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We develop a general framework based on the functional derivative to extract nonlinear dynamical
response functions from the temporal evolution of physical quantities, without explicitly computing
multipoint correlation functions. We validate our approach by calculating the second- and third-order
optical responses in the Rice–Mele model and further apply it to a many-body interacting system using a
tensor network method. This framework is broadly applicable to any method that can compute real-time
dynamics, offering a powerful and versatile tool for investigating nonlinear responses in dynamical
systems.
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Introduction—Nonlinear responses have become a
cornerstone of modern physics, uncovering a wealth of
intriguing and often unexpected phenomena in a wide
variety of dynamical systems [1–7]. Over the decades,
nonlinear phenomena in solids, such as harmonic gener-
ation [8–10] and nonlinear Hall effects [11,12], have
attracted growing interest—not only for their practical
applications in technology but also for their profound
connections to the geometrical and topological properties
of materials [13–20]. Central to these investigations are
nonlinear response functions, which provide the theoretical
foundation for understanding such phenomena. These
functions, represented as multipoint correlation functions,
are most often calculated by using perturbative expressions
in the frequency domain, leveraging frameworks such as
the density-matrix formalism [20–24] and Green’s function
or Feynman diagram techniques [25–37].
Studies based on real-time evolution have also been

conducted to obtain response functions in the frequency
domain. A key advantage of real-time evolution methods is
their ability to incorporate various effects. For instance,
tensor network methods accurately account for many-body
correlation effects, the quantum master equation includes
dissipation effects, and mean-field dynamics capture cer-
tain types of vertex corrections. To date, linear responses
have been widely studied through time evolution simu-
lations [38–64], and this approach has also been extended
to nonequilibrium transient responses [64–78]. In contrast,
studies on nonlinear responses remain relatively scarce.
The methods employed in these studies can be broadly

categorized into two approaches: (i) single-pulse excitation
and (ii) multiple-pulse excitation.
In the (i) single-pulse excitation method, a monochro-

matic pulse or continuous wave is applied, and nonlinear
responses are extracted by analyzing their amplitude and
frequency dependence [60–62,79–82]. This approach is
well suited for addressing specific nonlinear phenomena,
such as the second and third harmonic generation, and the
optical rectification (including photovoltaic effects).
However, this method provides only partial nonlinear
response functions as they are limited to specific points
in frequency space.
A representative example of the (ii) multiple-pulse

excitation method is two-dimensional coherent spectros-
copy (2DCS). Initially introduced in the field of quantum
chemistry [83–86], this technique has been increasingly
applied in physics [87]—both experimentally [88–106] and
theoretically [107–138]—to study various systems. In
2DCS, two short pulses are applied, and their time delay
is swept to obtain the full second-order response functions
and the partial third-order response functions. Here, “full”
indicates that the second-order response functions are
resolved across the entire two-dimensional frequency
space, while “partial” means that the obtained third-order
response functions depend only on two frequency variables
as they are integrated along one direction in three-dimen-
sional frequency space [for details, see Supplemental
Material (SM) [139] ]. By generalizing 2DCS to multidi-
mensional coherent spectroscopy with multiple pulses, it is,
in principle, possible to obtain the full nth-order response
functions. However, sweeping the time delays between the
pulses significantly increases the computational cost, which
has so far prevented numerical studies from obtaining the
full higher-order response functions.
In this Letter, we propose a distinct approach based on

the functional derivative to obtain nonlinear response
functions. This framework enables the direct calculation
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of the full nth-order response functions by simulating the
time evolution of a system subjected to a temporally
localized probe pulse and frequency-localized test function
pulses (see Fig. 1). We demonstrate the validity of this
method by computing the second- and third-order optical
responses of the Rice–Mele model, showing quantitative
agreement with perturbative expressions. Furthermore, we
illustrate its applicability to many-body systems using a
tensor network method. Since our formalism is general and
provides nonlinear dynamical response functions solely by
calculating the time evolution of physical quantities, with-
out requiring the computation of multipoint correlation
functions, it is compatible with any method capable of
simulating real-time dynamics.
Formulation—Consider a system whose Hamiltonian is

written as HðtÞ ¼ H0 þ VðtÞ at time t, where H0 is the
unperturbed part and VðtÞ describes the coupling (which
can be linear or nonlinear) between a physical quantity Qα

and time-dependent external fields ffβðtÞg with α and β
labeling their respective components. In general, the
frequency response ofQα to the external fields is expressed
as hQαiðωÞ ¼

P∞
n¼0hQαiðnÞðωÞ with

hQαiðnÞðωÞ

¼
X
fβig

Z
∞

−∞

dω1 � � � dωn

ð2πÞn−1 δðω1 þ � � � þ ωn − ωÞ

× χðnÞαβ1���βnðω1;…;ωnÞfβ1ðω1Þ � � � fβnðωnÞ ð1Þ

being the nth-order response [139]. Here, δ is the delta
function, and χðnÞ denotes the nth-order retarded response
function, which is given by the (n − 1)th functional
derivative of hQαiðnÞðωÞ with respect to the external fields
as follows:

χ̄ðnÞαα1���αnðω1;…;ωnÞ

¼ ð2πÞn−1 ∂

∂fαnðωnÞ
δn−1hQαiðnÞðωÞ

δfαn−1ðωn−1Þ � � � δfα1ðω1Þ
; ð2Þ

with ωn ¼ ω −
P

n−1
i¼1 ωi. Here, χ̄ðnÞ is the symmetric

response function defined by

χ̄ðnÞαα1���αnðω1;…;ωnÞ
¼

X
σ ∈Sn

χðnÞαασð1Þ���ασðnÞ ðωσð1Þ;…;ωσðnÞÞ; ð3Þ

whereSn is the symmetric group of degree n, reflecting the
trivial permutation symmetry in Eq. (1). Hereafter, for
simplicity, we consider the response of a single quantity Q
to a scalar field fðtÞ and omit the index α. Then, Eq. (2)
simplifies to [139]

χ̄ðnÞðω1;…;ωnÞ ¼
ð2πÞn−1
fðωnÞ

δn−1hQiðnÞðωÞ
δfðωn−1Þ � � � δfðω1Þ

: ð4Þ

Extending the following discussion to the general case
[Eq. (2)] is straightforward.
To numerically evaluate the functional derivative in

Eq. (2) or (4), it is necessary to calculate the time evolution
of hQiðtÞ, which is triggered by an external field. Here, we
consider a Gaussian probe pulse,

fðtÞ ¼ F0

2π
e−t

2=ð2τ2fÞ; fðωÞ ¼ F0τfffiffiffiffiffiffi
2π

p e−ω
2τ2f=2; ð5Þ

where F0 and τf are the amplitude and the temporal width
of the probe pulse, respectively. The width τf must be
sufficiently small [see also Fig. 1(a)], so fðωÞ remains
nearly constant over the relevant energy range. Once the
mth-order response hQiðmÞðωÞ ∝ Fm

0 is obtained, the nth-
order response (n > m) can be determined as

hQiðnÞðωÞ ¼ hQiðωÞ −
Xn−1
m¼0

hQiðmÞðωÞ ¼ OðfnÞ; ð6Þ

and

hQiðmÞðωÞ
����
F0¼FðnÞ

0

¼
�
FðnÞ
0

Fðn−1Þ
0

�m
hQiðmÞðωÞ

����
F0¼Fðn−1Þ

0

: ð7Þ

Here, FðnÞ
0 denotes the amplitude of f in Eq. (6) and should

be higher than Fðn−1Þ
0 . The first-order response function is

given by χð1ÞðωÞ ¼ hQið1ÞðωÞ=fðωÞ for a sufficiently small

amplitude, F0 ¼ Fð1Þ
0 .

For the second-order response function, the first func-
tional derivative is required. Let g be a test function, ϵ be a

small real number, and hQαiðnÞ be written as hQαiðnÞf to
emphasize its dependence on f as a functional. The first

variation of hQið2Þf ðωÞ is given by

δghQið2ÞðωÞ≡ hQið2ÞfþϵgðωÞ − hQið2Þf ðωÞ ð8Þ

FIG. 1. (a) Schematic of the temporal profiles of a physical
quantity excited by pulsed fields fðtÞ and fðtÞ þ ϵgðtÞ.
(b) The functional derivative is evaluated from the variation
hQifþϵgðωÞ − hQifðωÞ.
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¼ ϵ

Z
∞

−∞
dω1gðω1Þ

χ̄ð2Þðω1;ω − ω1Þfðω − ω1Þ
2π

þOðϵ2Þ;

ð9Þ

as illustrated in Fig. 1(b). Here, the integrand, excluding
gðω1Þ, defines the functional derivative δhQið2ÞðωÞ=
δfðω1Þ. Note that χð2Þ in Eq. (1) appears here in its
symmetric form, χ̄ð2Þ [139]. Since g is arbitrary, this integral
can be approximated by introducing test functions with
sharp peaks in the frequency domain. Specifically, we
employ two types of Gaussian pulses:

gcosiðtÞ ¼
F0

2π
e−t

2=ð2τ2gÞ cosðωitÞ; ð10Þ

gsiniðtÞ ¼
F0

2π
e−t

2=ð2τ2gÞ sinðωitÞ; ð11Þ

where F0 is the same amplitude as in Eq. (5) and τg
determines the frequency resolution. The Fourier transform
of gcosiðtÞ is

gcosiðωÞ ¼
F0τg

2
ffiffiffiffiffiffi
2π

p �
e−ðω−ωiÞ2τ2g=2 þ e−ðωþωiÞ2τ2g=2�; ð12Þ

which reduces to ðF0=2Þ½δðω − ωiÞ þ δðωþ ωiÞ� in the
limit of τg → ∞. Thus, for sufficiently large τg, the integral
in Eq. (9) is evaluated as

δghQið2ÞðωÞ
ϵFð2Þ

0

≈
1

4π
χ̄ð2Þðω1;ω − ω1Þfðω − ω1Þ

þ 1

4π
χ̄ð2Þðω1;ωþ ω1Þfðωþ ω1Þ ð13Þ

for g ¼ gcos1 and similarly for g ¼ gsin1. Finally, we obtain
the formula for the second-order response as

χ̄ð2Þð�ω1;ω ∓ ω1Þ

¼ 2π

fðω ∓ ω1Þ
�
δcos1hQið2ÞðωÞ

ϵFð2Þ
0

∓ i
δsin1hQið2ÞðωÞ

ϵFð2Þ
0

�
: ð14Þ

Here, δcos1hQið2ÞðωÞ and δsin1hQið2ÞðωÞ are the variations
defined in Eq. (8) where g is replaced with gcos1 and gsin1 ,
respectively. These quantities can be numerically obtained
from hQið2ÞðωÞ under three types of external fields:
fðtÞ þ ϵgcos1ðtÞ, fðtÞ þ ϵgsin1ðtÞ, and fðtÞ.
The third-order response requires the second functional

derivative. By introducing two test functions g1 and g2, we
find that the second variation of hQið3ÞðωÞ is given by

δg2δg1hQið3ÞðωÞ
≡ hQið3Þfþϵg1þϵg2

− hQið3Þfþϵg2
− hQið3Þfþϵg1

þ hQið3Þf ð15Þ

¼ ϵ2
Z

∞

−∞
dω1dω2g1ðω1Þg2ðω2Þ

×
χ̄ð3Þðω1;ω2;ω − ω1 − ω2Þfðω − ω1 − ω2Þ

ð2πÞ2 þOðϵ3Þ:

ð16Þ

To evaluate the integral, we adopt the test functions in
Eqs. (10) and (11) and assume that τg is sufficiently large.
Using the same approach as for χ̄ð2Þ, we obtain the
following formula:

χ̄ð3Þðω1;ω2;ω3Þ

¼ ð2πÞ2
fðω3Þ½ϵFð3Þ

0 �2
½δcos2δcos1hQið3ÞðωÞ − δsin2δsin1hQið3ÞðωÞ

− iδcos2δsin1hQið3ÞðωÞ − iδsin2δcos1hQið3ÞðωÞ�; ð17Þ

where ω3 ¼ ω − ω1 − ω2. Thus, χ̄ð3Þ can be calculated
from hQið3ÞðωÞ under seven (¼ 22 þ 2þ 1) types of
external fields. By successively applying a similar proce-
dure, the expressions for higher-order response functions
can also be derived. However, ensuring numerical precision
—particularly when subtracting lower-order responses in
Eq. (6)—will become increasingly challenging.
Proof-of-principle demonstration—To validate the

present framework, we calculate the nonlinear optical
responses of an electron system described by the spinless
Rice–Mele model. The Hamiltonian is given by H0 ¼P

k ψ
†
kHkψk with Hk ¼ −hx cosðk=2Þτx − hy sinðk=2Þτy−

hzτz, where τ denotes the Pauli matrix and ψ†
k ¼ ðc†k↑; c†k↓Þ

represents the creation operators for electrons with momen-
tum k and pseudospin up and down. We consider the half-
filling case, where the energy gap between the conduction
and valence bands is Eg ¼ 2ðh2y þ h2zÞ1=2 for jhyj ≤ jhxj.
When both hy=hx and hz=hx are finite and nonzero,
inversion symmetry is broken, and even-order responses
are allowed. Throughout this Letter, we set hx ¼ 1 as the
unit of energy and take the Dirac constant ℏ, the lattice
constant, and the electron charge to be unity.
The optical vector potential AðtÞ is introduced through

Peierls substitution: Hk → Hk−AðtÞ, and the electric field is
given by EðtÞ ¼ −∂tAðtÞ. In this velocity gauge, the
coupling between the vector potential and the electric
current is nonlinear. The time evolution of the system
is governed by the von Neumann equation: ∂tρkðtÞ¼
−i½Hk−AðtÞ;ρkðtÞ�−Γ½ρkðtÞ−ρk;0ðtÞ�, where ρk;ss0 ¼hc†ks0cksi
represents the one-body density matrix and ρk;0 denotes the
density matrix in the ground state of Hk−AðtÞ. We use the
relaxation time approximation (RTA) to quantitatively
validate the present framework against perturbative for-
mulas; Γð¼ 0.01Þ corresponds to the relaxation rate of
electrons. The electric current density is calculated as
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hJiðtÞ ¼ N−1P
k Tr½ρk∂kHk−AðtÞ�, where Nð¼ 800Þ is the

number of k points. For the time evolution, we employ the
fourth-order Runge–Kutta method (with a time step of
0.01) and double- double arithmetic implemented in the
JULIA package DoubleFloats.jl, which efficiently
improves numerical precision.
First, we present in Fig. 2(a) the temporal profile of the

current density when the vector potential AðtÞ ¼ fðtÞ þ
ϵgcos1ðtÞ is applied. The system is in the broken-inversion-
symmetry ferroelectric phase with hy ¼ 0.5 and hz ¼ 0.1,
and the pulse parameters are set to F0 ¼ 10−4, ϵ ¼ 10−6,
τf ¼ 0.1, τg ¼

ffiffiffi
2

p
=Γ, and ω1 ¼ 0.5. Since the test function

gcos1ðtÞ has a broad envelope in the time domain, the current
begins to rise around t ∼ −600 and is then excited by the
delta-function-like pulse fðtÞ at t ¼ 0. After this excitation,
the current decays exponentially, governed by the relaxa-
tion rate Γ ¼ 0.01. By performing the Fourier transforma-
tion of these temporal profiles, the variation in the current,
δhJiðωÞ, can be calculated.

Before discussing nonlinear responses, we show the
first-order response in Fig. 2(b) as a reference. This is
calculated from χð1ÞðωÞ ¼ hJið1ÞðωÞ=AðωÞ, with AðtÞ ¼
fðtÞ and F0 ¼ 10−6. The optical gap is Eg ¼ 1.02, and a
continuum is observed in the range Eg ≲ ω≲ 2, corre-
sponding to the energy bandwidth. The result obtained
from the time evolution shows exact agreement with those
from the perturbative expression [Eq. (S52) in SM [139] ]
where the imaginary part of the frequency, called the
broadening factor, is set to η ¼ Γ ¼ 0.01.
To obtain the second-order response function from

Eq. (14), we need the first variation defined in Eq. (8).
Figure 2(c) shows δcos1hJið2ÞðωÞ for F0 ¼ 10−4 and 10−3,
with ϵ ¼ 10−6 and ω1 ¼ 0.5. As expected, the result for
F0 ¼ 10−3 (blue line) agrees well with the result for F0 ¼
10−4 multiplied by 102 (red dashed line), indicating that the
variation is indeed proportional to F2

0. In practical calcu-
lations, it is necessary to confirm such a scaling law with
respect to F0 or to verify that the obtained response
function is independent of F0 and ϵ.
Equation (14) for the second-order response function

depends on the frequency of the test function, ω1. By
sweeping ω1, we can obtain the full two-dimensional
response function χ̄ð2Þðω1;ω2Þ. From this, specific res-
ponses such as the second harmonic response χ̄ð2Þðω1;ω1Þ
or the rectification response χ̄ð2Þðω1;−ω1Þ can be extracted.
In Fig. 2(d), the second harmonic response is shown, which
agrees closely with those obtained from the perturbative
expression.
It has been recognized that subtle issues arise regarding

how to introduce a small imaginary part to the frequency
when calculating nonlinear response functions based on
perturbative expressions [24]. Specifically, in the energy
denominator, terms such as ω1 þ ω2 appear [see Eq. (S41)
in SM [139] ], and one reasonable approach is to replace
them with ω1 þ ω2 þ 2iη, while another possible approach
is to use ω1 þ ω2 þ iη. In Fig. 2(d), the former is plotted as
the blue dashed line, while the latter is shown as the orange
dashed line. Overall, the two approaches yield similar
results. However, notable differences appear around
ω1 ≈ 0.51, corresponding to the two-photon absorption
peak near the band edge, where ω1 þ ω2 ≈ Eg. In this
region, the results calculated withω1 þ ω2 þ iη show better
agreement, at least within the RTA.
Figure 2(e) shows a contour map of the second-order

response function, χ̄ð2Þðω1;ω2Þ. Reflecting the Van Hove
singularities at ω ≈ 1 and 2 shown in Fig. 2(b), strong
intensities are observed along the lines ω1;ω2 ≈�1, 2 and
ω1 þ ω2 ≈�1, 2, while continua appear in the regions
enclosed by these lines. The results in Fig. 2(d) correspond
to a cut along the line ω1 ¼ ω2. Figure 2(f) displays the
relative error with respect to the result obtained from the
perturbative expression [Eq. (S55) in SM [139] ] where
ωþ
1 þ ωþ

2 is replaced with ω1 þ ω2 þ iη. In most regions,

FIG. 2. (a) Temporal profile of the electric current density
hJiðtÞ. The inset shows jhJiðtÞj on a logarithmic scale. (b) First-
order response function obtained from time evolution (solid lines)
in comparison with the exact result (dashed lines). (c) First
variation of the current [Eq. (8)] for F0 ¼ 10−4 (red) and F0 ¼
10−3 (blue) with g ¼ gcos1 and ω1 ¼ 0.5. (d) Second-order
response function obtained from the time evolution (red solid
line) and the perturbative expression (dashed lines). The inset is
an enlargement for ω1 ∈ ½0.48; 0.54�. (e) and (f) Contour maps of
(e) χ̄ð2Þðω1;ω2Þ and (f) its logarithmic relative error.
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the relative error is below 10−1.5 ¼ 3.2%, although it
increases to 10−1 ¼ 10% or at most 10−0.5 ¼ 32% near
the Van Hove singularities. Outside these regions, along
ω1 ¼ 0, ω2 ¼ 0, and ω2 ¼ −ω1, the relative error increases
simply because χ̄ð2Þ approaches zero, while the absolute
error remains negligible. These results demonstrate that the
present method accurately reconstructs the second-order
response functions in the whole two-dimensional frequency
space, with small discrepancies primarily limited to regions
near the singularities.
Next, we discuss the third-order response. The model

parameters are set to hy ¼ 0.5 and hz ¼ 0, so the second-
order response vanishes because of the presence of inver-
sion symmetry. To evaluate the third-order response in
Eq. (17), the second variations defined in Eq. (15) are
required. Figure 3(a) shows δcos2δcos1hJið3ÞðωÞ, calculated
with ϵ ¼ 10−8 and ω1 ¼ ω2 ¼ 0.5. The result obtained for
F0 ¼ 1multiplied by 103 (red dashed line) agrees well with
that for F0 ¼ 10 (blue line), confirming that the variation
scales as F3

0, as expected for the third-order responses.
Although the full third-order response function can be

obtained by sweeping the frequencies of the two test
functions, ω1 and ω2, we focus here on the case of
ω1 ¼ ω2. Figure 3(b) shows the imaginary part of the
third harmonic response, χ̄ð3Þðω1;ω1;ω1Þ. The most promi-
nent peak occurs at ω1 ¼ 0.335 ≈ Eg=3, which corresponds
to the three-photon absorption peak at the band edge. In this
case as well, good agreement is observed with the pertur-
bative expression [Eq. (S57) in SM [139] ] where the same
broadening factor iη is added to, e.g., ω1, ω1 þ ω2, and
ω1 þ ω2 þ ω3 (orange dashed line). However, around
ω1 ¼ 0, better agreement is achieved when 2iη and 3iη
are added to ω1 þ ω2 and ω1 þ ω2 þ ω3, respectively (blue
dashed line).
In Fig. 3(c), we present the contour map of

χ̄ð3Þðω1;ω1;ω3Þ on a logarithmic scale. Pronounced inten-
sities are observed along lines corresponding to the Van
Hove singularities. In particular, the region along ω3 ¼
−ω1 for 1≲ jω1j≲ 2 exhibits significantly large peaks
associated with multiple resonances. Figure 3(d) shows the
relative error with respect to the perturbative expression
that adopts the same broadening factor iη. Similar to the
second-order response, the error increases in regions where
the Van Hove singularities appear or where χ̄ð3Þ approaches
zero. Nevertheless, the error remains below a few percent
overall, demonstrating that the present framework can
accurately obtain the third-order response functions.
Application to many-body systems—As a demonstration

of the applicability, we calculate the second-order
responses in the spinful Rice–Mele–Hubbard model
[140], by employing the infinite time-evolving block
decimation (iTEBD) algorithm [141]. This is an unbiased,
nonperturbative method that can compute both the ground
state and the time evolution of one-dimensional many-body

systems in the thermodynamic limit. See End Matter for
details on the model and computations.
Figure 4 shows the second harmonic and rectification

responses for different values of the interaction strength U,
with hy ¼ 0.5 and hz ¼ 0.1. When U ¼ 0, the iTEBD
results agree with those in the Rice–Mele model obtained
from the von Neumann equation. Introducing U modifies
the spectral shapes, and for U ¼ 0.2ð> hzÞ, a sign reversal
is observed in χð2Þðω1;−ω1Þ, but not in χð2Þðω1;ω1Þ.
Considering that the effect of U is renormalized into hz
in the Hartree–Fock approximation [139], this selective
sign reversal reflects a many-body effect beyond one-body
physics. While such nonlinear responses in many-body
systems require further investigation, these results

FIG. 3. (a) Second variation of the current [Eq. (15)] for F0 ¼ 1
(red) and F0 ¼ 10 (blue) with g1 ¼ gcos1 , g2 ¼ gcos2 , and
ω1 ¼ ω2 ¼ 0.5. (b) Third-order response function obtained from
time evolution (red solid line) in comparison with the perturbative
expression (dashed lines). The insets show enlargements for
ω1 ∈ ½−0.04; 0.04� and [0.32, 0.35]. (c) and (d) Contour maps of
(c) χ̄ð3Þðω1;ω1;ω3Þ and (d) its logarithmic relative error.

FIG. 4. Second-order response functions: (a) χ̄ð2Þðω1;ω1Þ and
(b) χ̄ð2Þðω1;−ω1Þ for U ¼ 0, 0.1, 0.2, calculated using iTEBD
with a bond dimension of D ¼ 1200. The bold gray curves
represent results obtained by solving the von Neumann equation
with U ¼ 0 and Γ ¼ 0.
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demonstrate the versatility and computational feasibility of
our approach.
Discussion—In the present framework, if convergence is

achieved with respect to parameters such as F0, ϵ, and τg,
the resulting response function can be considered accurate
within the approximation of the adopted time-evolution
method. When both time-evolution calculations and per-
turbative calculations are feasible, it becomes possible to
compare and evaluate the validity of the former’s approxi-
mation or the latter’s self-energy and vertex corrections,
thereby providing deeper insights into dissipation and
scattering processes. In the examples shown in Figs. 2
and 3, quantitative agreement is observed with the results
obtained by introducing a common broadening factor iη
into the perturbative expressions. This agreement may
suggest that, in the RTA, higher moments of the current
operator decay with the same relaxation rate Γ as the first
moment hJiðtÞ. Investigating dissipation effects on non-
linear responses using more advanced methods beyond the
RTA represents an interesting direction for future research.
Additionally, since a single probe pulse fðtÞ is applied in

this method, transient dynamics can be investigated by
exciting a system with a pump pulse and varying the time
delay of the probe pulse. This approach enables the
definition of the transient nonlinear response functions
as a natural extension of the pump-probe-based transient
linear response [64]. This point will be examined in a
follow-up study.

Acknowledgments—This work was supported by JSPS
KAKENHI Grants No. JP23K13052, No. JP23K25805,
and No. JP24K00563. The numerical calculations were
performed using the facilities of the Supercomputer Center,
the Institute for Solid State Physics, the University
of Tokyo.

Data availability—The data that support the findings of
this Letter are not publicly available upon publication
because it is not technically feasible and/or the cost of
preparing, depositing, and hosting the data would be
prohibitive within the terms of this research project. The
data are available from the author upon reasonable request.

[1] R. W. Boyd, Nonlinear Optics (Academic Press,
San Diego, CA, 2020).

[2] Y. R. Shen, The Principles of Nonlinear Optics (Wiley,
Hoboken, NJ, 2002).

[3] J.-M. Liu, Nonlinear Photonics (Cambridge University
Press, Cambridge, England, 2022).

[4] D. E. Chang, V. Vuletić, and M. D. Lukin, Quantum
nonlinear optics—photon by photon, Nat. Photonics 8,
685 (2014).

[5] K. E. Dorfman, F. Schlawin, and S. Mukamel, Nonlinear
optical signals and spectroscopy with quantum light, Rev.
Mod. Phys. 88, 045008 (2016).

[6] M. Kauranen and A. V. Zayats, Nonlinear plasmonics, Nat.
Photonics 6, 737 (2012).

[7] M. Grifoni and P. Hänggi, Driven quantum tunneling,
Phys. Rep. 304, 229 (1998).

[8] S. Ghimire and D. A. Reis, High-harmonic generation
from solids, Nat. Phys. 15, 10 (2019).

[9] E. Goulielmakis and T. Brabec, High harmonic generation
in condensed matter, Nat. Photonics 16, 411 (2022).

[10] J. Park, A. Subramani, S. Kim, and M. F. Ciappina, Recent
trends in high-order harmonic generation in solids, Adv.
Phys. X 7, 2003244 (2022).

[11] Z. Z. Du, H.-Z. Lu, and X. C. Xie, Nonlinear Hall effects,
Nat. Rev. Phys. 3, 744 (2021).

[12] A. Bandyopadhyay, N. B. Joseph, and A. Narayan, Non-
linear Hall effects: Mechanisms and materials, Mater.
Today Electron. 8, 100101 (2024).

[13] J. Orenstein, J. Moore, T. Morimoto, D. Torchinsky, J.
Harter, and D. Hsieh, Topology and symmetry of quantum
materials via nonlinear optical responses, Annu. Rev.
Condens. Matter Phys. 12, 247 (2021).

[14] C. Bao, P. Tang, D. Sun, and S. Zhou, Light-induced
emergent phenomena in 2D materials and topological
materials, Nat. Rev. Phys. 4, 33 (2021).

[15] Q. Ma, A. G. Grushin, and K. S. Burch, Topology and
geometry under the nonlinear electromagnetic spotlight,
Nat. Mater. 20, 1601 (2021).

[16] T. Morimoto, S. Kitamura, and N. Nagaosa, Geometric
aspects of nonlinear and nonequilibrium phenomena,
J. Phys. Soc. Jpn. 92, 072001 (2023).

[17] J. Ahn, G.-Y. Guo, and N. Nagaosa, Low-frequency
divergence and quantum geometry of the bulk photovoltaic
effect in topological semimetals, Phys. Rev. X 10, 041041
(2020).

[18] J. Ahn, G.-y. Guo, N. Nagaosa, and A. Vishwanath,
Riemannian geometry of resonant optical responses,
Nat. Phys. 18, 290 (2022).

[19] P. Bhalla, K. Das, D. Culcer, and A. Agarwal, Resonant
second-harmonic generation as a probe of quantum geom-
etry, Phys. Rev. Lett. 129, 227401 (2022).

[20] H. Watanabe and Y. Yanase, Chiral photocurrent in parity-
violating magnet and enhanced response in topological
antiferromagnet, Phys. Rev. X 11, 011001 (2021).

[21] J. E. Sipe and E. Ghahramani, Nonlinear optical response
of semiconductors in the independent-particle approxima-
tion, Phys. Rev. B 48, 11705 (1993).

[22] J. E. Sipe and A. I. Shkrebtii, Second-order optical
response in semiconductors, Phys. Rev. B 61, 5337
(2000).

[23] G. B. Ventura, D. J. Passos, J. M. B. Lopes dos Santos,
J. M. Viana Parente Lopes, and N. M. R. Peres, Gauge
covariances and nonlinear optical responses, Phys. Rev. B
96, 035431 (2017).

[24] D. J. Passos, G. B. Ventura, J. M. Viana Parente Lopes,
J. M. B. Lopesdos Santos, and N. M. R. Peres, Nonlinear
optical responses of crystalline systems: Results from a
velocity gauge analysis, Phys. Rev. B 97, 235446
(2018).

[25] N. Tsuji and H. Aoki, Theory of Anderson pseudospin
resonance with Higgs mode in superconductors, Phys. Rev.
B 92, 064508 (2015).

PHYSICAL REVIEW LETTERS 135, 026401 (2025)

026401-6

https://doi.org/10.1038/nphoton.2014.192
https://doi.org/10.1038/nphoton.2014.192
https://doi.org/10.1103/RevModPhys.88.045008
https://doi.org/10.1103/RevModPhys.88.045008
https://doi.org/10.1038/nphoton.2012.244
https://doi.org/10.1038/nphoton.2012.244
https://doi.org/10.1016/S0370-1573(98)00022-2
https://doi.org/10.1038/s41567-018-0315-5
https://doi.org/10.1038/s41566-022-00988-y
https://doi.org/10.1080/23746149.2021.2003244
https://doi.org/10.1080/23746149.2021.2003244
https://doi.org/10.1038/s42254-021-00359-6
https://doi.org/10.1016/j.mtelec.2024.100101
https://doi.org/10.1016/j.mtelec.2024.100101
https://doi.org/10.1146/annurev-conmatphys-031218-013712
https://doi.org/10.1146/annurev-conmatphys-031218-013712
https://doi.org/10.1038/s42254-021-00388-1
https://doi.org/10.1038/s41563-021-00992-7
https://doi.org/10.7566/JPSJ.92.072001
https://doi.org/10.1103/PhysRevX.10.041041
https://doi.org/10.1103/PhysRevX.10.041041
https://doi.org/10.1038/s41567-021-01465-z
https://doi.org/10.1103/PhysRevLett.129.227401
https://doi.org/10.1103/PhysRevX.11.011001
https://doi.org/10.1103/PhysRevB.48.11705
https://doi.org/10.1103/PhysRevB.61.5337
https://doi.org/10.1103/PhysRevB.61.5337
https://doi.org/10.1103/PhysRevB.96.035431
https://doi.org/10.1103/PhysRevB.96.035431
https://doi.org/10.1103/PhysRevB.97.235446
https://doi.org/10.1103/PhysRevB.97.235446
https://doi.org/10.1103/PhysRevB.92.064508
https://doi.org/10.1103/PhysRevB.92.064508


[26] F. de Juan, A. G. Grushin, T. Morimoto, and J. E. Moore,
Quantized circular photogalvanic effect in Weyl semimet-
als, Nat. Commun. 8, 15995 (2017).

[27] D. E. Parker, T. Morimoto, J. Orenstein, and J. E. Moore,
Diagrammatic approach to nonlinear optical response with
application to Weyl semimetals, Phys. Rev. B 99, 045121
(2019).

[28] T. Holder, D. Kaplan, and B. Yan, Consequences of time-
reversal-symmetry breaking in the light-matter interaction:
Berry curvature, quantum metric, and diabatic motion,
Phys. Rev. Res. 2, 033100 (2020).

[29] S. M. João and J. M. Viana Parente Lopes, Basis-
independent spectral methods for non-linear optical re-
sponse in arbitrary tight-binding models, J. Phys. Condens.
Matter 32, 125901 (2020).

[30] N. Tsuji, Y. Murakami, and H. Aoki, Nonlinear light–
Higgs coupling in superconductors beyond BCS: Effects
of the retarded phonon-mediated interaction, Phys. Rev. B
94, 224519 (2016).

[31] N. Tsuji and Y. Nomura, Higgs-mode resonance in third
harmonic generation in NbN superconductors: Multiband
electron-phonon coupling, impurity scattering, and polari-
zation-angle dependence, Phys. Rev. Res. 2, 043029 (2020).

[32] T. Tanabe, T. Kaneko, and Y. Ohta, Third-harmonic
generation in excitonic insulators, Phys. Rev. B 104,
245103 (2021).

[33] R. Oiwa and H. Kusunose, Systematic analysis method for
nonlinear response tensors, J. Phys. Soc. Jpn. 91, 1 (2022).

[34] L. Huang and J. Wang, Second-order optical response of
superconductors induced by supercurrent injection, Phys.
Rev. B 108, 224516 (2023).

[35] W. Brenig and O. Krupnitska, Response functions for
electric field induced two-dimensional nonlinear spectros-
copy in a Kitaev magnet, J. Phys. Condens. Matter 36,
505806 (2024).

[36] Y. Michishita and R. Peters, Effects of renormalization and
non-Hermiticity on nonlinear responses in strongly corre-
lated electron systems, Phys. Rev. B 103, 195133 (2021).

[37] Y.-t. Chang and Y.-h. Chan, Diagrammatic approach to
excitonic effects on nonlinear optical response, Phys. Rev.
B 109, 155437 (2024).

[38] G. F. Bertsch, J.-I. Iwata, A. Rubio, and K. Yabana, Real-
space, real-time method for the dielectric function, Phys.
Rev. B 62, 7998 (2000).

[39] S. R. White and A. E. Feiguin, Real-time evolution using
the density matrix renormalization group, Phys. Rev. Lett.
93, 076401 (2004).

[40] R. G. Pereira, S. R. White, and I. Affleck, Spectral function
of spinless fermions on a one-dimensional lattice, Phys.
Rev. B 79, 165113 (2009).

[41] L. G. G. V. Dias da Silva, F. Heidrich-Meisner, A. E.
Feiguin, C. A. Büsser, G. B. Martins, E. V. Anda, and E.
Dagotto, Transport properties and Kondo correlations in
nanostructures: Time-dependent DMRGmethod applied to
quantum dots coupled to Wilson chains, Phys. Rev. B 78,
195317 (2008).

[42] C. Karrasch, J. Hauschild, S. Langer, and F. Heidrich-
Meisner, Drude weight of the spin-1=2 XXZ chain:
Density matrix renormalization group versus exact diag-
onalization, Phys. Rev. B 87, 245128 (2013).

[43] H. N. Phien, G. Vidal, and I. P. McCulloch, Infinite
boundary conditions for matrix product state calculations,
Phys. Rev. B 86, 245107 (2012).

[44] M. Van Damme, R. Vanhove, J. Haegeman, F. Verstraete,
and L. Vanderstraeten, Efficient matrix product state
methods for extracting spectral information on rings and
cylinders, Phys. Rev. B 104, 115142 (2021).

[45] F. Lange, S. Ejima, and H. Fehske, Finite-temperature
dynamic structure factor of the spin-1 XXZ chain with
single-ion anisotropy, Phys. Rev. B 97, 060403(R) (2018).

[46] C. Yang and A. E. Feiguin, Spectral function of Mott-
insulating Hubbard ladders: From fractionalized excita-
tions to coherent quasiparticles, Phys. Rev. B 99, 235117
(2019).

[47] S. Takayoshi, S. C. Furuya, and T. Giamarchi, Topological
transition between competing orders in quantum spin
chains, Phys. Rev. B 98, 184429 (2018).

[48] S. Ohmura, A. Takahashi, K. Iwano, T. Yamaguchi, K.
Shinjo, T. Tohyama, S. Sota, and H. Okamoto, Effective
model of one-dimensional extended Hubbard systems:
Application to linear optical spectrum calculations in large
systems based on many-body Wannier functions, Phys.
Rev. B 100, 235134 (2019).

[49] Y. Murakami, S. Takayoshi, A. Koga, and P. Werner, High-
harmonic generation in one-dimensional Mott insulators,
Phys. Rev. B 103, 035110 (2021).

[50] M. Kanega, T. N. Ikeda, and M. Sato, Linear and nonlinear
optical responses in Kitaev spin liquids, Phys. Rev. Res. 3,
L032024 (2021).

[51] M. Udono, K. Sugimoto, T. Kaneko, and Y. Ohta,
Excitonic effects on high-harmonic generation in Mott
insulators, Phys. Rev. B 105, L241108 (2022).

[52] M. Gohlke, R. Verresen, R. Moessner, and F. Pollmann,
Dynamics of the Kitaev-Heisenberg model, Phys. Rev.
Lett. 119, 157203 (2017).

[53] J. Nasu and Y. Motome, Nonequilibrium Majorana dy-
namics by quenching a magnetic field in Kitaev spin
liquids, Phys. Rev. Res. 1, 033007 (2019).

[54] T. Misawa, J. Nasu, and Y. Motome, Interedge spin
resonance in the Kitaev quantum spin liquid, Phys. Rev.
B 108, 115117 (2023).

[55] T. Cookmeyer and J. E. Moore, Dynamics of fractionalized
mean-field theories: Consequences for Kitaev materials,
Phys. Rev. B 107, 224428 (2023).

[56] Y. Kato, J. Nasu, M. Sato, T. Okubo, T. Misawa, and Y.
Motome, Spin Seebeck effect as a probe for Majorana
fermions in Kitaev spin liquids, Phys. Rev. X 15, 011050
(2025).

[57] E. Kökcü, H. A. Labib, J. K. Freericks, and A. F. Kemper,
A linear response framework for quantum simulation of
bosonic and fermionic correlation functions, Nat. Com-
mun. 15, 3881 (2024).

[58] J. D. Arias Espinoza and P. Corboz, Spectral functions with
infinite projected entangled-pair states, Phys. Rev. B 110,
094314 (2024).

[59] Y. Murakami, D. Golež, T. Kaneko, A. Koga, A. J. Millis,
and P. Werner, Collective modes in excitonic insu-
lators: Effects of electron-phonon coupling and signa-
tures in the optical response, Phys. Rev. B 101, 195118
(2020).

PHYSICAL REVIEW LETTERS 135, 026401 (2025)

026401-7

https://doi.org/10.1038/ncomms15995
https://doi.org/10.1103/PhysRevB.99.045121
https://doi.org/10.1103/PhysRevB.99.045121
https://doi.org/10.1103/PhysRevResearch.2.033100
https://doi.org/10.1088/1361-648X/ab59ec
https://doi.org/10.1088/1361-648X/ab59ec
https://doi.org/10.1103/PhysRevB.94.224519
https://doi.org/10.1103/PhysRevB.94.224519
https://doi.org/10.1103/PhysRevResearch.2.043029
https://doi.org/10.1103/PhysRevB.104.245103
https://doi.org/10.1103/PhysRevB.104.245103
https://doi.org/10.7566/JPSJ.91.014701
https://doi.org/10.1103/PhysRevB.108.224516
https://doi.org/10.1103/PhysRevB.108.224516
https://doi.org/10.1088/1361-648X/ad7ac6
https://doi.org/10.1088/1361-648X/ad7ac6
https://doi.org/10.1103/PhysRevB.103.195133
https://doi.org/10.1103/PhysRevB.109.155437
https://doi.org/10.1103/PhysRevB.109.155437
https://doi.org/10.1103/PhysRevB.62.7998
https://doi.org/10.1103/PhysRevB.62.7998
https://doi.org/10.1103/PhysRevLett.93.076401
https://doi.org/10.1103/PhysRevLett.93.076401
https://doi.org/10.1103/PhysRevB.79.165113
https://doi.org/10.1103/PhysRevB.79.165113
https://doi.org/10.1103/PhysRevB.78.195317
https://doi.org/10.1103/PhysRevB.78.195317
https://doi.org/10.1103/PhysRevB.87.245128
https://doi.org/10.1103/PhysRevB.86.245107
https://doi.org/10.1103/PhysRevB.104.115142
https://doi.org/10.1103/PhysRevB.97.060403
https://doi.org/10.1103/PhysRevB.99.235117
https://doi.org/10.1103/PhysRevB.99.235117
https://doi.org/10.1103/PhysRevB.98.184429
https://doi.org/10.1103/PhysRevB.100.235134
https://doi.org/10.1103/PhysRevB.100.235134
https://doi.org/10.1103/PhysRevB.103.035110
https://doi.org/10.1103/PhysRevResearch.3.L032024
https://doi.org/10.1103/PhysRevResearch.3.L032024
https://doi.org/10.1103/PhysRevB.105.L241108
https://doi.org/10.1103/PhysRevLett.119.157203
https://doi.org/10.1103/PhysRevLett.119.157203
https://doi.org/10.1103/PhysRevResearch.1.033007
https://doi.org/10.1103/PhysRevB.108.115117
https://doi.org/10.1103/PhysRevB.108.115117
https://doi.org/10.1103/PhysRevB.107.224428
https://doi.org/10.1103/PhysRevX.15.011050
https://doi.org/10.1103/PhysRevX.15.011050
https://doi.org/10.1038/s41467-024-47729-z
https://doi.org/10.1038/s41467-024-47729-z
https://doi.org/10.1103/PhysRevB.110.094314
https://doi.org/10.1103/PhysRevB.110.094314
https://doi.org/10.1103/PhysRevB.101.195118
https://doi.org/10.1103/PhysRevB.101.195118


[60] T. Kaneko, Z. Sun, Y. Murakami, D. Golež, and A. J.
Millis, Bulk photovoltaic effect driven by collective ex-
citations in a correlated insulator, Phys. Rev. Lett. 127,
127402 (2021).

[61] J. Iguchi, H. Watanabe, Y. Murakami, T. Nomoto, and R.
Arita, Bulk photovoltaic effect in antiferromagnet: Role of
collective spin dynamics, Phys. Rev. B 109, 064407
(2024).

[62] K. Hattori, H. Watanabe, and R. Arita, Nonlinear Hall
effect driven by spin-charge-coupled motive force, Phys.
Rev. B 111, 174416 (2025).

[63] K. Hattori, H. Watanabe, J. Iguchi, T. Nomoto, and R.
Arita, Effect of collective spin excitations on electronic
transport in topological spin textures, Phys. Rev. B 110,
014425 (2024).

[64] C. Shao, T. Tohyama, H.-G. Luo, and H. Lu, Numerical
method to compute optical conductivity based on
pump-probe simulations, Phys. Rev. B 93, 195144
(2016).

[65] M. Eckstein and M. Kollar, Theory of time-resolved
optical spectroscopy on correlated electron systems, Phys.
Rev. B 78, 205119 (2008).

[66] G. De Filippis, V. Cataudella, E. A. Nowadnick, T. P.
Devereaux, A. S. Mishchenko, and N. Nagaosa, Quantum
dynamics of the Hubbard-Holstein model in equilibrium
and nonequilibrium: Application to pump-probe phenom-
ena, Phys. Rev. Lett. 109, 176402 (2012).

[67] Z. Lenarčič, D. Golež, J. Bonča, and P. Prelovšek, Optical
response of highly excited particles in a strongly correlated
system, Phys. Rev. B 89, 125123 (2014).

[68] K. Shinjo and T. Tohyama, Ultrafast transient interference
in pump-probe spectroscopy of band and Mott insulators,
Phys. Rev. B 98, 165103 (2018).

[69] A. Kumar and A. F. Kemper, Higgs oscillations in time-
resolved optical conductivity, Phys. Rev. B 100, 174515
(2019).

[70] A. Eskandari-asl and A. Avella, Generalized linear re-
sponse theory for pumped systems and its application to
transient optical properties, Phys. Rev. A 110, 043520
(2024).

[71] S. Ejima, F. Lange, and H. Fehske, Nonequilibrium
dynamics in pumped Mott insulators, Phys. Rev. Res. 4,
L012012 (2022).

[72] M. Udono, T. Kaneko, and K. Sugimoto, Wannier-Stark
ladders and Stark shifts of excitons in Mott insulators,
Phys. Rev. B 108, L081304 (2023).

[73] T. Tohyama, K. Shinjo, S. Sota, and S. Yunoki, Anomalous
suppression of photoinduced in-gap weight in the optical
conductivity of a two-leg Hubbard ladder, Phys. Rev. B
108, 035113 (2023).

[74] K. Takubo, A. Ono, S. Ueno, S. Banu, H. Yu, K. En-ya, R.
Nishimori, M. Kuwahara, T. Asaka, K. Maeda, D. Ono, K.
Ozawa, T. Itoh, K. Shigematsu, M. Azuma, T. Ishikawa,
Y. Okimoto, M. Hada, and S.-y. Koshihara, Photocontrol
of ferroelectricity in multiferroic BiFeO3 via structural
modification coupled with photocarrier, Commun. Mater.
5, 261 (2024).

[75] K. Shinjo and T. Tohyama, Keldysh crossover in one-
dimensional Mott insulators, APL Mater. 12, 041109
(2024).

[76] K. Shinjo, S. Sota, S. Yunoki, and T. Tohyama, Optical
absorptions activated by an ultrashort halfcycle pulse in
metallic and superconducting states of the Hubbard model,
Phys. Rev. B 111, 235125 (2025).

[77] A. Osterkorn, Y. Murakami, T. Kaneko, Z. Sun, A. J.
Millis, and D. Golež, Optical signatures of dynamical
excitonic condensates, arXiv:2410.22116.

[78] Y. Kim, Pseudospins revealed through the giant dynamical
Franz-Keldysh effect in massless Dirac materials, npj
Quantum Mater. 9, 86 (2024).

[79] C. Attaccalite and M. Grüning, Nonlinear optics from an
ab initio approach by means of the dynamical Berry phase:
Application to second- and third-harmonic generation in
semiconductors, Phys. Rev. B 88, 235113 (2013).

[80] M. Uemoto, Y. Kuwabara, S. A. Sato, and K. Yabana,
Nonlinear polarization evolution using time-dependent
density functional theory, J. Chem. Phys. 150, 094101
(2019).

[81] D. Skachkov, D. R. Englund, and M. N. Leuenberger,
Linear and nonlinear optical response based on many-
body GW-Bethe-Salpeter and Kadanoff-Baym approaches
for two-dimensional layered semiconductors, arXiv:
2410.06218.

[82] A. Kofuji and R. Peters, Two-particle correlation effects on
nonlinear optical responses in the one-dimensional inter-
acting Rice-Mele model, Phys. Rev. B 109, 155111 (2024).

[83] W. P. Aue, E. Bartholdi, and R. R. Ernst, Two-dimensional
spectroscopy. Application to nuclear magnetic resonance,
J. Chem. Phys. 64, 2229 (1976).

[84] J. Jeener, B. H. Meier, P. Bachmann, and R. R. Ernst,
Investigation of exchange processes by two-dimensional
NMR spectroscopy, J. Chem. Phys. 71, 4546 (1979).

[85] A. Tokmakoff, Two-dimensional line shapes derived from
coherent third-order nonlinear spectroscopy, J. Phys.
Chem. A 104, 4247 (2000).

[86] S. Mukamel and D. Abramavicius, Many-body approaches
for simulating coherent nonlinear spectroscopies of elec-
tronic and vibrational excitons, Chem. Rev. 104, 2073
(2004).

[87] A. Liu, Multidimensional terahertz probes of quantum
materials, npj Quantum Mater. 10, 18 (2025).

[88] M. Woerner, W. Kuehn, P. Bowlan, K. Reimann, and T.
Elsaesser, Ultrafast two-dimensional terahertz spectros-
copy of elementary excitations in solids, New J. Phys.
15, 025039 (2013).

[89] C. Somma, G. Folpini, K. Reimann, M. Woerner, and T.
Elsaesser, Two-phonon quantum coherences in indium
antimonide studied by nonlinear two-dimensional terahertz
spectroscopy, Phys. Rev. Lett. 116, 177401 (2016).

[90] R. Singh, T. Suzuki, T. M. Autry, G. Moody, M. E.
Siemens, and S. T. Cundiff, Polarization-dependent exci-
ton linewidth in semiconductor quantum wells: A conse-
quence of bosonic nature of excitons, Phys. Rev. B 94,
081304(R) (2016).

[91] T. Suzuki, R. Singh, M. Bayer, A. Ludwig, A. D. Wieck,
and S. T. Cundiff, Coherent control of the exciton-
biexciton system in an InAs self-assembled quantum dot
ensemble, Phys. Rev. Lett. 117, 157402 (2016).

[92] J. Lu, X. Li, H. Y. Hwang, B. K. Ofori-Okai, T. Kurihara,
T. Suemoto, and K. A. Nelson, Coherent two-dimensional

PHYSICAL REVIEW LETTERS 135, 026401 (2025)

026401-8

https://doi.org/10.1103/PhysRevLett.127.127402
https://doi.org/10.1103/PhysRevLett.127.127402
https://doi.org/10.1103/PhysRevB.109.064407
https://doi.org/10.1103/PhysRevB.109.064407
https://doi.org/10.1103/PhysRevB.111.174416
https://doi.org/10.1103/PhysRevB.111.174416
https://doi.org/10.1103/PhysRevB.110.014425
https://doi.org/10.1103/PhysRevB.110.014425
https://doi.org/10.1103/PhysRevB.93.195144
https://doi.org/10.1103/PhysRevB.93.195144
https://doi.org/10.1103/PhysRevB.78.205119
https://doi.org/10.1103/PhysRevB.78.205119
https://doi.org/10.1103/PhysRevLett.109.176402
https://doi.org/10.1103/PhysRevB.89.125123
https://doi.org/10.1103/PhysRevB.98.165103
https://doi.org/10.1103/PhysRevB.100.174515
https://doi.org/10.1103/PhysRevB.100.174515
https://doi.org/10.1103/PhysRevA.110.043520
https://doi.org/10.1103/PhysRevA.110.043520
https://doi.org/10.1103/PhysRevResearch.4.L012012
https://doi.org/10.1103/PhysRevResearch.4.L012012
https://doi.org/10.1103/PhysRevB.108.L081304
https://doi.org/10.1103/PhysRevB.108.035113
https://doi.org/10.1103/PhysRevB.108.035113
https://doi.org/10.1038/s43246-024-00698-8
https://doi.org/10.1038/s43246-024-00698-8
https://doi.org/10.1063/5.0198384
https://doi.org/10.1063/5.0198384
https://doi.org/10.1103/q1fw-tdk1
https://arXiv.org/abs/2410.22116
https://doi.org/10.1038/s41535-024-00701-y
https://doi.org/10.1038/s41535-024-00701-y
https://doi.org/10.1103/PhysRevB.88.235113
https://doi.org/10.1063/1.5068711
https://doi.org/10.1063/1.5068711
https://arXiv.org/abs/2410.06218
https://arXiv.org/abs/2410.06218
https://doi.org/10.1103/PhysRevB.109.155111
https://doi.org/10.1063/1.432450
https://doi.org/10.1063/1.438208
https://doi.org/10.1021/jp993207r
https://doi.org/10.1021/jp993207r
https://doi.org/10.1021/cr020681b
https://doi.org/10.1021/cr020681b
https://doi.org/10.1038/s41535-025-00741-y
https://doi.org/10.1088/1367-2630/15/2/025039
https://doi.org/10.1088/1367-2630/15/2/025039
https://doi.org/10.1103/PhysRevLett.116.177401
https://doi.org/10.1103/PhysRevB.94.081304
https://doi.org/10.1103/PhysRevB.94.081304
https://doi.org/10.1103/PhysRevLett.117.157402


terahertz magnetic resonance spectroscopy of collective
spin waves, Phys. Rev. Lett. 118, 207204 (2017).

[93] A. Liu, D. B. Almeida, W. K. Bae, L. A. Padilha, and S. T.
Cundiff, Non-Markovian exciton-phonon interactions in
core-shell colloidal quantum dots at femtosecond time-
scales, Phys. Rev. Lett. 123, 057403 (2019).

[94] F. Mahmood, D. Chaudhuri, S. Gopalakrishnan, R.
Nandkishore, and N. P. Armitage, Observation of a mar-
ginal Fermi glass, Nat. Phys. 17, 627 (2021).

[95] S. F. Maehrlein, P. P. Joshi, L. Huber, F. Wang, M.
Cherasse, Y. Liu, D. M. Juraschek, E. Mosconi, D.
Meggiolaro, F. De Angelis, and X.-Y. Zhu, Decoding
ultrafast polarization responses in lead halide perovskites
by the two-dimensional optical Kerr effect, Proc. Natl.
Acad. Sci. U.S.A. 118, e2022268118 (2021).

[96] J. Mornhinweg, M. Halbhuber, C. Ciuti, D. Bougeard, R.
Huber, and C. Lange, Tailored subcycle nonlinearities of
ultrastrong light-matter coupling, Phys. Rev. Lett. 126,
177404 (2021).

[97] T. G. H. Blank, K. A. Grishunin, B. A. Ivanov, E. A.
Mashkovich, D. Afanasiev, and A. V. Kimel, Empowering
control of antiferromagnets by THz-induced spin coher-
ence, Phys. Rev. Lett. 131, 096701 (2023).

[98] Z. Zhang, F. Y. Gao, J. B. Curtis, Z.-j. Liu, Y.-c. Chien, A.
von Hoegen, M. T. Wong, T. Kurihara, T. Suemoto, P.
Narang, E. Baldini, and K. A. Nelson, Terahertz field-
induced nonlinear coupling of two magnon modes in an
antiferromagnet, Nat. Phys. 20, 801 (2024).

[99] Z. Zhang, F. Y. Gao, Y.-C. Chien, Z.-J. Liu, J. B. Curtis,
E. R. Sung, X. Ma, W. Ren, S. Cao, P. Narang, A. von
Hoegen, E. Baldini, and K. A. Nelson, Terahertz-field-
driven magnon upconversion in an antiferromagnet, Nat.
Phys. 20, 788 (2024).

[100] A. Liu, D. Pavićević, M. H. Michael, A. G. Salvador, P. E.
Dolgirev, M. Fechner, A. S. Disa, P. M. Lozano, Q. Li,
G. D. Gu, E. Demler, and A. Cavalleri, Probing inhomo-
geneous cuprate superconductivity by terahertz Josephson
echo spectroscopy, Nat. Phys. 20, 1751 (2024).

[101] C. Huang, L. Luo, M. Mootz, J. Shang, P. Man, L. Su, I. E.
Perakis, Y. X. Yao, A. Wu, and J. Wang, Extreme terahertz
magnon multiplication induced by resonant magnetic pulse
pairs, Nat. Commun. 15, 3214 (2024).

[102] K. Katsumi, J. Fiore, M. Udina, R. Romero, D. Barbalas, J.
Jesudasan, P. Raychaudhuri, G. Seibold, L. Benfatto, and
N. P. Armitage, Revealing novel aspects of light-matter
coupling by terahertz two-dimensional coherent spectros-
copy: The case of the amplitude mode in superconductors,
Phys. Rev. Lett. 132, 256903 (2024).

[103] T. Fujimoto, T. Kurihara, Y. Murotani, T. Tamaya, N.
Kanda, C. Kim, J. Yoshinobu, H. Akiyama, T. Kato, and R.
Matsunaga, Observation of terahertz spin Hall conductivity
spectrum in GaAs with optical spin injection, Phys. Rev.
Lett. 132, 016301 (2024).

[104] D. Barbalas, R. Romero, D. Chaudhuri, F. Mahmood, H. P.
Nair, N. J. Schreiber, D. G. Schlom, K. M. Shen, and N. P.
Armitage, Energy relaxation and dynamics in the corre-
lated metal Sr2RuO4 via terahertz two-dimensional coher-
ent spectroscopy, Phys. Rev. Lett. 134, 036501 (2025).

[105] B. Cheng, D. Cheng, K. Lee, M. Mootz, C. Huang, L. Luo,
Z. Chen, Y. Lee, B. Y. Wang, I. E. Perakis, Z. X. Shen,

H. Y. Hwang, and J. Wang, Observation of cupratelike
nonlinear terahertz responses in superconducting infinite-
layer nickelates via two-dimensional coherent spectros-
copy, Phys. Rev. B 111, 014519 (2025).

[106] N. Taherian, M. Först, A. Liu, M. Fechner, D. Pavicevic,
A. von Hoegen, E. Rowe, Y. Liu, S. Nakata, B. Keimer, E.
Demler, M. H. Michael, and A. Cavalleri, Squeezed
Josephson plasmons in driven YBa2Cu3O6þx, npj Quan-
tum Mater. 10, 54 (2025).

[107] Y. Wan and N. P. Armitage, Resolving continua of frac-
tional excitations by spinon echo in THz 2D coherent
spectroscopy, Phys. Rev. Lett. 122, 257401 (2019).

[108] A. Liu and S. T. Cundiff, Spectroscopic signatures of
electron-phonon coupling in silicon-vacancy centers in
diamond, Phys. Rev. Mater. 4, 055202 (2020).

[109] W. Choi, K. H. Lee, and Y. B. Kim, Theory of two-
dimensional nonlinear spectroscopy for the Kitaev spin
liquid, Phys. Rev. Lett. 124, 117205 (2020).

[110] R. M. Nandkishore, W. Choi, and Y. B. Kim, Spectro-
scopic fingerprints of gapped quantum spin liquids, both
conventional and fractonic, Phys. Rev. Res. 3, 013254
(2021).

[111] N. T. Phuc and P. Q. Trung, Direct and ultrafast probing of
quantum many-body interactions through coherent
two-dimensional spectroscopy: From weak- to strong-
interaction regimes, Phys. Rev. B 104, 115105 (2021).

[112] Z.-L. Li, M. Oshikawa, and Y. Wan, Photon echo from
lensing of fractional excitations in Tomonaga-Luttinger
spin liquid, Phys. Rev. X 11, 031035 (2021).

[113] Z.-L. Li and Y. Wan, Photon echo and fractional excitation
lensing of the S ¼ 1=2 XY spin chain, Phys. Rev. B 108,
165151 (2023).

[114] M.-R. Cai, C. Ye, H. Dong, and Y. Li, Enantiodetection of
chiral molecules via two-dimensional spectroscopy, Phys.
Rev. Lett. 129, 103201 (2022).

[115] H. Hu, J. Wang, R. Lalor, and X.-J. Liu, Two-dimensional
coherent spectroscopy of trion-polaritons and exciton-
polaritons in atomically thin transition metal dichalcoge-
nides, AAPPS Bull. 33, 12 (2023).

[116] O. Hart and R. Nandkishore, Extracting spinon self-
energies from two-dimensional coherent spectroscopy,
Phys. Rev. B 107, 205143 (2023).

[117] Q. Gao, Y. Liu, H. Liao, and Y. Wan, Two-dimensional
coherent spectrum of interacting spinons from matrix
product states, Phys. Rev. B 107, 165121 (2023).

[118] G. B. Sim, J. Knolle, and F. Pollmann, Nonlinear spec-
troscopy of bound states in perturbed Ising spin chains,
Phys. Rev. B 107, L100404 (2023).

[119] G. B. Sim, F. Pollmann, and J. Knolle, Microscopic details
of two-dimensional spectroscopy of one-dimensional
quantum Ising magnets, Phys. Rev. B 108, 134423 (2023).

[120] J. Wang, Multidimensional spectroscopy of heavy impu-
rities in ultracold fermions, Phys. Rev. A 107, 013305
(2023).

[121] M. K. Negahdari and A. Langari, Nonlinear response of
the Kitaev honeycomb lattice model in a weak magnetic
field, Phys. Rev. B 107, 134404 (2023).

[122] A. Gómez Salvador, P. E. Dolgirev, M. H. Michael, A. Liu,
D. Pavicevic, M. Fechner, A. Cavalleri, and E. Demler,
Principles of two-dimensional terahertz spectroscopy of

PHYSICAL REVIEW LETTERS 135, 026401 (2025)

026401-9

https://doi.org/10.1103/PhysRevLett.118.207204
https://doi.org/10.1103/PhysRevLett.123.057403
https://doi.org/10.1038/s41567-020-01149-0
https://doi.org/10.1073/pnas.2022268118
https://doi.org/10.1073/pnas.2022268118
https://doi.org/10.1103/PhysRevLett.126.177404
https://doi.org/10.1103/PhysRevLett.126.177404
https://doi.org/10.1103/PhysRevLett.131.096701
https://doi.org/10.1038/s41567-024-02386-3
https://doi.org/10.1038/s41567-023-02350-7
https://doi.org/10.1038/s41567-023-02350-7
https://doi.org/10.1038/s41567-024-02643-5
https://doi.org/10.1038/s41467-024-47471-6
https://doi.org/10.1103/PhysRevLett.132.256903
https://doi.org/10.1103/PhysRevLett.132.016301
https://doi.org/10.1103/PhysRevLett.132.016301
https://doi.org/10.1103/PhysRevLett.134.036501
https://doi.org/10.1103/PhysRevB.111.014519
https://doi.org/10.1038/s41535-025-00776-1
https://doi.org/10.1038/s41535-025-00776-1
https://doi.org/10.1103/PhysRevLett.122.257401
https://doi.org/10.1103/PhysRevMaterials.4.055202
https://doi.org/10.1103/PhysRevLett.124.117205
https://doi.org/10.1103/PhysRevResearch.3.013254
https://doi.org/10.1103/PhysRevResearch.3.013254
https://doi.org/10.1103/PhysRevB.104.115105
https://doi.org/10.1103/PhysRevX.11.031035
https://doi.org/10.1103/PhysRevB.108.165151
https://doi.org/10.1103/PhysRevB.108.165151
https://doi.org/10.1103/PhysRevLett.129.103201
https://doi.org/10.1103/PhysRevLett.129.103201
https://doi.org/10.1007/s43673-023-00081-8
https://doi.org/10.1103/PhysRevB.107.205143
https://doi.org/10.1103/PhysRevB.107.165121
https://doi.org/10.1103/PhysRevB.107.L100404
https://doi.org/10.1103/PhysRevB.108.134423
https://doi.org/10.1103/PhysRevA.107.013305
https://doi.org/10.1103/PhysRevA.107.013305
https://doi.org/10.1103/PhysRevB.107.134404


collective excitations: The case of Josephson plasmons in
layered superconductors, Phys. Rev. B 110, 094514 (2024).

[123] H. Hu, J. Wang, and X.-J. Liu, Microscopic many-body
theory of two-dimensional coherent spectroscopy of ex-
citons and trions in atomically thin transition metal
dichalcogenides, Phys. Rev. B 109, 045417 (2024).

[124] Y. Watanabe, S. Trebst, and C. Hickey, Exploring two-
dimensional coherent spectroscopy with exact diagonal-
ization: Spinons and confinement in one-dimensional
quantum magnets, Phys. Rev. B 110, 134443 (2024).

[125] Y. Watanabe, S. Trebst, and C. Hickey, Revealing quad-
rupolar excitations with nonlinear spectroscopy, Phys. Rev.
Lett. 134, 106703 (2025).

[126] M. Potts, R. Moessner, and O. Benton, Signatures of
spinon dynamics and phase structure of dipolar-octupolar
quantum spin ices in two-dimensional coherent spectros-
copy, Phys. Rev. Lett. 133, 226701 (2024).

[127] M. Potts, R. Moessner, and O. Benton, Exploiting polari-
zation dependence in two-dimensional coherent spectros-
copy: Examples of Ce2Zr2O7 and Nd2Zr2O7, Phys. Rev. B
109, 104435 (2024).

[128] E. Z. Zhang, C. Hickey, and Y. B. Kim, Disentangling spin
excitation continua in classical and quantummagnets using
two-dimensional nonlinear spectroscopy, Phys. Rev. B
110, 104415 (2024).

[129] Y. Qiang, V. L. Quito, T. V. Trevisan, and P. P. Orth,
Probing Majorana wave functions in Kitaev honeycomb
spin liquids with second-order two-dimensional spectros-
copy, Phys. Rev. Lett. 133, 126505 (2024).

[130] M. Puviani, Theory of symmetry-resolved quench-drive
spectroscopy: Nonlinear response of phase-fluctuating
superconductors, Phys. Rev. B 109, 214515 (2024).

[131] M. Mootz, T. Iadecola, and Y.-x. Yao, Adaptive variational
quantum computing approaches for Green’s functions and
nonlinear susceptibilities, J. Chem. Theory Comput. 20,
8689 (2024).

[132] V. N. Valmispild, E. Gorelov, M. Eckstein, A. I.
Lichtenstein, H. Aoki, M. I. Katsnelson, M. Y.
Ivanov, and O. Smirnova, Sub-cycle multidimensional

spectroscopy of strongly correlated materials, Nat. Pho-
tonics 18, 432 (2024).

[133] J. Chen and P. Werner, Multidimensional coherent spec-
troscopy of correlated lattice systems, npj Comput. Mater.
11, 127 (2025).

[134] M. K. Negahdari and A. Langari, Kekulé-Kitaev model:
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End Matter

Appendix—The Hamiltonian of the spinful Rice–
Mele–Hubbard model on a one-dimensional chain is
given by

HRMH ¼ −
X
js

hx − ð−1Þjhy
2

�
eiAðtÞ=2c†jþ1;scjs þ H:c:

	

− hz
X
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; ðA1Þ

where c†js is the creation operator for an electron with
spin s at site j and U represents the Hubbard interaction

strength. The parameters ðhx; hy; hzÞ are the same as
those in the spinless Rice–Mele model introduced in the
main text. The vector potential is denoted by AðtÞ, and
the nearest-neighbor site distance is set to 1=2. The
electric current is defined as hJiðtÞ ¼ −N−1h∂HRMH=∂Ai,
which coincides with that of the spinless Rice–Mele
model when U ¼ 0.
The many-body state can be approximated by a matrix

product state, whose bond dimension D serves as a
parameter controlling the accuracy. The ground state and
its time evolution are obtained using the iTEBD algorithm,
implemented with ITensor [142]. We employ the fourth-
order Suzuki–Trotter decomposition with a time step of
0.0625 and exploit the global Uð1Þ ⊗ Uð1Þ symmetry.
Since iTEBD does not incorporate relaxation effects, we
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apply a Gaussian window function, wðtÞ¼exp½−t2=ð2τ2wÞ�,
to the temporal profiles of δhJiðtÞ. If we instead
use an exponential window function, e.g., expð−ΓjtjÞ,
we can directly compare the results with the per-
turbative expression; however, using a Gaussian window
allows for faster convergence even in short time
calculations.
Figure 5 shows Reχ̄ð2Þðω1;ω2Þ for different values of U

and D. The other parameters are set to hy ¼ 0.5, hz ¼ 0.1,

Fð2Þ
0 ¼ 10Fð1Þ

0 ¼ 0.1, ϵ ¼ 10−3, τf ¼ 0.125, τg ¼ 12, and
τw ¼ 6, which are the same as those used in Fig. 4. The
convergence behavior with respect to D depends on ω1 and
ω2 but is largely unaffected by U. In particular, the second
harmonic response along ω1 ¼ ω2 and the rectification
response along ω1 ¼ −ω2 exhibit good convergence even
at D ¼ 800. However, around ðω1;ω2Þ ¼ ð1.5; 0Þ, where
the positive and negative continua interfere destructively,
convergence becomes slower. This highlights the impor-
tance of examining the convergence with respect to D, as
well as F0 and ϵ.

FIG. 5. Contour maps of χ̄ð2Þðω1;ω2Þ forU ¼ 0, 0.1, 0.2 (top to
bottom) and D ¼ 400, 800, 1200 (left to right).
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