that it allows one to derive representations for any
individual LEC, and hence the combination Xl.
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Second, we matched physical amplitudes for πþ →
π0eþνe in LEFT and ChPT [88]. The key point is that
the OðαÞ term in the matrix element hfjOβjii in LEFT can
be written in terms of convolutions of known kernels with
nonperturbative matrix elements of weak and electromag-
netic quark currents between hadronic states. Current
algebra relates three-point and two-point correlation func-
tions [7,9]. Inspection of the IR behavior of these con-
volution integrals [5,7] allows one to identify the parts of
the LEFT amplitude that are contained in the ChPT loops,
leaving the rest as contributions to the LECs. While this
analysis gives us access only to the linear combination of
LECs contributing to the decay rate, it reveals universal
features of the matching: Eq. (6) formally applies to the
Fermi component of any β decay, provided one computes
the T3 form factor appearing in □

Vðμ0Þ, as defined in
Eq. (7), in the appropriate initial and final state. Up to
effects suppressed by Ee=Mhad, me=Mhad, where Mhad
denotes the mass of the decaying hadronic state and me,
Ee mass and energy of the electron, the long-distance
corrections are also universal (independent of the mass and
spin of the hadrons involved in the decay) and provided by
the so-called Sirlin function [5], up to a constant that
depends on the choice of ultraviolet (UV) regulator and is
fixed by the matching procedure. Consistently with the
explicit calculation of the neutron decay [26,143] we find
for the pion β decay

dΓ
dΓð0Þ ¼ ½gπVðμχÞ�2

�
1þ α

2π

�
5

4
þ 3 log

μχ
me

þ ĝðEe; E0Þ
��

¼ 1þ 2□V
π ðμ0Þ þ

α

2π

�
4

�
1 −

αsðμ0Þ
4π

�
log

MZ

μ0

þ 3 log
μ0
me

þ ĝðEe; E0Þ
�
þOðα2; ααsÞ; ðA1Þ

where in the second line we have provided the fixed-order
expression (up to OðααsÞ terms that are not logarithmically
enhanced) and ĝðEe; E0Þ is the “subtracted” Sirlin func-
tion [5], from which the large logarithm of Mhad=me has
been subtracted:

ĝðEe;E0Þ ¼−
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Here β ¼ jpej=Ee and Ē ¼ E0 − Ee, with the electron
endpoint energy E0, which, to this order, is the only source
through which the hadron mass enters the radiative cor-
rections. The ChPT results [62] capture additional
Mπ-dependent nonuniversal corrections, but the integral
over the Sirlin function,

ΔIπl≃
α

2π

�
5

4
þ3log

2E0

me
þ 64

M5
πIπl

Z
E0

me

dEeE2
eĒ2βĝðEe;E0Þ

�

≃
α

π

�
187

40
−
2π2

3

�
≃−0.0044; ðA3Þ

explains the main features of the phase-space correction
ΔIπl. In particular, the last line, applicable in the limit
me → 0 and neglecting recoil corrections, demonstrates
that with the choice logðμχ=2E0Þ in Eq. (15) indeed all
logarithms disappear in ΔIπl [129].

Low-energy RG—The low-energy RG for Xlðμχ ; μ; aÞ
needs to be formulated at the level of gπVðμχÞ to account
for the evolution of αχðμχÞ, leading to

μχ
dgπVðμχÞ
dμχ

¼ γðαχÞgVπ ðμχÞ;

γðαχÞ ¼ γ̃0
αχ
4π

þ γ̃1
α2χ

ð4πÞ2 þOðα3χÞ;

γ̃0 ¼ −3; γ̃1 ¼
10ñ
3

þ 5

2
−
8π2

3
; ðB1Þ

where

ñðμχÞ ¼
X
l¼e;μ

Q2
lnlθðμχ −mlÞ þ

1

4

X
π

Q2
πnπθðμχ −MπÞ

ðB2Þ
counts the number of active spin-1=2 (l) and spin-0 (π)
degrees of freedom weighted by their charges Ql;π , and
αχðμχÞ is evaluated as in Ref. [26]. To obtain the Oðα2χÞ
term in Eq. (B1) we used universality of the
corresponding anomalous dimension [29,144], which
allows us to also resum NLL in the low-energy theory.
At one-loop order the dependence of αχ on μχ can be
ignored, and eγ0 reproduces the RG relation obtained
using ChPT beta functions [113,114]

μχ
∂

∂μχ
Xlðμχ ; μ; aÞ ¼

3

8π2
: ðB3Þ
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