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In quantum systems, purification can map mixed states into pure states and a nonunitary evolution into a
unitary one by enlarging the Hilbert space. We establish a connection between the complexities of mixed
quantum states and their purification, proposing new inequalities among these complexities. By examining
single qubits, two-qubit Werner states, eight-dimensional Gaussian random unitary ensembles, and infinite-
dimensional systems, we demonstrate how these relationships manifest across a broad class of systems. We
find that the spread complexity of purification of a vacuum state evolving into a thermal state equals the
average number of Rindler particles. This complexity is also shown to adhere to the Lloyd-like bound,
indicating a further relation to the quantum speed limit. Finally, using mutual Krylov complexity, we
observe subadditivity of the Krylov complexities, which contrasts with known results from holographic
volume complexity. We put forward Krylov mutual complexity as a diagnosis of a potential gravity dual of
Krylov complexities.
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Introduction—Quantum complexity, measuring how
complex a quantum state becomes over time, has garnered
much attention in various fields, including quantum infor-
mation, many-body systems, quantum gravity, and cosmol-
ogy [1–11]. While entanglement effectively characterizes
correlations, it fails to capture the full structure of quantum
dynamics, motivating complexity as a complementary
measure that probes the preparation and evolution of states
and operators [5,12–14]. In many-body systems, complex-
ity provides insights into thermalization, chaos, and envi-
ronmental effects, while in holography it has been tied to
black holes, where interior growth corresponds to increas-
ing complexity. This correspondence has led to various
proposals for gravity duals of complexity [5,12–21], mak-
ing complexity a crucial tool for understanding a black hole
interior and information paradox [5,12–14].
Among the various definitions of complexity, Krylov

operator and state complexity have emerged as powerful
tools for studying the dynamical features of both unitary
and nonunitary evolutions [9,22–33]. It is essential to

introduce density matrices for a complete description of
the complexity of a quantum state, as they are capable of
describing mixed states. They are crucial in cases where
part of the correlations is classical in nature, when only
partial information about the system is available, or when
the system is subject to noise and decoherence. A key open
question is to coherently understand both the pure and
mixed-state complexities within the Krylov framework for
both unitary and nonunitary evolutions.
In this Letter, we introduce a framework to study Krylov

operator complexity ofmixed states by relating it to state and
operator complexities of their purifications. Unlike earlier
approaches embedding the density matrix in a doubled
Hilbert space [34], we employ purification [35,36,36],
mapping a mixed state to a pure state in an enlarged
Hilbert space with unitary evolution. Purification has been
widely used in entanglement of purification [37] and circuit
complexities of purification [38–54]; our approach extends
this by exploiting isometries in purification to connect
mixed-state Krylov complexity directly to operator and
state complexities, thereby capturing dynamical features
that are otherwise missed. We show that for suitable
isometries, complexities of purification (CoPs) reproduce
the same growth as the original mixed-state complexity.
We examine three purification schemes—time indepen-

dent, time dependent, and instantaneous—each giving
distinct complexity growths on the ancilla while describing
the same mixed-state evolution. A central result is a set of
inequalities between mixed-state complexities and CoPs, as
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shown in Fig. 1. We demonstrate them for arbitrary
single-qubit mixed states, two-qubit Werner states, and
the eight-dimensional Gaussian random unitary ensemble.
We further verify the conjecture in a nonunitary setting: an
infinite-dimensional Gibbs state with increasing temper-
ature consistent with a quasiparticle picture of the
Minkowski vacuum in the Rindler frame. For thermal
states, the spread CoP is bounded above by thermodynamic
quantities, in line with the Lloyd bound [55]. Finally, we
introduce mutual Krylov complexity, showing it to be
subadditive for the thermofield double state, contrasting
with holographic complexity in the complexity-equals-
volume (CV) and CV2.0 proposals [15–21].
Definitions—To evaluate the CoPs, we first discuss three

distinct purification schemes. Before purification, the
operator complexity is the sole option, aside from pure
states. However, once purified, both the state and operator
complexities can be examined for the purified states. The
definitions of the state and operator complexities, denoted
by CS;K, are provided in the End Matter. Given a density
matrix ρ of a system S, its purification is generically written
as jΨV

ρ iSA ¼ ðρ1=2 ⊗ VR→AÞjIiSR, where V is an isometry

from R to A, i.e., V†V ¼ 1R, and jIiSR ¼ Prankρ
n¼1 jniS ⊗

jniR is an unnormalized EPR state [35,36,36]. For ρ
evolving unitarily by Ut ¼ e−iHt, the purification evolves
as jΨV

ρ ðtÞi ¼ ½Utρ
1=2 ⊗ VðtÞ�jIi ¼ ½Ut ⊗ VðtÞ�jΨρi,

where jΨρi ≔ jΨI
ρi. Note that jΨρi is the initial purification

with the minimal dimension. It differs from the canonical
purification [56] unless ρ is full rank. We emphasize that
any choice of VðtÞ results in the same time evolution
ρ ↦ ρðtÞ ¼ UtρU

†
t for the initial system.

One possible choice for the isometry is VðtÞ ¼ I, and we
refer to this as time-independent purification. The time-
evolved purified state is denoted by

��ΨI
ρðtÞ

� ¼ ðUt ⊗ IÞjΨρi: ð1Þ

Alternatively, we can choose a time-dependent isometry
VðtÞ. Choosing VðtÞ ¼ U�

t , we define the time-dependent
purification after time t by

��ΨU�
ρ ðtÞ� ¼ ðUtρ

1=2U†
t ⊗ IÞjIi ¼ ðUt ⊗ U�

t ÞjΨρi: ð2Þ

This is motivated by considering a static state ρ ∝ I and
requiring the purification to be also static. Last, instanta-
neous purification is defined as the purification of the
density matrix at each moment. The purified state at time t
is given by

��ΨρðtÞ
�
≔ ½ρðtÞ1=2 ⊗ I�jIi: ð3Þ

This purification also applies when ρ evolves nonunitarily,
in which case a pure state may evolve into a mixed state.
Instantaneous purification reduces to time-dependent puri-
fication for a unitary evolution. While there are other
choices of purifications, the above three schemes are
optimal for Krylov CoPs under certain assumptions, unlike
circuit ones (see End Matter for more explanations).
The three different purification schemes enable us to

define both the Krylov complexity [Eq. (A1)] of the purified
state through its density matrix form and the spread com-
plexity [Eq. (A2)] through its state vector form [57].
Inequalities among complexities—Based on the three

types of purifications defined above, we conjecture inequal-
ities for the complexities of mixed states and their purifi-
cations with analytical and numerical evidence provided in
the next section [58].
(1) Krylov operator complexity of the mixed state is

upper bounded by the operator complexity of the time-
independent purification and is lower bounded by the state
complexity of the time-dependent purification,

CS
���ΨU�

ρ ðtÞ�� ≤ CK
�
ρðtÞ� ≤ CK

���ΨI
ρðtÞ

��
; ð4Þ

where the equality holds in the pure state limit. (2) The ratio
of the state complexity of the time-dependent purification
and the operator complexity of the mixed state,
CS
���ΨU�

ρ ðtÞ��=CK�ρðtÞ�, is approximately constant com-
pared to its mean value over time. Its value depends on the
purity of ρ. (3) For the same type of purification scheme,
the CoPs satisfy CK

���ΨU�;I
ρ ðtÞ�� ≥ 2CS

���ΨU�;I
ρ ðtÞ��.

Examples—We first study the CoPs for arbitrary one-
qubit mixed states and the two-qubit Werner states and
demonstrate the proposed bounds. A one-qubit mixed state
under a generic unitary evolution is simple enough that the
analytic expressions of its Krylov CoPs can be written
down. Leaving the technical details to the End Matter and
Sec. II of Supplemental Material [59], the conjectures in the
last section are analytically confirmed. Let us next study the
two-qubit Werner states, i.e.,

FIG. 1. The top left box shows a canonical purification jψρi for
a mixed state ρ. The central blue and orange boxes show three
different purification schemes (time independent, time depen-
dent, and instantaneous). The rightmost boxes highlight the
conjectured bounds for mixed and purification complexities.
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ρ ¼ p
2
ðj01i − j10iÞðh01j − h10jÞ þ 1 − p

4
I4×4: ð5Þ

The parameter p interpolates between the maximally mixed
state ρ ∝ I at p ¼ 0 and a pure, maximally entangled state
jYi≡ ðj01i − j10iÞ= ffiffiffi

2
p

at p ¼ 1. Additionally, the state is
separable for p ≤ 1

3
and entangled otherwise. Since the

Werner state commutes with the Pauli matrices σi ⊗ σi for
any i ¼ x, y, z, let us consider the following Hamiltonian
for a nontrivial time evolution:

H ¼ σx ⊗ σy þ rσy ⊗ σz þ qσz ⊗ σx; ð6Þ

where r and q are free parameters. For the time-indepen-
dent and time-dependent purification, the evolution is
governed by H ⊗ I and H ⊗ I − I ⊗ H�, respectively.
The first row of Fig. 2 shows the case with r¼4, q¼15
when p ¼ 1=4 and p → 1. We chose r ≠ q to prevent extra
symmetries, and we always work with p < 1, as our
primary interest is mixed states. For other choices of
parameters, see Sec. III of the Supplemental Material [59].
As ρ is always full rank, the initial state for the

CoPs is given by the canonical purification, namely, jΨρi¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ð1þpÞ=4�p jYYiþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ð1−pÞ=4�p ðjIIiþjXXiþjZZiÞ,
where jIi; jXi; jYi; jZi are the Bell basis [36].
Figure 2(a) shows that the operator complexity of the

mixed state, CK½ρðtÞ� (blue), is bounded between the CoPs:

the time-independent purification CK½jψ I
ρðtÞi� (red, upper

bound) and the time-dependent purification CS½jψU�
ρ ðtÞi�

(green, lower bound). Solid (p ¼ 1=4) and dotted (p → 1)
lines denote different initial states, with recurrence times
[60,61] being the same. The inequalities [Eq. (4)] are
saturated in the pure-state limit p → 1, reflecting the
doubled Hilbert space via purification [62].
Figure 2(b) shows the time dependence of the ratio of

CoPs to the original mixed-state complexity CK
�
ρðtÞ�. It

demonstrates the second conjecture, that CK
�
ρðtÞ� is

approximately proportional to the state complexity of the
time-dependent purification, with the proportionality con-
stant set by purity. Detailed analysis of fluctuations is
provided in Sec. IVof the Supplemental Material [59]. This
supports our initial motivation for CoPs as probes of mixed-
state operator complexity, and the comparison to unity
further illustrates the inequalities [Eq. (4)].
In Fig. 2(c), we show that for the same type of

purification of the Werner state, CKðtÞ ≥ 2CSðtÞ always
holds regardless of the choice of initial states. This property
extends a previous observation of CK ¼ 2CS for maximally
entangled states [23] to the inequality for pure states [63].
The conjecture, CKðtÞ ≥ 2CSðtÞ, can also be shown for
general one-qubit pure states. Refer to the End Matter for
more details.
To test our conjecture in a larger system, we take a

randomly evolving eight-dimensional thermal state, given by
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FIG. 2. Time dependence of the complexities of two states. [Row 1] Werner states [Eq. (5)] evolved by the Hamiltonian [Eq. (6)] with
r ¼ 4, q ¼ 15; [Row 2] eight-dimensional Gaussian random ensemble with the initial inverse temperature β ¼ 1 (solid line) and β ¼ 3

(dashed line). [Col. 1] CoPs CK ½jΨI
ρðtÞi� (red), CK½ρðtÞ� (blue), and CS½jΨU�

ρ ðtÞi� (green). In (a), p ¼ 1=4 corresponds to a solid curve and
p → 1 corresponds to dotted points. [Col. 2] Ratio between the operator complexity and CoPs: CK ½jΨI

ρðtÞi�=CK½ρðtÞ� (dashed curve) and
CS½jΨU�

ρ ðtÞi�=CK ½ρðtÞ� (solid curve). In (b), the ratios with p ¼ 1=4 (blue), p ¼ 1=3 (red), p ¼ 1=2 (green), and p → 1 (black) are
plotted in log scale. [Col. 3] Ratio CK=CS for time-independent (dashed) and time-dependent (solid) purifications. In (c), p ¼ 1=4 (blue),
p → 1 (red), with reference line at 2 (black).
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ρðtÞ ¼ e−iHtρβeiHt; ρβ ¼ e−βH0=Trðe−βH0Þ: ð7Þ

We draw both H and H0 independently from the Gaussian
random unitary ensemble. The CoPs are plotted in the second
row of Fig. 2. The solid line corresponds to β ¼ 1, and the
dashed line corresponds to β ¼ 3. The purity is around 0.25
and 0.65, respectively.
Although the dimension is too small to capture large-d

statistics, Fig. 2(d) shows that all complexities grow
approximately linearly up to the Heisenberg time, ∼8.
The conjectured hierarchy [Eq. (4)] is supported by the plot
and by Fig. 2(e). While the ratio CK

���ΨI
ρðtÞ

��
=CK½ρðtÞ�

exhibits strong temporal variation, CS
���ΨU�

ρ ðtÞ��=CK½ρðtÞ�
fluctuates only slightly, showing that the spread CoP tracks
the operator complexity more closely. Finally, Fig. 2(f)
confirms our third conjecture, CK ≥ 2CS, at all times.
Next, let us apply our framework to a nonunitarily

evolving infinite-dimensional diagonal mixed state:

ρðtÞ ¼ 1

cosh2ðαtÞ
X∞
n¼0

tanh2nrjnihnj: ð8Þ

The evolution interpolates a pure state at t ¼ 0 and the
maximally mixed state at t → ∞ so it is nonunitary. The
instantaneous purification of Eq. (8) is given by a two-
mode squeezed vacuum (TMSV):

jΨρðtÞi ¼
1

cosh r

X∞
n¼0

ð−iÞntanhnðαtÞjnijni ð9Þ

as long as ρðtÞ is mixed, equivalently, t > 0. The purified
state [Eq. (9)] can be viewed as j0ij0i driven by a two-mode
squeezing Hamiltonian H ¼ αðabþ a†b†Þ acting on the
enlarged system, where a (a†) and b (b†) are the annihi-
lation (creation) operators acting on the system and the
ancilla, respectively [42,64,65]. We stress that the time
evolution for the state ρðrÞ with r ¼ αt is not driven by H,
but it is a nonunitary, completely positive, trace-preserving
map given by tracing out the ancillary system.
Since the evolution is nonunitary, we can consider the

operator complexity of the original mixed state [Eq. (8)] or,
alternatively, the operator or state complexity of its instan-
taneous purification [Eq. (9)]. For CK½ρðtÞ�, the autocorre-
lation function is given by Tr

�
ρðtÞρð0Þ� and for CKðjΨρðtÞiÞ,

it is given by
�
Tr
�
ρ1=2ðtÞρ1=2ð0Þ��2. They are both equal to

sech2ðαtÞ [66]. Thus, their Krylov complexities are also
identical. The Krylov complexity with this autocorrelation
function is given by [22,67]

CK½ρðtÞ� ¼ CK
���ΨρðtÞ

�� ¼ 2sinh2ðαtÞ: ð10Þ

The spread complexity of the instantaneous purification
[Eq. (9)] is easily calculated by the Gaussian nature of the
TMSV [68]. We find that

CS½jΨρðtÞi� ¼ hni ¼ sinh2ðαtÞ: ð11Þ

The above results show that CoPs capture key features of
the Krylov complexity of the original nonunitary evolution,
reflecting our first conjecture CK½jΨi� ≥ 2CS½jΨi� and
CS½jΨi� ≤ CK½ρ� for the instantaneous purification scheme
in the nonunitary evolution. Moreover, computing spread
CoP is typically easier than computing the original Krylov
complexity. For example, by utilizing the translational
invariance of the spread complexity [69], one can easily
find that the spread CoP for the initially mixed state
[Eq. (8)] with t ¼ t0 is given by sinh2½αðt − t0Þ�. As no
analytical form for the operator complexity is known from
its autocorrelation function, it demonstrates an advantage of
our proposal of CoP.
It is worth noting that the mixed state [Eq. (8)] and its

purification [Eq. (9)] can be identified as a Gibbs and
thermofield double (TFD) state of a harmonic oscillator,
respectively [70]. The time parameter t is related to the
inverse temperature β via tanh2ðαtÞ ¼ e−βðtÞΔE, where ΔE
is the energy spacing of a harmonic oscillator. In other
words, the mixed state and its purification after time t can
be rephrased as

ρðtÞ∝e−βðtÞHHO ;
��ΨρðtÞ

�
∝
X∞
n¼0

e−βðtÞEHO
n =2jnijni; ð12Þ

where HHO ¼ P
n E

HO
n jnihnj and EHO

n ¼ ðnþ 1=2ÞΔE.
We emphasize that while the mixed state is the Gibbs
state and the purification is the TFD state with respect to
HHO, the purification is not driven by HHO, but by the two-
mode squeezing Hamiltonian H. With this identification,
we correspond Eq. (9) with the mode expansion of the two-
dimensional Minkowski vacuum of a massless free field in
terms of the left (L) and right (R) Rindler basis. This picture
leads to a quasiparticle interpretation of Krylov CoPs, as
explained in the End Matter. An increase in CoPs can be
understood as a consequence of exchanging Hawking
quanta.
Finally, we highlight a relation between the spread CoP

and thermodynamic quantities. The time derivative
of the spread CoP [Eq. (11)], the “modular” energy
Emod ¼ hHHOi, and the von Neumann entropy S of
Eq. (8) at time t, i.e., thermal energy and entropy
of a harmonic oscillator at inverse temperature
βðtÞ ¼ −ðΔEÞ−1 log tanh2ðαtÞ, satisfy [71]

ĊS ≔
dCS½jΨρðtÞi�

dt
≤

α

ΔE
2Emod; ĊS ≤

α

ΔE
TS: ð13Þ

Since ΔE is the only characteristic scale, let α ∼ ΔE. Then,
the bounds become ĊS ≲ Emod, ĊS ≲ TS; the first one
saturates at late times, paralleling the Lloyd bound [55]
for holographic volume complexity [15–20,53]. We note
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that the bound is also reminiscent of the quantum speed
limit [24,31,72].
Despite the similarity of the Lloyd bound, we find that

the operator complexity and CoPs in the Krylov formalism
differ from the holographic ones based on CV or CV2.0
conjectures. To demonstrate this, let us introduce the
mutual Krylov complexity for a bipartite state ρAB as

ΔCðA∶BÞ ¼ C½ρAðtÞ� þ C½ρBðtÞ� − C½ρABðtÞ�: ð14Þ

This quantity itself has been introduced in the context of the
Nielsen and holographic complexities [47,73]. Possible
choices for the complexity measure C are the Krylov
operator complexity, the subsystem complexity (see
End Matter for its definition), and either the operator
or state CoPs. For the TFD case, we have
ΔCðL∶RÞ ¼ 2C½ρðtÞ� − C½jΨρðtÞi�. The mutual Krylov com-
plexity ΔCðL∶RÞ equals 2 sinh2ðαtÞ for the operator com-
plexity and operator CoP (C ¼ CK) in Eq. (14), and
sinh2ðαtÞ for the state complexity and state CoP
(C ¼ CS) in Eq. (14) [74]. In all cases, the operator
complexity and both state and operator CoPs show sub-
additivity, ΔCðL∶RÞ ≥ 0, in contrast to superadditivity of
holographic volume complexity [38,46,47,75,76]. As the
present calculation is based on the free field En ∝ n, further
computations in holographic conformal field theory (CFT)
are needed to confirm the discrepancy.
Summary and outlook—In summary, we introduced

mixed-state complexity within the Krylov formalism via
purification and established bounds between mixed-state
complexity and CoPs, verified in one- and two-qubit
systems and the eight-dimensional Gaussian random
ensemble. The spread complexity of time-dependent puri-
fication closely tracks the mixed-state operator complexity
while being easier to compute, and our framework also
extends to infinite-dimensional thermal states, where the
inequalities are satisfied and even saturated. We showed
that while spread complexity obeys a Lloyd-like bound,
Krylov complexities for free field theories exhibit sub-
additivity, differing from complexity ¼ volume proposals
in holography [77,78]; this contrasts with strongly coupled
systems such as double-scaled Sachdev-Ye-Kitaev
(DSSYK) model, highlighting the role of integrability,
a question we leave for future work. Although a systematic
analysis of genuinely large many-body systems is
beyond the scope of this Letter, as a first step
in this direction we are currently investigating CK½ρðtÞ�,
CS
�jΨρU�ðtÞi�, and CK

�jΨρIðtÞi� in the large-N limit of
random matrix theory, where we find analytic agreement of
the first 20 Lanczos coefficients among them, providing
preliminary evidence that our conjecture can be saturated in
a solvable large-N setting [79]. These results suggest that
our bounds may serve as practical diagnostics of wave-
function spreading and information transport in many-body
systems (e.g., Lieb-Robinson bounds) and help clarify the

link between Krylov complexity, Lloyd-type bounds, and
quantum speed limits. In particular, it is interesting to ask
whether a Lloyd-like bound can be found generically in
nonequilibrium thermodynamics in the light of the modular
Hamiltonian.
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End Matter

Definition of Krylov and spread complexity—We start
by reviewing the definitions of the Krylov complexity
for a density matrix and the spread complexity for a
pure state. For a detailed discussion, refer to Sec. I of
the Supplemental Material [59]. Let us consider a
density matrix ρðtÞ that follows the Liouville–von
Neumann equation, ρðtÞ ¼ e−iHtρð0ÞeiHt [80]. Using the
Baker-Campbell-Hausdorff formula, ρðtÞ can be written
as the sum of nested commutators of H and ρð0Þ. By
making a choice of the inner product, say, ðρ1jρ2Þ ≔
Tr
�
ρ†1ρ2

�
and using the Lanczos algorithm on the set of

operators that are the nested commutators
½H; ½H; � � � ½H; ρð0Þ� � � ���, we obtain the Krylov basis
jϕnÞ. The time-dependent density matrix ρðtÞ can be
expanded in the Krylov basis jρðtÞÞ ¼ P

n i
nφnðtÞjϕnÞ,

where the probability amplitudes φnðtÞ satisfyP jφnðtÞj2 ¼ 1. This leads to the Krylov operator
complexity CK of the operator ρðtÞ,

CKðtÞ ≔
X
n

njφnðtÞj2: ðA1Þ

Krylov complexity can, alternatively, be calculated from
the autocorrelation function GKðtÞ ¼

�
ρðtÞjρð0Þ� [25].

The spread complexity (also known as the Krylov state
complexity) is the optimal measure of complexity that
quantifies the spread of a pure state as it evolves [9].
Starting with an initial state jψð0Þi along with the
Schrödinger evolution, jψðtÞi ¼ e−iHtjψð0Þi, the Krylov
basis jKni can be built from the set of states
fHnjψð0Þi; n∈Zg by using the Lanczos algorithm, as
reviewed in Sec. I in the Supplemental Material [59].
Expanding the time-evolved state in the Krylov basis leads
to jψðtÞi ¼ P

n ψnðtÞjKni. Here, jψnðtÞj2 represents the
probability of the state being in the nth Krylov basis
element jKni at time t, with total probabilityP

n jψnðtÞj2 ¼ 1. The spread complexity CS of a pure state
jψðtÞi is defined as the average position in the Krylov space
of states

CSðtÞ ≔
X
n

njψnðtÞj2: ðA2Þ

CoPs and the choice of isometry—We do not require
minimization over purification, unlike previous proposals
of the circuit CoP; however, our definition of CoPs is
optimal under certain assumptions. For time-independent
isometry, either the Krylov or spread complexities are
unaffected by the isometry choice, as its dependence
cancels out in the autocorrelation function. For time-
dependent isometry, we can always fix the dimension of
the Hilbert space as time evolves by preparing a
sufficiently large number of ancillae. This implies the
isometry can be decomposed as VðtÞ ¼ WðtÞV0, where V0

is time independent, and WðtÞ is a time-dependent unitary.
For the CoP to approximate the original complexity well,
we need CoP to be zero when the original complexity is
zero (no time evolution), requiring WðtÞV0 ¼ W0U�

t , with
W0 an arbitrary time-independent isometry. As the upper
bound of complexity grows with dimension [81], the
smallest complexity is likely to be achieved by the
smallest purification. Setting V0 ¼ W0 ¼ I gives the time-
dependent purification [Eq. (2)]. A similar argument leads
to the instantaneous purification [Eq. (3)].

One-qubit CoPs—We here discuss the CoPs for
arbitrary one-qubit mixed states under a generic unitary
evolution and illustrate the proposed bounds. An
arbitrary one-qubit mixed state can be described as
ρ ¼ Vρ0V†, where ρ0 ¼ diagðp1; p2Þ with 0 < p1 ¼
1 − p2 < 1 and V is an arbitrary one-qubit unitary
parametrized as

V ¼
	

cos θ=2 −eiλ sin θ=2
e−iϕ sin θ=2 eiðλ−ϕÞ cos θ=2



: ðC1Þ

In the energy eigenbasis, any Hamiltonian is given by
H ¼ diagðE1; E2Þ. Following the moment method as
employed in [23], we find CI

K; CK; CU�
S are expressed by a

common function C½μ� ¼ μ
�
sin2τ þ 8ð1 − μÞsin4ðτ=2Þ� as

CI
K ¼ C½μI�; CK ¼ C½μ��; CU�

S ¼ C½μU� � ðC2Þ
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with μI ≡ f½1 − ðΔpÞ2cos2θ�=2g, μ� ≡ fðΔpÞ2sin2θ=½1þ
ðΔpÞ2�g, μU

� ≡ ½ðΔ ffiffiffiffi
p

p Þ2sin2θ=2� in terms of Δp ¼
p1 − p2 and Δ ffiffiffiffi

p
p ¼ ffiffiffiffiffi

p1

p − ffiffiffiffiffi
p2

p
. Using these analytical

expressions, we confirm our conjecture [Eq. (4)] for
arbitrary one-qubit mixed states and evolution. We also
confirm that CK ≥ 2CS for the CoPs and the ratio
CS
���ΨU�

ρ ðtÞ��=CK½ρðtÞ� is approximately constant
compared to its mean value over time, which depends on
the purity of ρ. It is worth noting that CI

K has a vanishing
purity dependence when θ ¼ π=2, which means the basis
of the time evolution is orthogonal to the diagonalizing
basis for the initial state. This is unlike CK or CU�

S , whose
purity dependence vanishes only when there is no time
evolution (θ ¼ 0; π). For further details, see Sec. II of the
Supplemental Material [59].

The inequality between Krylov and spread complexity
of pure one-qubit states—To further support the
conjecture CK ≥ 2CS, let us consider a pure one-qubit
state undergoing an arbitrary unitary evolution. As
discussed in [23], the Krylov operator complexity of a
pure qubit ρ ¼ jψihψ j such that

jψi ¼ cos θjE1i þ sin θeiϕjE2i; ðD1Þ

under an arbitrary time evolution generated by the
Hamiltonian H ¼ E1jE1ihE1j þ E2jE2ihE2j, is given by

CK
�jψðtÞi� ¼ 1

2
sin2ð2θÞ

h
sin2τ þ 2

�
3þ cosð4θÞ�sin4 τ

2

i
;

ðD2Þ

where we defined a dimensionless time parameter
τ ¼ ΔEt.
The spread state complexity of ρ is given by

CS
�jψðtÞi� ¼ sin2ð2θÞsin2 τ

2
: ðD3Þ

Its ratio is calculated as

CK
�jψðtÞi�

2CS
�jψðtÞi� ¼ 1þ cos2ð2θÞsin2 τ

2
≥ 1: ðD4Þ

This confirms the inequality CK ≥ 2CS for an arbitrary one-
qubit pure state under an arbitrary unitary evolution.

Quasiparticle interpretation Krylov and spread
complexity of TFD evolution—Based on the identification
between the TMSV and the TFD state [Eq. (12)], let us
give a quasiparticle interpretation to Eq. (11). The
complexity of the vacuum state CS½jΨρðtÞi� grows by
exchanging the Rindler particles between two Rindler
wedges. Then, the growth rate [Eq. (11)] is naturally
given by the average number of the exchanged quasi-
particles. The same argument applies for a perturbation
falling into a black hole [82]. By exchanging one
Hawking quantum between the exterior and its interior
partner, the state thermalizes, and the spread complexity
increases by one. The quasiparticle picture also explains
the factor 2 of CK½ρðtÞ� in Eq. (10). Since the original
mixed state sees only one Rindler wedge, both the
absorption and emission happen simultaneously. This
increases the complexity by two per unit of time.

Subsystem spread complexity—Following [34], we
can define another complexity for the subsystem than
CoPs. Provided the subsystem spread operator given
by KL ¼ TrR

P
n njnLnRihnLnRj ¼

P
n njnihnjL, the

subsystem spread complexity for L is given by

CLS ½ρðtÞ� ¼ Tr
�
KLρLðtÞ

�
: ðF1Þ

For the infinite-dimensional diagonal state [Eq. (8)], it
equals sinh2ðαtÞ. The equality with the spread CoP is
explained in the quasiparticle picture as follows. Because
the spread operator is defined in only one subsystem,
the effect of the incoming quanta is excluded, and the
subsystem complexity grows by the outgoing quanta.
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