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We demonstrate that an effective near-zero refractive index can emerge from collective light scattering in
a discrete atomic lattice, using essentially exact microscopic simulations. In a 25-layer array, cooperative
response leads to over a thirtyfold increase in the effective optical wavelength within the medium, almost
eliminating optical phase accumulation, with potential applications in spectroscopy and optical manipu-
lation of quantum emitters. Crucially, the near-zero refractive index arises from first-principles microscopic
theory, rather than being imposed through continuous phenomenological effective-medium models—
providing conceptually important insight into the emergence of macroscopic electromagnetism from
atomic-scale interactions.
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Effective-medium theories form the foundation of
standard macroscopic electrodynamics [1,2], describing
quantities such as refractive index and permittivity by
averaging over microscopic constituents. However, these
models inherently neglect detailed information on posi-
tion-dependent dipole-dipole interactions and assume that
each scatterer responds only to the average field of its
surroundings. Understanding how macroscopic electro-
magnetic behavior emerges from microscopic atomic
principles in granular systems of discrete scatterers
remains a fundamentally nontrivial problem [3–6].
Among the extraordinary predictions of macroscopic

electrodynamics of continuous media is the epsilon-near-
zero (ENZ) regime, where the material permittivity and
refractive index approach zero [7–9]. ENZ media exhibit
striking features such as diverging optical wavelength and
phase velocity, leading to a decoupling of spatial and
temporal field variations and uniform phase across the
medium. These effects underpin a range of applications
in wavefront shaping [10–13], magnification and geometry-
insensitive guiding [14–16], enhanced optical nonlinearities
[17–20], and tailored light–matter interactions [21,22].
The ENZ regime emerges in electric conductors at the
reduced plasma frequency [23], and is explored in meta-
materials [24–26] and photonic crystals [27,28]. While
ENZ behavior in these systems have been introduced via
phenomenological models or metamaterial design, its

emergence from microscopic atomic principles remains
unexplored.
Here, we perform microscopic simulations of light

propagation in atomic arrays and demonstrate the emer-
gence of ENZ behavior arising from collective light scatter-
ing. In the low light intensity (LLI) limit, our atomistic
simulations are exact for stationary atoms [29,30] and this
regime has been shown in experiments to accurately
describe optical responses even in dense atomic ensembles
[31,32]. We observe more than a thirtyfold increase in the
effective optical wavelength near collective resonances at
the band edge of the lattice dispersion relation, leading to a
pronounced suppression of phase accumulation across the
medium that is robust to atomic position fluctuations. Our
results apply broadly to point-dipole scatterers in different
physical systems and provide an atomistic description of
ENZ optical response, offering new insight into the micro-
scopic origins of bulk electromagnetic behavior.
Atomic arrays are increasingly studied as platforms for

cooperative light-matter interactions [33,34] and can be
implemented in optical lattices with subwavelength spacing
and high control. Lattices with unit filling can be prepared
with hundreds of thousands of atoms [35], and transmission
experiments have observed spectral resonance narrowing
below the fundamental quantum limit, set by the single-atom
Wigner-Weisskopf linewidth [31], and coherent optical
switching [36]. While early theoretical work on cooperatively
responding arrays focused, e.g., on subradiance [37–42],more
recent studies have also explored them as versatile platforms
for enhanced light-matter coupling, including excitation
mediation [43–45], cavitylike effects [46–50], and coupling
to long-wavelength Rydberg excitations [51–53].
We consider a cubic lattice of atoms, with spacing a

and the lattice vectors aligned along the Cartesian axes.
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To examine the large array limit in the yz plane, we
represent the system as a stack ofNx identical planar arrays,
located at x ¼ xl ¼ al (l ¼ 0;…; Nx − 1), forming a slab
of atoms. The system is illuminated by a coherent laser field
propagating in the positive x direction, with the positive
frequency component EþðrÞ ¼ êinEeik·r, dominant wave
vector k ¼ ðkx;kkÞ, and wavelength λ ¼ 2π=k, as depicted
in Fig. 1(a). Assuming atoms with a single electronic
ground state and a degenerate excited-state manifold, we
write the atomic polarization amplitude DPðnÞ for atom n
at position rn, where D denotes the reduced dipole matrix
element and the excitation amplitude PðnÞ spans the
available polarization modes. We denote light and atomic
excitation amplitudes using their slowly varying positive-
frequency components, with rapid oscillations e−iωt at
the laser frequency ω factored out [54]. PðnÞ is driven
by the incident Rabi frequencyRþðrnÞ ¼ DEþðrnÞ=ℏ and
the field ϵ0En0

s ðrÞ ¼ Gðr − rn0 ÞDPðn0Þ scattered by all
other atoms n0, where GðrÞ is the free-space dipole
radiation kernel [1] (see End Matter). We assume the
LLI limit, where the atoms behave as classical linearly
coupled dipoles, and their evolution is governed by the
coupled-dipole equations [29,30,54–57],

ṖðnÞ ¼ ðiΔ− γÞPðnÞ þ iRþðrnÞþ iξ
X
n0≠n

Gðrn−rn0 ÞPðn0Þ;

ð1Þ

where ξ ¼ D2=ðℏϵ0Þ, γ is the single-atom linewidth, and
Δ ¼ ω − ω0 is the laser detuning from the atomic reso-
nance frequency ω0.
It is efficient to exploit the translational invariance in the

yz plane by reframing Eq. (1) in terms of the coupling
between collective excitations of each layer [58], with well-
defined in-plane quasimomentum qk. By transforming
Eq. (1) into momentum space, the amplitudes PlðqkÞ of
these excitations for plane l satisfy,

Ṗl ¼ ½iΔ − γ þ ξ
X
j≠0

eiqk·rkjGðrkjÞ�Pl þ iRþ
l

þ iξ
XNx−1

m≠l
GL(ðxl − xmÞêx;qk)Pm; ð2Þ

for the in-plane Fourier component Rþ
l ðqkÞ of the

Rabi frequency in the plane x ¼ xl. The sum in the first
line describes the intralayer interaction, with the self-
interaction term at rkj ¼ 0 excluded. The interaction
between layers is captured in the layer propagator
GLðr;qkÞ ¼

P
j e

iqk·rkjGðr − rkjÞ, which acts as the dipole
radiation kernel for a layer located at x ¼ 0 and excited
with in-plane quasimomentum qk.GL can be expressed as a
sum of plane waves with wave vector q, along with

evanescent fields that contribute to the rapidly varying
near-field structure (see End Matter). The field scattered
from all of the layers is then similarly expressed:

ϵ0Eþ
s ðrÞ¼ ϵ0

X
n

En
s ðrÞ¼

X
qk

XNx−1

l¼0

GLðr−xlêxÞDPlðqkÞ:

ð3Þ

Using the general formalism for coupled stacked layers, we
have demonstrated ENZ response across a broad class of
point-dipole systems—dipoles with fixed orientation (as in
two-level atoms in the LLI limit and standard dipolar
resonator models), isotropic dipoles, and configurations
with finite-width beams or different lattice constants. In the
following, we focus on isotropic dipoles corresponding to
a J ¼ 0 → J0 ¼ 1 atomic transition, with lattice spacing
a ¼ 0.66λ and Nx ¼ 25 layers. We consider a normal
incidence, k ¼ kêx, such that kk ¼ 0 and qk ¼ 0, with
dipole amplitudes aligned with the light polarization and

(a)

(b)

(c)

FIG. 1. Light propagation in an effective ENZ atomic medium.
(a) Schematic of light transmitted through a cubic atom array,
infinitely extended in the y and z directions. The incident beam
with wave vector k ¼ kêx excites the atomic polarization, Eq. (5),
consisting of forward and backward propagating waves with wave
vectors �k0êx. (b) Magnitude jPjj [in units of Dϵ0=ðℏγÞ] and
(c) phase argðPjÞ of atomic polarization layer amplitudes as a
function of layer position xj (marked by vertical dashed lines). The
detunings are Δ=γ ¼ −0.025, 0.103, 0.115, 0.119, corresponding
to the black dotted,maroon dash-dotted, red dashed, and bright red
solid lines, respectively, and the faint lines in (c) the corresponding
backward wave components. From these we obtain real medium
wave number with jk0j=k ¼ 0.25, 0.1, 0.06, 0.03.
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reduced to scalars, PðnÞ ¼ êinPðnÞ. The phase reference is
determined by setting E real.
To establish macroscopic electrodynamical behavior of

light, we consider the following ansatz for the light field
envelope inside the sample which consists of oppositely
propagating plane waves,

Eþ
mðrÞ ¼ êinEfeik

0x þ êinEbe−ik
0x; ð4Þ

from which the effective phase refractive index is defined as
np ¼ k0=k, for Imðk0Þ ≥ 0. Because of the discrete nature of
atomic positions, the total light field also includes a rapidly
varying microscopic component with the periodicity of the
lattice constant. These short-wavelength variations can be
removed via coarse graining, yielding smooth macroscopic
electromagnetic fields.
To isolate this macroscopic behavior, we first extract

wave vectors for the atomic polarization density ampli-
tudes, obtained from the steady-state solutions of Eq. (2),
for the layer amplitudes Pl. When these amplitudes
decompose into the forward and backward propagating
plane waves,

Pl ¼ êinPl ¼ êinPfeilk
0a þ êinPbe−ilk

0a; ð5Þ

the medium light field envelope does likewise, sharing a
common wave number k0. We show that this effective phase
refractive index generically approaches zero when exciting
ENZ collective resonances, whose effective wave number
is dramatically reduced.
In Fig. 1(b), we show a pronounced increase in the

excitation wavelength of the atomic polarization within the
medium as the laser detuning is varied. The excitation
amplitudes are accurately fitted to the ansatz of oppositely
propagating plane waves in Eq. (5), with relative residual
error of less than 10−2, yielding wave numbers ranging
from jk0j ¼ 0.25k down to jk0j ¼ 0.03k—corresponding to
an effective wavelength of approximately 33λ. This sig-
nificant reduction in wave number is illustrated in Fig. 2(a)
where a purely real k0 decreases monotonically with
detuning until the effective wavelength approaches twice
the medium thickness at Δ ≃ 0.12γ. Beyond this point, the
system transitions to an imaginary wave number, indicating
exponentially decaying excitations within the medium. We
observe similar behavior—fully consistent with Eq. (5)—
across a range of Nx, down to as few as five layers and
over varying lattice constants, after adjusting detuning (see
End Matter). The increasing wavelength is dramatically
illustrated in the accumulated phase across the sample in
Fig. 1(c), which remains almost constant throughout the
medium in extreme cases.
The microscopic light field varies rapidly on the scale of

the lattice constant due to the near-field dipole radiation
(Fig. 3), as captured in the evanescent contributions to the
scattered light. However, when these nonpropagating

components are ignored, the resulting light field envelope
closely matches the slowly varying atomic excitation
profile, as described by Eq. (4), with the same wave
number k0. Remarkably, the phase remains almost uniform
even in the presence of microscopic evanescent field
components, with the phase variation more pronounced
toward the far boundary. The emergence of a slowly
varying light field is formally demonstrated in Fig. 3.
Here, the microscopic field is convolved with Gaussians of
varying root-mean-square width η, which acts a length over
which the field is averaged. As η increases from zero, short-
range near-field variations are suppressed, and a smooth
macroscopic field emerges once the averaging length
exceeds the lattice constant, η≳ a. As expected, the
amplitude profile in Fig. 3 precisely matches the atomic
response in Figs. 1(b) and 1(c). By extracting the phase
refractive index np ¼ k0=k → 0, these results then demon-
strate, using essentially exact microscopic calculations,
how an ENZ medium emerges from collective scattering.
In Fig. 2(b), we show light transmission as a function

of detuning. A series of increasingly narrow Fano reso-
nances appear, arising from interference of collective
excitation eigenmodes with narrow subradiant and broad
superradiant resonances—a direct signature of the atomic
medium’s granular nature. Peaks at full power transmission
T ¼ 1 coincide with medium wave numbers jk0j ≃ jπ=h
(j ¼ 1;…; Nx − 1), for medium thickness h ¼ aðNx − 1Þ.
Beyond Δ ≃ 0.12γ in Fig. 2(b), the incident light no longer
couples to propagating modes and is reflected, resulting
in evanescently decaying fields. We have found that the
effect of a finite incident angle θ is to shift the transmission
peaks in Fig. 2(b) to smaller detunings and, away from
Fano resonances, transmission is generally suppressed once
jθj≳ j arcsin npj. However, the presence of long-wave-
length excitations with small k0=k remains unchanged.
We characterize the long-wavelength ENZ excitations by

analyzing the collective resonances of an infinite atomic

(a)

(b)

FIG. 2. (a) Effective wave number k0 of atomic polarization
within and (b) power transmission T through the medium as a
function of laser detuning Δ. In (a), k0 is purely real for Δ≲ 0.12γ
and imaginary for Δ≳ 0.12γ.
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lattice (Nx ¼ ∞). These resonances are obtained [59,60]
(see End Matter) by substituting the Bloch-wave ansatz
Pn ¼ PðqÞeiq·rn into Eq. (1), yielding a 3D linear system
for PðqÞ at each quasimomentum q. The resulting eigen-
system produces eigenvalues δðjÞðqÞ, which separate into
distinct dispersion bands indexed by j (Fig. 4), and
represent the collective resonance frequency shifts from
the single-atom resonance.
The excitation wave vectors k0êx of the forward-

propagating waves and corresponding laser frequencies
extracted from Fig. 1 for the 25-layer lattice closely match
these infinite-system collective resonances, satisfying Δ ≃
−δðjÞðqÞ and k0 ≃ qx (with qy ¼ qz ¼ 0), where q is the
resonant infinite-medium Bloch wave vector, as demon-
strated in Fig. 4. Additionally, an oppositely propagating
wave is excited due to reflection from the far boundary of
the lattice. The long-wavelength excitations with k0 ≃ 0
observed in Fig. 1(b) occur when the laser is tuned to a
collective resonance where qx ≃ 0 and δðjÞðqÞ ≃ −0.12γ.
The diverging phase velocity vp;x ¼ ω=k0 → ∞ at the
resonance q ≃ 0 in Fig. 4 represents an increasing effective
wavelength and emerging near-zero phase refractive index
in Fig. 2(a). The band edge at δðjÞðqÞ ≃ −0.12γ, on the
other hand, gives rise to the transmission in Fig. 2(b), and is
consistent with observations of an ENZ response in 1D
continuous-media photonic crystals [61]. Crucially, collec-
tive resonances at q ¼ 0 commonly exist for different
lattice geometries, indicating that ENZ excitations are
possible in a wide variety of systems.

Standard macroscopic electrodynamics—and the asso-
ciated concepts of refractive index and other bulk medium
parameters—is based on a continuous effective-medium
mean-field theory. This framework assumes that each atom
interacts only with the average behavior of its surrounding
atoms, thereby erasing spatial information about the posi-
tion-dependent resonant dipole-dipole interactions between
the atoms [3,62]. In contrast, here we have extracted the
effective medium refractive index by directly analyzing the
phase variation of the microscopic solutions.
To highlight how such approaches can substantially

differ, we represent the lattice as a continuous medium
of the same thickness with continuous atomic polarization
density PðxÞ, and consider the analogous standard optics
problem [1,2]. The solution with the boundary conditions at
the entrance and exit interfaces then yields PðxÞ and light
amplitudes in terms of complex k0, according to Eqs. (4)
and (5), including the reflected and transmitted light as a
function of the medium thickness. Continuous-media
electrodynamics is then consistent with solving the wave
number from k02=k2 − 1 ¼ αρ=ð1 − αρ=3Þ, as a function of
the atomic polarizability α and density ρ [3,62].
Although the continuous-media theory permits solutions

where Reðk0Þ → 0, this occurs only with significant losses
Imðk0Þ > 0, and at densities so high that the continuous-
medium approximation qualitatively breaks down [3,4].
While losses can be suppressed by interferences in multi-
level transitions, this introduces additional complexity [63].
At the same atom density as in Fig. 2, the continuous
effective-medium mean-field theory predicts k0=k ≃ 0.99þ
i0.13 and vanishing transmission across the displayed
frequency range, dramatically deviating from the exact
result.
If instead we take the numerically calculated exact

reflection and transmission amplitudes of the granular
medium and treat the atomic sample as continuous “black
box” medium governed by Eqs. (4) and (5), we can solve
for k0 from the resulting equations [2,64]. However, this

(a)

(b)

FIG. 3. Microscopic light field on atomic scale. (a) Magnitude
and (b) phase of the total microscopic light field (dotted-black
line) along the incident field polarization as the line ðy; zÞ ¼
ða=2; a=2Þ is continuously traversed in between the atoms,
−5a ≤ x ≤ 30a, for the detuning Δ=γ ¼ 0.119 giving polariza-
tion amplitudes presented in Fig. 1(b). Averaged amplitudes Ēþ
are obtained by convolution of the microscopic field with a
Gaussian of the root-mean-square widths η ¼ 0.25a (dashed
maroon line), and η ¼ a (solid bright red line), converging to
the field amplitude Eq. (4).

FIG. 4. Collective line shifts δðjÞ of bands j for an infinite
lattice, presented for high-symmetry lines passing through the
center of the 3D Brillouin zone (inset), where long-wavelength
excitations are present. The bold line denotes the collective
resonance band, with quasimomenta qy ¼ qz ¼ 0, whose polari-
zation lies in the yz plane. The dashed line denotes the edge of
this band at qx ¼ 0, where δ ≃ −0.12γ, and the red markers
correspond to the wave numbers of resonant excitations extracted
in Figs. 1(b) and 1(c).
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approach still yields an incorrect refractive index, as shown
in Fig. 5 in End Matter. Crucially, these discrepancies
persist even as the number of layers increases. Although
more advanced approaches [65] may yield a better match-
ing, the deviations indicate a fundamental breakdown of
common continuous-media approximations in capturing
collective resonance effects near the ENZ regime.
So far, we have considered atoms at fixed positions.

Numerically, we can study the effects of atomic position
fluctuations in small lattices. For a six-layer array compris-
ing 6 × 21 × 21 atoms, we find that the ENZ behavior
remains robust under fluctuations. In each stochastic
realization, we sample atomic positions fluctuating around
their mean lattice site positions with a root-mean-square
width of 0.075a [33,66]. This corresponds to moderate
optical lattice depths of several hundred recoil energies, as
employed in light transmission experiments of Ref. [31].
The exact optical response is then obtained by ensemble
averaging over individual realizations [29,30].
At Δ ¼ 0.05γ, we find the effective wave number of the

atomic polarization amplitudes hPji at the central sites in
the fluctuating case. The resulting value, jReðk0Þ=kj≃
0.17� 0.01, does not deviate appreciably from the fixed
position case jReðk0Þ=kj ≃ 0.19. The dominant effect of
position fluctuations is a smoothing of the transmission
line shape.
We have shown how an effective ENZ response—with

long-wavelength excitations and suppressed phase accu-
mulation—can emerge from collective light scattering in a
discrete atomic lattice, based on essentially exact micro-
scopic simulations. These results provide a concrete,
atomistic demonstration of howmacroscopic optical behav-
ior can arise from first-principles light-matter interactions,
without relying on phenomenological effective-medium
models. The framework presented here opens the door
to designing and exploring quantum optics in a unique ENZ
environment.
One long-standing challenge in this context is achieving

uniform optical driving across a 3D atomic ensemble. In free
space, each atom experiences a different phase of the
incident and scattered fields, while idealized cooperative
models—such as the Dicke superradiance [67] and related
models undergoing quantum phase transitions [68–73]—
typically assume the absence of any such spatial phase
variation. An ENZ medium, with its nearly constant phase
profile across the sample, could provide an ideal platform to
realize such cooperative behavior. Additionally, the char-
acteristic length scale 1=k of light-mediated dipole-dipole
interactions in free space [3,4] necessitates experimentally
challenging [74] far below subwavelength spacing to reach
optically established strongly correlated regimes [75–80] or
topologically nontrivial phases [81,82]. In contrast, an
ENZ medium could potentially extend the length scale to
1=k0, substantially strengthening interactions. In quantum
information applications, this can translate into enhanced

light-mediated long-range entanglement generation between
qubits [83,84].
Beyond these interaction effects, ENZ media may enable

new approaches to precision measurement. Just as neg-
ative-index materials give rise to inverse Doppler shifts
[85], ENZ media may suppress Doppler shifts—one of the
key limitations in high-precision spectroscopy. Additional
exotic ENZ-induced emitter phenomena have been sug-
gested [86], and the rapidly developing field of time-
varying photonics [87–89] offers further exciting avenues
for ENZ-based quantum control.
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End Matter

Light propagation through array planes—The
propagation of light can be efficiently calculated by
exploiting the translational invariance of each atomic
layer in Eq. (2). Our approach follows a procedure
similar to that introduced in Ref. [58] for evaluating
negative refraction for stacked atomic layers. To derive
Eq. (2), the excitation of each atom n in Eq. (1) is
expressed as a Bloch-wave sum within the corresponding
layer l, PðnÞ ¼ P

qk PlðqkÞeiðqkyynþqkzznÞ. The interaction

term in Eq. (1) then separates into intralayer and
interlayer radiative couplings between phase-matched
Bloch waves. To evaluate these terms, we expand the
dipole radiation kernel GνμðrÞ, given by

GνμðrÞ ¼
�

∂

∂rν

∂

∂rμ
− δνμ∇2

�
eikr

4πr
− δνμδðrÞ; ðA1Þ

as a sum of plane waves using the Weyl identity [91–95]:

GνμðrÞ ¼
i

8π2

Z
d2qk

�
∂

∂rν

∂

∂rμ
þ δνμk2

�
1

k⊥
eiqk·rkeik⊥jxj;

ðA2Þ

where k⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − q2k

q
, and the integrand is recognized as

the 2D Fourier transform of the radiation kernel on the
array plane:

GðrÞ ¼
Z

d2qk
ð2πÞ2 e

iqk·rkG̃kðqkÞ: ðA3Þ

By substituting Eq. (A2) into the interaction term in
Eq. (1), and evaluating the lattice sum over in-plane atomic
positions j using the 2D Poisson summation formula, we

obtain an integral over in-plane quasimomenta. This yields
the interlayer interaction in Eq. (2), with the layer
propagator defined as

GL
νμðr;qkÞ¼

1

a2
X
j

G̃k
νμðkk þgjÞeiðkkþgjÞ·rk

¼ i
2a2

X
j

1

k⊥ðgjÞ
�
−kBjνkBjμþδνμk2

�
eik

B
j ·r; ðA4Þ

where each term in the sum corresponds to a projection
onto the subspace orthogonal to the j th Bragg order wave
vector kB

j ¼ ½sgnðxÞk⊥ðgjÞ;qk þ gj�, with k⊥ðgjÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − jqk þ gjj2

q
. The 2D reciprocal lattice vectors gj

satisfy the periodicity condition eigj·rkl ¼ 1.
The sum over Bragg orders in the layer propagator

reflects the presence of both propagating and evanescent
components of the dipole field. For subwavelength spac-
ings, evanescent waves are contained in the higher-order
terms, contributing to near-field coupling between adjacent
layers. These components are absent in 1D electrodynamics
but are crucial in capturing the full microscopic scattering
behavior in discrete lattices [96]. The intralayer coupling in
Eq. (1) is similarly evaluated in momentum space

X
j≠0

eiqk·rkjGðrkjÞ ¼
1

a2
X
j

G̃kðqk þ gjÞ −Gð0Þ; ðA5Þ

where the formally divergent term is regularized [59,60,81]
by introducing a cutoff parameter η in the Fourier
transform,

PHYSICAL REVIEW LETTERS 135, 233603 (2025)

233603-8

https://doi.org/10.1021/acsphotonics.0c00782
https://doi.org/10.1038/s41467-020-15682-2
https://doi.org/10.1038/s41467-023-40281-2
https://doi.org/10.1038/s41567-023-01993-w
https://doi.org/10.1038/s41567-023-01993-w
https://doi.org/10.5281/zenodo.17637465
https://doi.org/10.5281/zenodo.17637465
https://doi.org/10.1103/PhysRevE.72.026615
https://doi.org/10.1103/PhysRevB.73.045102
https://doi.org/10.1103/PhysRevB.73.045102
https://doi.org/10.1103/PhysRevLett.118.113601
https://doi.org/10.1103/PhysRevLett.118.113601
https://doi.org/10.1103/PhysRevA.100.013616
https://doi.org/10.1103/PhysRevA.100.013616


G̃k�
νμðqkÞ¼

Z
dq⊥
2πk2

k2δνμ−qνqμ
k2− ðq2k þq2⊥Þþ iϵ

e−q
2η2=4eiq⊥x; ðA6Þ

for ϵ > 0 and taking the limit η → 0 in Eq. (A5). This
completes the derivation of Eq. (2).

Collective resonance bands—Collective resonance
linewidths and line shifts may more generally be
obtained by expressing Eq. (1) in a matrix form [33]:

ḃ ¼ iðHþ δHÞbþ f; ðB1Þ

where b3n−1þν ¼ PðnÞ
ν , f3n−1þν ¼ iê�ν ·RþðrnÞ, the

diagonal elements of H are iγ, and the diagonal matrix
δH contains Δ. The nondiagonal elements coupling
atomic dipoles read

H3n−1þν;3n0−1þμ ¼ ξGνμðrn − rn0 Þ; n ≠ n0: ðB2Þ

The eigenvalues λj ¼ δj þ iυj of H contain the line
shift δj, from single-atom resonance, and the linewidth
υj of collective atomic excitations, with eigenvectors
describing the dipole amplitudes [33].
For infinitely many layers (Nx ¼ ∞), a Bloch-wave

ansatz for the dipole amplitudes, with quasimomentum
q, gives rise to eigenmodes in an analogous 3 × 3 linear
equation,

ḃðqÞ ¼ i½HðqÞ þ δH�bðqÞ þ fðqÞ; ðB3Þ

with bνðqÞ ¼ PðnÞ
ν e−iq·rn and fνðqÞ ¼ RνðrnÞe−iq·rn . HðqÞ

(and δH) is now a 3 × 3 matrix,

HνμðqÞ ¼ ξ
X
n≠0

eiq·rnGνμðrnÞ − iγδνμ; ðB4Þ

which is evaluated [59,60] similarly to Eq. (A5). Its
eigenvalues, δðjÞðqÞ, are purely real owing to the absence
of radiating boundaries, giving the three continuous bands
of line shifts presented in Fig. 4.

Approximate medium propagation—We showed that
the effective mean-field theory of standard textbook
continuous-media optics fails to capture the optical
response of the atomic array. We can alternatively
employ the reflection and transmission amplitudes of the
exact numerical simulations of the atomic array and
match these with the continuous-medium ansatz
[Eqs. (4) and (5)] to extract k0. Here, we find that
cos ðk0hÞ is real valued and we use it to quantify
phase accumulation across the medium [when
cos ðk0hÞ < 1] or attenuation [when cos ðk0hÞ > 1]. Even
this approach leads to an incorrect effective refractive

index—including an erroneous prediction of Imðk0Þ—as
displayed in Fig. 5.

ENZ regime in varying lattices—Although we focused
on the lattice with a ¼ 0.66λ, Nx ¼ 25, an ENZ
response is present over a range of lattice spacings and
layer numbers. Figure 6(a) shows that for Nx ¼ 5, the
medium wave number approaches zero for a range of
values a, with only quantitative changes in the ENZ
regime. The edge of the transmission band [Fig. 6(b)] is
similarly found to accompany the smallest wave
numbers. While the number of Fano resonances
increases linearly with layer number, the wave numbers
observed in Fig. 6(a) remain essentially unchanged. We
note that, as suggested by Fig. 4, a second transmission
band is generally found as detuning is increased further
through the reflecting region. This band instead
comprises the most rapidly varying collective excitations
with k0 in the vicinity of π=a, and is not relevant to the
present Letter.

FIG. 5. (Real) phase parameter calculated using the wave
number k0 (thick line) from the exact simulations [Fig. 2(a)]
and a fit based on the reflection and transmission amplitudes of
the exact simulations (thin line). The region j cos ðk0hÞj ≤ 1 is
shaded and the vertical red dashed line denotes Δ ≃ 0.12γ, where
k0 ≃ 0 [Fig. 2(b)].

(a) (b)

FIG. 6. (a) Real part of the medium wave number k0 and
(b) power transmission T for five layers, as detuning Δ and
lattice spacing a are varied. The wave number is presented
within the transmission band, where Imðk0Þ ≃ 0.
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