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We develop a general framework based on the functional derivative to extract nonlinear dynamical

response functions from the temporal evolution of physical quantities, without explicitly computing

multipoint correlation functions. We validate our approach by calculating the second- and third-order

optical responses in the Rice—Mele model and further apply it to a many-body interacting system using a
tensor network method. This framework is broadly applicable to any method that can compute real-time
dynamics, offering a powerful and versatile tool for investigating nonlinear responses in dynamical

systems.
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Introduction—Nonlinear responses have become a
cornerstone of modern physics, uncovering a wealth of
intriguing and often unexpected phenomena in a wide
variety of dynamical systems [1-7]. Over the decades,
nonlinear phenomena in solids, such as harmonic gener-
ation [8-10] and nonlinear Hall effects [11,12], have
attracted growing interest—not only for their practical
applications in technology but also for their profound
connections to the geometrical and topological properties
of materials [13-20]. Central to these investigations are
nonlinear response functions, which provide the theoretical
foundation for understanding such phenomena. These
functions, represented as multipoint correlation functions,
are most often calculated by using perturbative expressions
in the frequency domain, leveraging frameworks such as
the density-matrix formalism [20-24] and Green’s function
or Feynman diagram techniques [25-37].

Studies based on real-time evolution have also been
conducted to obtain response functions in the frequency
domain. A key advantage of real-time evolution methods is
their ability to incorporate various effects. For instance,
tensor network methods accurately account for many-body
correlation effects, the quantum master equation includes
dissipation effects, and mean-field dynamics capture cer-
tain types of vertex corrections. To date, linear responses
have been widely studied through time evolution simu-
lations [38—64], and this approach has also been extended
to nonequilibrium transient responses [64—78]. In contrast,
studies on nonlinear responses remain relatively scarce.
The methods employed in these studies can be broadly
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categorized into two approaches: (i) single-pulse excitation
and (i) multiple-pulse excitation.

In the (i) single-pulse excitation method, a monochro-
matic pulse or continuous wave is applied, and nonlinear
responses are extracted by analyzing their amplitude and
frequency dependence [60-62,79-82]. This approach is
well suited for addressing specific nonlinear phenomena,
such as the second and third harmonic generation, and the
optical rectification (including photovoltaic effects).
However, this method provides only partial nonlinear
response functions as they are limited to specific points
in frequency space.

A representative example of the (ii) multiple-pulse
excitation method is two-dimensional coherent spectros-
copy (2DCS). Initially introduced in the field of quantum
chemistry [83-86], this technique has been increasingly
applied in physics [87]—both experimentally [88—106] and
theoretically [107-138]—to study various systems. In
2DCS, two short pulses are applied, and their time delay
is swept to obtain the full second-order response functions
and the partial third-order response functions. Here, “full”
indicates that the second-order response functions are
resolved across the entire two-dimensional frequency
space, while “partial” means that the obtained third-order
response functions depend only on two frequency variables
as they are integrated along one direction in three-dimen-
sional frequency space [for details, see Supplemental
Material (SM) [139] ]. By generalizing 2DCS to multidi-
mensional coherent spectroscopy with multiple pulses, it is,
in principle, possible to obtain the full nth-order response
functions. However, sweeping the time delays between the
pulses significantly increases the computational cost, which
has so far prevented numerical studies from obtaining the
full higher-order response functions.

In this Letter, we propose a distinct approach based on
the functional derivative to obtain nonlinear response
functions. This framework enables the direct calculation
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(a) Temporal profiles (b) Fourier spectra
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FIG. 1. (a) Schematic of the temporal profiles of a physical

quantity excited by pulsed fields f(z) and f(¢) + eg(z).
(b) The functional derivative is evaluated from the variation

<Q>f+€g(w) - <Q>f(w)'

of the full nth-order response functions by simulating the
time evolution of a system subjected to a temporally
localized probe pulse and frequency-localized test function
pulses (see Fig. 1). We demonstrate the validity of this
method by computing the second- and third-order optical
responses of the Rice-Mele model, showing quantitative
agreement with perturbative expressions. Furthermore, we
illustrate its applicability to many-body systems using a
tensor network method. Since our formalism is general and
provides nonlinear dynamical response functions solely by
calculating the time evolution of physical quantities, with-
out requiring the computation of multipoint correlation
functions, it is compatible with any method capable of
simulating real-time dynamics.

Formulation—Consider a system whose Hamiltonian is
written as H(t) = Hy + V(t) at time 7, where H, is the
unperturbed part and V(¢) describes the coupling (which
can be linear or nonlinear) between a physical quantity Q,
and time-dependent external fields {f4(¢)} with a and f
labeling their respective components. In general, the
frequency response of Q, to the external fields is expressed

as (Qq) (@) = Y22 1(00) " (@) with
<Q(1> n
dw; --
g
5} )
<A (@1 e @) [ (@01) - fp (@) (1)

being the nth-order response [139]. Here, o is the delta
function, and " denotes the nth-order retarded response
function, which is given by the (n — 1)th functional
derivative of (Q,)" (w) with respect to the external fields

as follows:
Tt (@1 ... ,)
_ 0 5" Q)" (w)
= (271')” 1 (2)

af{l,, (a)n) 5fa,,,] (a)n—l) T 6f{11 (C()]) ’

with @, = —> "~ w;. Here, 7" is the symmetric
response function defined by

—(n)

Tad—a, (@1, ..., @,,)
= Z )(Elréf)s(l)"'ao(n) (wa(l)7 e a)o(n))’ 3)
cEG,

where @, is the symmetric group of degree n, reflecting the
trivial permutation symmetry in Eq. (1). Hereafter, for
simplicity, we consider the response of a single quantity Q
to a scalar field f(7) and omit the index a. Then, Eq. (2)
simplifies to [139]

2r)' Q)" (@)
fl@,) 6f(w,_y)---6f () '

7Ny, ....0,) = (4)

Extending the following discussion to the general case
[Eq. (2)] is straightforward.

To numerically evaluate the functional derivative in
Eq. (2) or (4), it is necessary to calculate the time evolution
of (Q)(t), which is triggered by an external field. Here, we
consider a Gaussian probe pulse,

fla) = 3071,

Fon —w272/2
5
o (5)

N

where Fy and 7 are the amplitude and the temporal width
of the probe pulse, respectively. The width 7, must be
sufficiently small [see also Fig. 1(a)], so f(w) remains
nearly constant over the relevant energy range. Once the
mth-order response (Q)")(w)  FJ' is obtained, the nth-
order response (n > m) can be determined as

flw) =

(Q)" () = O(f"), (6)

m=0
and
F(”) m
@ =[] eme
Fo=F" F, Fo=F"

Here, F E)”) denotes the amplitude of f in Eq. (6) and should

be higher than F (()"_l). The first-order response function is

given by y")(w) = (Q)V)(w)/f(w) for a sufficiently small
amplitude, Fo = F (()l).

For the second-order response function, the first func-
tional derivative is required. Let g be a test function, € be a
small real number, and (Q,)") be written as (Qa>}") to
emphasize its dependence on f as a functional. The first

variation of <Q>;2)(a)) is given by

5,(0)2(0) = () (@) = Q)P (@) (8)
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o0 7w, 0 —w [N
= e/_oo dwlg(a)l))( (@1, 2ﬂ1)f( Y + O(e?),
9)

as illustrated in Fig. 1(b). Here, the integrand, excluding
g(w;), defines the functional derivative 5(Q)?(w)/
5f(w;). Note that y® in Eq. (1) appears here in its
symmetric form, 7?) [139]. Since g is arbitrary, this integral
can be approximated by introducing test functions with
sharp peaks in the frequency domain. Specifically, we
employ two types of Gaussian pulses:

F

(1) = 2210 cos(wy), (10)
T
F

sin, (1) = 2*06_[2/(275) sin(w;1), (11)
JT

where F is the same amplitude as in Eq. (5) and 7,
determines the frequency resolution. The Fourier transform
of gcos,-(t) is

F()Tg

cos; \ W) =
Geos; (@) Wer

which reduces to (Fy/2)[6(w — @;) + 6(w + w;)] in the
limit of 7, — oo. Thus, for sufficiently large 7,, the integral
in Eq. (9) is evaluated as

[e-(@-o’n/2 4 e~lorel'5/2] - (12)

59<Q>(2)(a’>N 1 —(2)

~—X (wl’w_wl)f(w _wl)
eF(()z) 4n

1
+Eﬂ?<2>(wl’w+wl)f(w+wl) (13)

for g = geos, and similarly for g = gy, . Finally, we obtain
the formula for the second-order response as

)_((2>(:l:wlva) + C()l)

— 27 50051 <Q>(2) (w) . 551111 <Q>(2> (a))
a flo F w;) (-?F(()2> 1 €F(()2) - (14)

Here, 8,05, (Q)? (@) and 3, (Q)? (w) are the variations
defined in Eq. (8) where g is replaced with g, and ggp, ,
respectively. These quantities can be numerically obtained
from (Q)®(w) under three types of external fields:
S(0) + €, (1) S(1) + cgn, (1), and £(2).

The third-order response requires the second functional
derivative. By introducing two test functions g; and g,, we

find that the second variation of (Q)®)(w) is given by

81,84, (Q)) ()
= <Q>.5"3Jz€gl+€!]2 - <Q>§"3+)€gz - <Q>§2€gl + <Q>5‘3) (15)

— €2 / da)ldwzgl (0)1)92(0)2)

I(w), 0,0 — 0] — ) f(0— o) — w,)
(27)?

+ O(e).
(16)

To evaluate the integral, we adopt the test functions in
Egs. (10) and (11) and assume that 7, is sufficiently large.
Using the same approach as for 7(?),

following formula:

we obtain the

/’?(3) ((Ul , 9, w3>
2 2
= W [5c0825cosl <Q>(3)(w) — 551:12(‘)‘“[11 <Q>(3)<w)
3 0

- i5005255in1 <Q>(3)<(0) - iésinzécosl <Q><3)((l))], (17)

where ®; = w —w; — w,. Thus, 7® can be calculated
from (Q)®)(w) under seven (=22+2+1) types of
external fields. By successively applying a similar proce-
dure, the expressions for higher-order response functions
can also be derived. However, ensuring numerical precision
—particularly when subtracting lower-order responses in
Eq. (6)—will become increasingly challenging.
Proof-of-principle ~ demonstration—To validate the
present framework, we calculate the nonlinear optical
responses of an electron system described by the spinless
Rice—Mele model. The Hamiltonian is given by H, =
ScwiHwyy with Hy = —h, cos(k/2)t, — h, sin(k/2)7,—

h.z., where 7 denotes the Pauli matrix and y; = (CZT, c}[ )

represents the creation operators for electrons with momen-
tum k and pseudospin up and down. We consider the half-
filling case, where the energy gap between the conduction
and valence bands is E, = 2(h2 + h2)'/? for |h,| < |h,|.
When both hy/h, and h,/h, are finite and nonzero,
inversion symmetry is broken, and even-order responses
are allowed. Throughout this Letter, we set 4, = 1 as the
unit of energy and take the Dirac constant 7, the lattice
constant, and the electron charge to be unity.

The optical vector potential A(¢) is introduced through
Peierls substitution: Hy, — Hj_,(,), and the electric field is
given by E(t) = —d,A(t). In this velocity gauge, the
coupling between the vector potential and the electric
current is nonlinear. The time evolution of the system
is governed by the von Neumann equation: d,p(t)=
=i[H a0 i ()] =Tlpr(t) =pro(1)], where py g0 =\ cis)
represents the one-body density matrix and p; o, denotes the
density matrix in the ground state of H_,.). We use the
relaxation time approximation (RTA) to quantitatively
validate the present framework against perturbative for-
mulas; I'(=0.01) corresponds to the relaxation rate of
electrons. The electric current density is calculated as
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()(1) = N7' 3" Trlp0iHy_s(], where N(= 800) is the
number of k points. For the time evolution, we employ the
fourth-order Runge—Kutta method (with a time step of
0.01) and double- double arithmetic implemented in the
JULIA package DoubleFloats.jl, which efficiently
improves numerical precision.

First, we present in Fig. 2(a) the temporal profile of the
current density when the vector potential A(r) = f(r) +
€Gcos, (1) is applied. The system is in the broken-inversion-
symmetry ferroelectric phase with 4, = 0.5 and h, = 0.1,
and the pulse parameters are set to Fy = 107, ¢ = 107,
7y =0.1,7,= V2/T, and w; = 0.5. Since the test function
eos, () has a broad envelope in the time domain, the current
begins to rise around 7 ~ —600 and is then excited by the
delta-function-like pulse f(z) at r = 0. After this excitation,
the current decays exponentially, governed by the relaxa-
tion rate I' = 0.01. By performing the Fourier transforma-
tion of these temporal profiles, the variation in the current,
5(J)(w), can be calculated.

2
T T T ™ (b T T
@ [ ]® — Im (Time evol.)
Im (Exact)
< 0 W — Re (Time evol.)
S -4 ~ Ir Re (Exact) |
X = -8 E/
=77 2., =
= S >
Sl w6 ] 0
= =20
-3+ 600 0 600 1200
. . . . . . h
0 100 200 300 0 1 2 3
' w
_ T T T 0.2 T T
©-15 @ 0.08 T
= -16 ~ o1k 004 F /’\\ J
3 El ==
| -7 = 0.00 -
EX 3 048 050 052 0.54
= = 0.0
<18 B
o) >
219 — F=107 & 01} b
20 — F=10* Exact (o +,+in)
) - Fu:l(‘J“(XlOz) o Time evol. - Exact (@+ey+2in)
-4 -2 0 2 4 ) 1 2 3
w wi
7@ (w1, w2)] -2 log(relative error) 1
© 4B R [ONY
3B -
2B 2
1§ 1g
g 0 i 30 L
-1 .y
Y 5
.y =y
4B 4B
A | | NN I S (Y S I
-4 -3 -2-1 0 1 2 3 4 -4 -3 -2-1 0 1 2 3 4
wi wi
FIG. 2. (a) Temporal profile of the electric current density

(J)(t). The inset shows [(J)(¢)| on a logarithmic scale. (b) First-
order response function obtained from time evolution (solid lines)
in comparison with the exact result (dashed lines). (c) First
variation of the current [Eq. (8)] for Fy = 107 (red) and F, =
1073 (blue) with g = Jeos, and w; =0.5. (d) Second-order
response function obtained from the time evolution (red solid
line) and the perturbative expression (dashed lines). The inset is
an enlargement for w; € [0.48,0.54]. () and (f) Contour maps of
(e) 79 (w,.,) and (f) its logarithmic relative error.

Before discussing nonlinear responses, we show the
first-order response in Fig. 2(b) as a reference. This is
calculated from y(w) = (/) (w)/A(w), with A(r) =
f(1) and Fy = 107°. The optical gap is E, = 1.02, and a
continuum is observed in the range E, < <2, corre-
sponding to the energy bandwidth. The result obtained
from the time evolution shows exact agreement with those
from the perturbative expression [Eq. (S52) in SM [139] ]
where the imaginary part of the frequency, called the
broadening factor, is set to n =T = 0.01.

To obtain the second-order response function from
Eq. (14), we need the first variation defined in Eq. (8).
Figure 2(c) shows 8., (/) (@) for Fy = 107* and 1073,
with e = 107% and w; = 0.5. As expected, the result for
Fy = 1073 (blue line) agrees well with the result for F, =
10~* multiplied by 10 (red dashed line), indicating that the
variation is indeed proportional to F3. In practical calcu-
lations, it is necessary to confirm such a scaling law with
respect to F, or to verify that the obtained response
function is independent of F, and e.

Equation (14) for the second-order response function
depends on the frequency of the test function, w;. By
sweeping @;, we can obtain the full two-dimensional
response function 7?) (@, w,). From this, specific res-
ponses such as the second harmonic response )_{(2)(0)1 , 1)
or the rectification response 7 (w;, —®; ) can be extracted.
In Fig. 2(d), the second harmonic response is shown, which
agrees closely with those obtained from the perturbative
expression.

It has been recognized that subtle issues arise regarding
how to introduce a small imaginary part to the frequency
when calculating nonlinear response functions based on
perturbative expressions [24]. Specifically, in the energy
denominator, terms such as w; + @, appear [see Eq. (S41)
in SM [139]], and one reasonable approach is to replace
them with w; + w, + 2in, while another possible approach
is to use w; + @, + ix. In Fig. 2(d), the former is plotted as
the blue dashed line, while the latter is shown as the orange
dashed line. Overall, the two approaches yield similar
results. However, notable differences appear around
w1 = 0.51, corresponding to the two-photon absorption
peak near the band edge, where w; + @, * E,. In this
region, the results calculated with @; + @, + iy show better
agreement, at least within the RTA.

Figure 2(e) shows a contour map of the second-order
response function, 7® (o, ®,). Reflecting the Van Hove
singularities at @~ 1 and 2 shown in Fig. 2(b), strong
intensities are observed along the lines @, w, ~ £1, 2 and
| + oy ~ +1, 2, while continua appear in the regions
enclosed by these lines. The results in Fig. 2(d) correspond
to a cut along the line w; = w,. Figure 2(f) displays the
relative error with respect to the result obtained from the
perturbative expression [Eq. (S55) in SM [139]] where
ol + a)j is replaced with @; + w, + iy. In most regions,
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the relative error is below 107! =3.2%, although it
increases to 10! = 10% or at most 107" = 32% near
the Van Hove singularities. Outside these regions, along
w; =0, w, =0, and w, = —w, the relative error increases
simply because 7() approaches zero, while the absolute
error remains negligible. These results demonstrate that the
present method accurately reconstructs the second-order
response functions in the whole two-dimensional frequency
space, with small discrepancies primarily limited to regions
near the singularities.

Next, we discuss the third-order response. The model
parameters are set to hy = 0.5 and h, = 0, so the second-
order response vanishes because of the presence of inver-
sion symmetry. To evaluate the third-order response in
Eq. (17), the second variations defined in Eq. (15) are
required. Figure 3(a) shows Jyos,6c0s, (/) ®)(w), calculated
with € = 1078 and @, = @, = 0.5. The result obtained for
F, = 1 multiplied by 10? (red dashed line) agrees well with
that for F, = 10 (blue line), confirming that the variation
scales as F3, as expected for the third-order responses.

Although the full third-order response function can be
obtained by sweeping the frequencies of the two test
functions, @, and w,, we focus here on the case of
®; = w,. Figure 3(b) shows the imaginary part of the
third harmonic response, 7®) (w,, ®,, @, ). The most promi-
nent peak occurs at @, = 0.335 = E,/3, which corresponds
to the three-photon absorption peak at the band edge. In this
case as well, good agreement is observed with the pertur-
bative expression [Eq. (S57) in SM [139] ] where the same
broadening factor i is added to, e.g., @, ®w; + ®,, and
w1 + @, + w3 (orange dashed line). However, around
w; = 0, better agreement is achieved when 2ixy and 3iy
are added to @ + w, and w; + w, + ws, respectively (blue
dashed line).

In Fig. 3(c),
7% (w;, w,, w;) on a logarithmic scale. Pronounced inten-
sities are observed along lines corresponding to the Van
Hove singularities. In particular, the region along w; =
—w; for 1 <|w;| <2 exhibits significantly large peaks
associated with multiple resonances. Figure 3(d) shows the
relative error with respect to the perturbative expression
that adopts the same broadening factor in. Similar to the
second-order response, the error increases in regions where

we present the contour map of

the Van Hove singularities appear or where 7®) approaches
zero. Nevertheless, the error remains below a few percent
overall, demonstrating that the present framework can
accurately obtain the third-order response functions.
Application to many-body systems—As a demonstration
of the applicability, we calculate the second-order
responses in the spinful Rice—Mele—Hubbard model
[140], by employing the infinite time-evolving block
decimation (i'TEBD) algorithm [141]. This is an unbiased,
nonperturbative method that can compute both the ground
state and the time evolution of one-dimensional many-body
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FIG. 3. (a)Second variation of the current [Eq. (15)] for Fy = 1

(red) and Fy =10 (blue) with ¢; = geos;» 92 = Jeos,» and
®; = @, = 0.5. (b) Third-order response function obtained from
time evolution (red solid line) in comparison with the perturbative
expression (dashed lines). The insets show enlargements for
w; € [-0.04,0.04] and [0.32, 0.35]. (c) and (d) Contour maps of

(c) )‘((3)(0)1 ,w,w3) and (d) its logarithmic relative error.

systems in the thermodynamic limit. See End Matter for
details on the model and computations.

Figure 4 shows the second harmonic and rectification
responses for different values of the interaction strength U,
with h, = 0.5 and h, =0.1. When U =0, the iTEBD
results agree with those in the Rice-Mele model obtained
from the von Neumann equation. Introducing U modifies
the spectral shapes, and for U = 0.2(> h.), a sign reversal
is observed in y®(w;,—w;), but not in y®(w,,w).
Considering that the effect of U is renormalized into #,
in the Hartree—Fock approximation [139], this selective
sign reversal reflects a many-body effect beyond one-body
physics. While such nonlinear responses in many-body

systems require further investigation, these results
(@ 6 (b) 6
S 4t u=02 1 % 4L U=02 ]
> —-U=01 3 —-v=ol
2+ A -—U=0 4 =~ 2r -—-U=0 A
= e 5
SN — T g —
Sl ‘\‘\ f 1 3-f \ :})/ 1
‘:‘u L L\ -~ 1 a ;i 1 - 1
P v Y 5 (Ve
6L ‘ 1 = %[ ‘ ]
0 1 2 3 0 1 2 3
wy wy

FIG. 4. Second-order response functions: (a) )‘(<2)(a)l,wl) and
(b) 7@ (wy,—w;) for U =0, 0.1, 0.2, calculated using iTEBD
with a bond dimension of D = 1200. The bold gray curves
represent results obtained by solving the von Neumann equation
with U =0and I' = 0.
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demonstrate the versatility and computational feasibility of
our approach.

Discussion—In the present framework, if convergence is
achieved with respect to parameters such as Fy, €, and 7,
the resulting response function can be considered accurate
within the approximation of the adopted time-evolution
method. When both time-evolution calculations and per-
turbative calculations are feasible, it becomes possible to
compare and evaluate the validity of the former’s approxi-
mation or the latter’s self-energy and vertex corrections,
thereby providing deeper insights into dissipation and
scattering processes. In the examples shown in Figs. 2
and 3, quantitative agreement is observed with the results
obtained by introducing a common broadening factor iz
into the perturbative expressions. This agreement may
suggest that, in the RTA, higher moments of the current
operator decay with the same relaxation rate I" as the first
moment (J)(z). Investigating dissipation effects on non-
linear responses using more advanced methods beyond the
RTA represents an interesting direction for future research.

Additionally, since a single probe pulse f(¢) is applied in
this method, transient dynamics can be investigated by
exciting a system with a pump pulse and varying the time
delay of the probe pulse. This approach enables the
definition of the transient nonlinear response functions
as a natural extension of the pump-probe-based transient
linear response [64]. This point will be examined in a
follow-up study.
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End Matter

Appendix—The Hamiltonian of the spinful Rice—
Mele-Hubbard model on a one-dimensional chain is
given by

HRMH—_Z
_hz

1
+ UZ( cppeit = )( Cjiv = 2)’
+

s 1s the creation operator for an electron with
spin s at site j and U represents the Hubbard interaction

(e‘A(’)/z jﬂ sCjs T H.c.)

]Y Cjis

(A1)

where ¢!

strength. The parameters (h,,hy, h,) are the same as
those in the spinless Rice-Mele model introduced in the
main text. The vector potential is denoted by A(r), and
the nearest-neighbor site distance is set to 1/2. The
electric current is defined as (J)(¢) = =N~ (0Hgmp/0A),
which coincides with that of the spinless Rice-Mele
model when U = 0.

The many-body state can be approximated by a matrix
product state, whose bond dimension D serves as a
parameter controlling the accuracy. The ground state and
its time evolution are obtained using the iTEBD algorithm,
implemented with ITensoxr [142]. We employ the fourth-
order Suzuki-Trotter decomposition with a time step of
0.0625 and exploit the global U(1) ® U(1) symmetry.
Since iTEBD does not incorporate relaxation effects, we
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apply a Gaussian window function, w(¢) =exp[—#%/(272)],
to the temporal profiles of &(J)(z). If we instead
use an exponential window function, e.g., exp(—Iz|),
we can directly compare the results with the per-
turbative expression; however, using a Gaussian window
allows for faster convergence even in short time
calculations.

Figure 5 shows Rez'?) (w;, w,) for different values of U
and D. The other parameters are set to h, = 0.5, h, = 0.1,

F) =10F") = 0.1, e = 1073, 7, = 0.125, 7, = 12, and
7,, = 6, which are the same as those used in Fig. 4. The
convergence behavior with respect to D depends on w; and
@, but is largely unaffected by U. In particular, the second
harmonic response along w; = w, and the rectification
response along w; = —w, exhibit good convergence even
at D = 800. However, around (w;,®,) = (1.5,0), where
the positive and negative continua interfere destructively,
convergence becomes slower. This highlights the impor-
tance of examining the convergence with respect to D, as
well as F and e.

Re @ (w1, w2)
—0.06 —0.04 —0.02 0 0.02 0.04 0.06

FIG.5. Contour maps of 7 (@1, w,) for U = 0,0.1, 0.2 (top to
bottom) and D = 400, 800, 1200 (left to right).
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