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The ability of preparing perfect Bell pairs with a practical scheme is of great relevance for quantum
communication as well as distributed quantum computing. We propose a scheme which probabilistically,
but universally and unambiguously produces the jΦþi Bell pair from four copies of qubit pairs initially in
the same unknown pure quantum state. The same scheme, extended to eight qubit pairs initially in the same,
moderately mixed quantum state, unambiguously produces the jΦþi Bell pair with quadratically
suppressed noise. The core step of the proposed scheme consists of a pair of local two-qubit operations
applied at each of the two distant locations, followed by a partial projective measurement and postselection
at each party, with results communicated classically. While the scheme resembles standard entanglement
distillation protocols, it achieves success within just three iterations, making it attractive for real-world
applications.
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Introduction—Bell pairs represent a quintessential form
of entangled quantum states exhibiting nonlocality,
regarded as a fundamental resource for quantum informa-
tion processing and quantum communication. Preparation
of Bell pairs and, more generally, entangled states in an
LOCC (local operations and classical communication)
setup has been an important problem in the past decades.
In the literature, two different approaches are often dis-
tinguished for this task: entanglement concentration, and
entanglement distillation or purification [1].
The goal of entanglement concentration is to prepare

highly entangled states by appropriate local collective
measurements on batches of n pure states taken from an
ensemble of identically prepared systems. The resulting
maximally entangled multipartite state can then be trans-
formed to standard Bell pairs with an efficiency approach-
ing 1 for large n [2,3]. This so-called Schmidt projection
method is rather impractical for current physical imple-
mentations, as the two parties need to have large quantum
memories both to store the qubits until they are transformed
into Bell pairs and to use the produced Bell pairs for
subsequent tasks such as teleportation. In a practical
scheme, one could aim for a slightly different purpose:
to minimize the size n of the input batch, while requiring
the probabilistic, but unambiguous preparation of a perfect

Bell pair from an unknown, arbitrary input state. There are
experiments demonstrating practical concentration of a
certain set of unknown states [4,5], however, to our
knowledge, the problem with all the above requirements
has not been explored yet. Although the Schmidt projection
method can be executed for a lower number of pairs (two
the lowest), by construction, it guarantees unambiguous
output only if the Schmidt basis is known for the input.
Entanglement distillation addresses the task of preparing

states with higher entanglement from mixed states [6–9].
Usually, a maximally entangled Bell state is achieved only
in the asymptotic limit with these methods. In real-world
scenarios, however, relying on a large number of iterations
may be prohibitive, as the number of input states scales
exponentially with the number of iterative steps. Another
general impractical feature of distillation protocols is that if
they are applied to pure input states, they introduce noise
(for example, by the “twirling” step in the IBM protocol
[6], or by keeping two different measurement outcomes as
in the Oxford protocol [8]), which also disappears only
asymptotically. Distillation procedures have since been
further optimized [10–16] and generalized, e.g., to one-
shot methods, aiming at producing approximate Bell pairs
or other entangled states from a finite number of copies of
the input state [17–19]. In contrast to entanglement con-
centration [3], a generic caveat of distillation methods is
that one must have certain a priori knowledge about the
input state.
Even though much is known about the mathematical

limits of entanglement distillation under various assump-
tions, there remains a strong demand for practically
applicable methods producing Bell pairs for quantum
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communication and distributed quantum computing
[20,21]. Limitations from the point of view of practicality
come from the lack of reliable quantum memories and the
necessity to keep the processing transformations easily
realizable.
Practically, it is plausible to process multiple input pairs

in a single round in order to increase the number and quality
of the produced Bell pairs. However, optimizing the
performance of the overall distillation operation by numeri-
cal methods is getting hard already for 6–7 input pairs [22].
Structured approaches employ few iterations of a well-
designed, smaller LOCC operation for processing a higher
number of input pairs in one round [23–25]. A key
challenge in analyzing these protocols lies in the inherently
nonlinear nature of the corresponding maps. One class of
protocols, e.g., the extreme photon loss (EPL) method [26]
applies von Neumann measurements and accepts only one
particular outcome in the postselection, ensuring the
advantageous property that pure input states are trans-
formed into pure output states. In the EPL method a single
CNOT operation is applied locally. Already if the CNOT is
augmented by further single-qubit operations, the iterated
dynamical behavior of the protocol becomes highly non-
trivial [23] even for single-qubit systems [27,28], due to the
nonlinear nature of the map. In general, slight changes in
the unitary may lead to radically different behaviors [29].
In this Letter, we present LOCC protocols that can be

used to concentrate entanglement from four pairs of qubits
universally and unambiguously: no knowledge about the
input state is required, and whenever the protocols succeed,
the output is guaranteed to be the jΦþi Bell state without
the need for further postprocessing. The success probability
is related to the concurrence of the initial state, conse-
quently separable input states do not produce any output,
while almost all entangled input states produce the des-
ignated output with some probability. We extend the study
of these protocols to eight slightly mixed initial input states,
and show that they can unambiguously distill them into an
almost perfect jΦþi Bell pair, suppressing the initial noise
quadratically. The protocols are based on the repeated
applications of a core step, which involves a local two-qubit
operation performed at each of the two parties.
The core step of the protocol—Let us assume that we are

given an ensemble of qubit pairs in the pure quantum state
jψi, and take two pairs of qubits from this ensemble:

jψi13 ¼ jψi24 ¼ c1j00i þ c2j01i þ c3j10i þ c4j11i; ð1Þ

with
P

4
i¼1 jcij2 ¼ 1. Then, the first members of each pair

(i.e., qubits 1 and 2) are sent to Alice, while the second
members of the pairs (qubits 3 and 4) are sent to Bob (see
Fig. 1). Alice and Bob both apply the same local two-qubit
unitary operation U to their qubits. After that, we assume
that a measurement is performed on qubits 2 and 4, and
qubits 1 and 3 are kept only if both measurements yielded 0.

For this latter decision to be made Alice and Bob use two-
way classical communication.
If both measurements succeed, then the state of qubits 1

and 3 is transformed into

jψ 0i13 ¼ N 0½c01j00i þ c02j01i þ c03j10i þ c04j11i�; ð2Þ

where N 0 is a normalization factor which is related to
the success probability of the protocol Ps as ðN 0Þ−2 ¼P

4
i¼1 jc0ij2 ¼ Ps.
Let us assume that the unitary U that is applied by Alice

and Bob at both locations is one of the following unitaries:

U� ¼ 1ffiffiffi
2

p

2
66664

0 1 �1 0

1 0 0 �1

0 1 ∓1 0

1 0 0 ∓1

3
77775
; ð3Þ

which can be decomposed into elementary quantum gates as

Uþ ¼ ðH ⊗ 1ÞUCNOTð1 ⊗ XÞ; ð4Þ

U− ¼ ðX ⊗ 1ÞðH ⊗ 1ÞUCNOTð1 ⊗ XÞ; ð5Þ

where H is the Hadamard gate and X is the Pauli-X gate.
It can be shown that the transformation of the amplitudes

(without normalization) after one step of the protocol is
then given by

c01 ¼ c1c4�c2c3; c02¼ c03¼ 0; c04 ¼ c1c4 ∓ c2c3: ð6Þ

One can easily see that since the new amplitudes of the
basis states j01i and j10i are zero irrespective of the initial
amplitudes, quantum states which are of the form
jϕi ¼ c1j00i þ c4j11i, ðjc1j2 þ jc4j2 ¼ 1Þ are transformed
into the maximally entangled Bell state jΦþi ¼ ðj00i þ
j11iÞ= ffiffiffi

2
p

already after one successful step if they contain

FIG. 1. The schematic representation of the core step of the
protocol. A and B denote two distant parties, Alice and Bob, who
apply a local two-qubit unitary U, and a subsequent measurement
on qubits 2 and 4, respectively, after which they only keep qubits
1 and 3 if the measurements resulted 0, which they can
communicate classically.
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any initial entanglement. This can be easily seen if one

examines the success probability Pð1Þ
s ¼ jc01j2 þ jc04j2 ¼

2jc1c4j2 of the step, which can be expressed using the

concurrence, C¼ 2jc1c4−c2c3j ¼ 2jc1c4j, as Pð1Þ
s ¼ C2=2

in this case. Consequently, the less (more) entangled the
initial state is, the smaller (higher) the success probability
of the step is, thus the more (less) quantum systems we
need to consume in order to have a successful single-step
transformation.
Let us also note that quantum states of the form jψi ¼

c2j01i þ c3j10i become jΦ−i ¼ ðj00i − j11iÞ= ffiffiffi
2

p
after

one step, but if we apply the core step one more time,
as we have mentioned above, jΦ−i becomes jΦþi.
Unambiguous concentration from 4 pairs of qubits—

Surprisingly, the fact that a given pure initial state is
transformed into jΦþi is an even more general feature
of the dynamics. This can be seen by calculating the output
amplitudes after a second application of the core step on
two copies of the already transformed jψ 0i state for a
generic input, for which

c001 ¼ c01c
0
4; c002 ¼ c003 ¼ 0; c004 ¼ c01c

0
4; ð7Þ

independent of which of the unitaries U� was used in the
protocol. Equation (7) describes the unnormalized jΦþi
Bell state as long as c1c4 ≠ �c2c3. Therefore, it is
advantageous to consider the scheme involving two iter-
ations of the core step where one inputs four copies of the
initial two-qubit state jψi: when all local measurements
succeed, the remaining, unmeasured qubit pair will be
unambiguously transformed into the jΦþi Bell state.
In the following, we show that for all states that do

not yield the Bell state in Eq. (7), the measurement will fail
in the second step at the latest, making this protocol
producing Bell states unambiguously. Input states that
satisfy c1c4 ¼ c2c3 are always separable, as their concur-
rence C is zero. From Eq. (6), one can see that after the first
step either c04 ¼ 0 and c01 ¼ c1c4 þ c2c3 (case of Uþ), or
c01 ¼ 0 and c04 ¼ c1c4 þ c2c3 (case ofU−). Thus, whenever
the first step succeeds, which happens with probability

Pð1Þ
s ¼ jc1c4 þ c2c3j2 ¼ 4jc1c4j2, then the input state is

transformed into the separable state j00i or j11i, respec-
tively. If we apply a second step of the protocol on two
copies of j00i or j11i, then, as can be seen from Eq. (7),
c001 ¼ c004 ¼ 0, meaning that the second step never succeeds

(Pð2Þ
s ¼ jc001j2 þ jc004j2 ¼ 0). Thus, the two-step scheme does

not produce an output for separable inputs.
Let us now consider inputs with c1c4 ¼ −c2c3, for

which, as can be seen from Eq. (7), the two-step protocol
also does not succeed. This condition represents a zero-
measure set among the possible two-qubit input states,
which we will call blind-spot inputs, as these states can be
entangled or even maximally entangled, yet, they “lie on

the blind spot” of the protocol, as it cannot succeed when
applied on them. The two different protocols (cases of Uþ
and U−) transform such states into j11i or j00i, respec-
tively, which are orthogonal to the case of product-state
inputs. Thus, in principle, if one is given an ensemble of
unknown states for which the second step of the protocol
does not succeed for a large number of trials, one might
differentiate the case of product-state inputs from blind-
spot inputs by measuring the quantum states that were
successfully transformed by the first step. If, for instance,
in the Uþ case Alice and Bob measure their qubits to be
11 after the first step (for sufficiently many trials) then
they can assume that their initial ensemble was in a blind-
spot state. Then, in order to still be able to use such
entangled states to produce jΦþi Bell pairs, Alice and Bob
can do the following: they can randomly choose a local
single-qubit unitary each, and apply it on all of their qubits
before the application of the protocol itself. These local
operations do not change the entanglement, but they are
likely to move the input states away from the c1c4 ¼
−c2c3 condition so that the protocol can transform them
into the jΦþi Bell state if they initially contained some
entanglement.
In fact, the separable subset of the blind-spot states (for

which both conditions are fulfilled, namely, c1c4 ¼ �c2c3),
can be easily separated from the entangled blind-spot states.
By examining these conditions it can be easily seen that
separable blind-spot states are the ones, where at least one of
the qubits is in a computational basis state. Interestingly,
these inputs fail to produce an output already after the first
step of the protocol, thus, they can be discriminated from
entangled blind-spot inputs, which only fail at the sec-
ond step.
The core step for mixed inputs—Let us now assume that

the initial state of the ensemble is described by a general
two-qubit mixed state ρ. We take two pairs of qubits with
corresponding density matrices ρð1;3Þ ¼ ρð2;4Þ ¼ ρ, analo-
gously to the pure case. Then, the initial four-qubit density
matrix is given by ρð1;3Þ ⊗ ρð2;4Þ. We consider the actions of
U� of Eq. (3) at the locations of Alice (acting on qubits 1
and 2) and Bob (acting on qubits 3 and 4) by writing
ρð1;3Þ ⊗ ρð2;4Þ in the computational basis where the qubits
are ordered as “1, 2, 3, 4”

ρ̃ ¼
h
Uð1;2Þ

� ⊗ Uð3;4Þ
�

i�
ρð1;3Þ ⊗ ρð2;4Þ

�h
Uð1;2Þ

� ⊗ Uð3;4Þ
�

i†
:

ð8Þ

After the projection of qubits 2 and 4 onto the j0i state, the
density matrix of qubits 1 and 3 transforms into a so-called
X-state form. In the case of the protocol with Uþ, the
nonzero matrix elements of ρ0 (without renormalization)
can be written as
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ρ011 ¼ aþ þ bþ þ ReðdþÞ;
ρ014 ¼ a− þ b− − i ImðdþÞ;
ρ022 ¼ aþ − bþ − Reðd−Þ;
ρ023 ¼ a− − b− þ i Imðd−Þ;
ρ033 ¼ aþ − bþ þ Reðd−Þ;
ρ044 ¼ aþ þ bþ − ReðdþÞ; ð9Þ

with

a� ¼ ðρ11ρ44 � ρ22ρ33Þ=2;
b� ¼ ðjρ14j2 � jρ23j2Þ=2;
d� ¼ ρ12ρ

�
34 � ρ13ρ

�
24: ð10Þ

If one applies the protocol with U−, then ρ0 is given by
changing the sign of the last term in each matrix element in
Eq. (9). The success probability of obtaining 0 as a
measurement result for qubits 2 and 4, i.e., the success
probability of transforming the initial state into the above ρ0
is given by Ps ¼ Trðρ0Þ ¼ 4aþ in both cases.
Unambiguous distillation from eight pairs of qubits—In

what follows, we show that the protocol can unambigu-
ously distill any moderately mixed state into the jΦþi Bell
state with quadratically suppressed noise in three iterations
of the core step. We express the initial state as

ρ ¼ ð1 − εÞjψihψ j þ ερerr ¼ jψihψ j þ εM; ð11Þ

with jψi being an arbitrary (normalized) pure state (1), ρerr
is an arbitrary density operator describing the noise, M ¼
ρerr − jψihψ j is a traceless Hermitian operator, and ε ≪ 1.
Without loss of generality, here we detail only the

protocol involving the unitary Uþ, however, the derivation
for U− is then straightforward and yields essentially the
same overall behavior. Using the transformation for-
mula (9), one can determine the matrix elements of the
unnormalized state ρ0 after one step of the protocol to be

ρ0 ¼ jψ 0ihψ 0j þ εM0 þ ε2Q; ð12Þ

where jψ 0i is given by Eq. (6), and M0 and Q can be easily
determined from Eq. (9). The nonzero elements of M0 are

m0
11 ¼ αþ þ ReðβþÞ þ ReðγþÞ;

m0
14 ¼ α− þ Reðβ−Þ − i ImðγþÞ;

m0
22 ¼ αþ − ReðβþÞ − Reðγ−Þ;

m0
23 ¼ α− − Reðβ−Þ þ i Imðγ−Þ;

m0
33 ¼ αþ − ReðβþÞ þ Reðγ−Þ;

m0
44 ¼ αþ þ ReðβþÞ − ReðγþÞ; ð13Þ

where

α� ¼ ðjc1j2m44 � jc2j2m33 � jc3j2m22 þ jc4j2m11Þ=2;
β� ¼ c1c�4m

�
14 � c2c�3m

�
23;

γ� ¼ c1c�2m
�
34 þ c�3c4m12 � c1c�3m

�
24 � c�2c4m13: ð14Þ

For simplicity, here we do not present the matrix Q, we
only note that it has nonzero elements in its diagonal and
antidiagonal only, similarly to M0, and in accordance
with Eq. (9).
By taking ρ0 as the input of a second step, the resulting

(unnormalized) state ρ00 can be written as

ρ00 ¼ jΨ00ihΨ00j þ εM00 þOðε2Þ; ð15Þ

where jΨ00i ¼ c01c
0
4jΦþi is the unnormalized (pure) state

after two iterations, and the nonzero matrix elements of
M00 are

m00
11 ¼ m00

14 ¼ m00
44 ¼ α0þ þ Reðβ0þÞ;

m00
22 ¼ m00

23 ¼ m00
33 ¼ α0þ − Reðβ0þÞ; ð16Þ

where

α0þ ¼ ðjc01j2m0
44 þ jc04j2m0

11Þ=2; ð17Þ

β0þ ¼ c01ðc04Þ�ðm0
14Þ�: ð18Þ

Now taking again ρ00 as the input of a third step, the
resulting (unnormalized) state ρ000 can be written as

ρ000 ¼ jψ 000ihψ 000j þ εM000 þOðε2Þ; ð19Þ

where jψ 000i ¼ ðc01c04Þ2jΦþi is the unnormalized (pure) state
after three iterations, and the nonzero matrix elements of
M000 are

m000
11 ¼ m000

14 ¼ m000
44 ¼ 4jc01j2jc04j2m00

11: ð20Þ

Note that m000
22; m

000
23; m

000
33 have become zero in this step.

Since M000 is proportional to jΦþihΦþj, and since ε ≪ 1, it
can be seen that after renormalization, ρ000 is, in fact, to a
good approximation, the pure state jΦþi. Thus, if the
arbitrary pure input state is perturbed by any type of small
noise, it will be purified into jΦþi after three iterations of
the core step, requiring eight qubit pairs as inputs.
Let us note that in the case of a perturbed Bell state,

two iterations of the core step (four pairs of inputs) is
sufficient to produce a jΦþi output with quadratically
suppressed noise. This can be seen by substituting c2 ¼
c3 ¼ 0 (or c1 ¼ c4 ¼ 0) into Eqs. (12)–(17) from which,
one can easily see that already after the second step
M00 ∼ jΦþihΦþj. For product-state or blind-spot state
inputs, even though there can be an output after the second
step due to the contribution of the noise, the probability of
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an output after the third step will be quadratically
suppressed.
Discussion—We have presented a practical distillation

protocol based on a low iteration-depth design. The
structure of the protocol ensures that when the postselection
conditions are met, then the output can only be a high-
fidelity jΦþi Bell state. In contrast to usual entanglement
distillation schemes, our protocol is agnostic to the input
states, and no a priori information is required about the
input state as long as the condition of small noise is met.
Note that a rather detailed comparison with existing
protocols is given in Supplemental Material [30].
Our protocol has additional practically relevant features,

as well. It enables the probabilistic preparation of jΦþi
Bell pairs using a small number of identically prepared
entangled input states which may be pure or mixed
containing a moderate amount of noise (the relative weight
of the noise being significantly smaller than its pure state
component). Depending on the quality of the input states,
the number of required input states for a single shot of the
protocol is at most eight pairs, therefore it is not necessary
to store the output of intermediate steps. The overall
number of required operations (at most seven two-qubit
unitaries at one location) is relatively low, even in the case
of noisy inputs, which is preferable from the point of view
of minimizing decoherence and process noise.
These properties make our protocol attractive for exper-

imental realizations in quantum communication and dis-
tributed quantum computing. In particular, temporal delay
loops may be used to implement the identical iteration steps
in optical realizations of the protocols [31–35].
Additionally, our scheme could be readily applied to boost
the efficiency of the recently proposed scheme of Jnane
et al. for multicore quantum computing [36], or the scaling
up of quantum networks [37].
The above mentioned advantages combined with the

ability to universally produce Bell pairs from arbitrary
inputs make our scheme unique. While not directly
comparable to other state-specific protocols in terms of
efficiency, the flexibility and simplicity of the presented
protocol render it experimentally feasible and a potentially
useful tool in practice.
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