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Unraveling Superradiance: Entanglement and Mutual Information in Collective Decay
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We study the collective decay of an initially inverted ensemble of two-level emitters in two distinct
scenarios: when coupled to a squeezed photonic reservoir and when interacting with a one-dimensional
waveguide. Using a quantum-state diffusion approach to unravel the emission process, we investigate
entanglement and classical correlations along individual quantum trajectories over time. This numerical
analysis shows that despite an initial buildup of entanglement and a significant amount of entanglement due
to either spin squeezing or dark states at late times, the essential features of the superradiant burst are well
described by averages over fully factorizable states. We explain this observation in terms of an almost
complete factorization of all 2-local observables, which we identify as a generic property of superradiant
decay. Based on this insight, we provide a purely classical theory for the burst in squeezed superradiance,
which is both intuitive and exact for a large number of emitters. Moreover, we find that our numerical
approach also performs well in the presence of subradiant states, which dominate the slow residual decay of

nonuniform ensembles at late times.

DOI: 10.1103/gbfk-zrzc

Superradiance is a prototypical example that shows how
the buildup of environment-induced correlations can dras-
tically accelerate the decay of a large ensemble of two-level
emitters [1,2]. Interestingly, this phenomenon can be
explained either in terms of transitions between highly
entangled Dicke states [1], or as a dissipative evolution of a
mixture of spin coherent states [3]. While the former
interpretation suggests that quantum entanglement plays
an important role in superradiance, in the latter description,
the emission burst can be described classically, but seeded
by initial quantum fluctuations. In conventional Dicke
superradiance, where the underlying permutation sym-
metry permits precise analytic predictions [2—13], both
descriptions lead to the same result [3]. However, in more
general situations without permutation symmetry, the sit-
uation is much less clear, and the question whether
entanglement is necessary to describe the physical process
gains immediate relevance, because numerical simulations
are much more efficient in the absence of entanglement.
This becomes particularly important for the study of
subradiant states [14-35], which determine the longtime
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residual decay of nonuniform ensembles, and are expected
to be highly entangled.

In this Letter, we study this question in two scenarios
beyond Dicke superradiance. First, we address the decay of
a permutation-invariant ensemble of two-level systems
(TLSs) into a squeezed reservoir, and second, we consider
an array of TLSs with spatially varying couplings to a one-
dimensional (1D) reservoir. In the former scenario, it is
well-known that the emitters relax into a steady state with a
large degree of spin squeezing [36—42], which provides a
direct witness for entanglement [43]. Thus the natural
question arises of how these quantum correlations emerge
during the decay process and how they affect the super-
radiant burst. To address this question, here we use a
quantum state diffusion (QSD) approach [44,45] to unravel
the evolution of the mixed state of the system in terms of
individual quantum trajectories [44-48]. Along each sto-
chastic trajectory, the system is in a pure state and can be
represented as matrix product state (MPS) [49,50], with an
adjustable degree of entanglement. While from these
simulations we observe a superradiant growth of entangle-
ment already in the initial phases, these quantum correla-
tions do not affect the central features of superradiance,
which are accurately reproduced by averages over fully
factorized states. As an immediate consequence, this
finding allows us to derive an intuitive analytic model,
which accurately predicts all the features of the emission
burst for squeezed superradiance.
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In the second scenario, of a 1D array of TLSs with
spatially varying couplings, it is known that the system
occupies entangled dark states at late times after the super-
radiant burst. However, also in this case we find that the
factorized state accurately reproduces the exact decay,
including the late-time dynamics dominated by subradiant
states. We explain this agreement by the suppression the
total mutual information between any two TLSs along each
trajectory. Therefore, while significant entanglement can be
generated during both superradiant and subradiant decay,
our results show that many relevant observables can be
computed without taking such quantum correlations into
account. This observation suggests that QSD simulations
with factorizable states are already sufficient to model
collective radiation processes in large ensembles with spatial
varying couplings and in the presence of squeezing—
scenarios that have been out of reach of efficient numerical
simulations so far.

Squeezed superradiance—The collective radiative decay
of N TLSs into a homogeneous, squeezed reservoir can be
modeled by a master equation of the form [36,37]

2P = 1DIS = igS,Jp. (1)
where p is the system density operator and y the decay rate
of a single TLS. In Eq. (1) we have defined D[J]p =
JpJ" —3{p.JJ} and introduced the collective spin oper-
ators S, = N - 6"’/ 2 with ¢} denoting the usual Pauli
operators. The parameter { € [O 1] quantifies the degree of
squeezing, where for the chosen parametrization [42,51]
we recover the case of conventional Dicke superradiance
when { = 1, while { = 0 corresponds to the extreme limit
of an infinitely squeezed reservoir. For intermediate 0 <
{ <1 and {N > 1, the steady state of Eq. (1) is a spin-
squeezed state [36-42] with spin-squeezing parameter
51% ~ {. Note that a value of §2R < 1 certifies that the state
is entangled [43]. In the following, we are primarily
interested in the decay dynamics into this state, starting
from all TLSs initially excited, |y) = [1)®V.

Quantum trajectories—While Eq. (1) is permutation
invariant and can be solved numerically for rather large
N, here we proceed with a QSD unraveling [44,45,52-54]
of this master equation, which describes the system’s
dynamics under homodyne measurement [55]. In this
approach, the evolution of the density operator p is
calculated from an average over pure states |y), each
of which evolves according to a nonlinear stochastic
Schrodinger equation of the form

dly) = =5 (70 + () () = 200)" D)) dt
— ()lw)dW - iHly)d. 2)

Here dW is a complex Wiener increment and in our current
example J = ,/7(S, —i{S,) and H = 0. A generalization

1
2
+(

(®) Y oS @9>eS, e
o ol T2 1 .,

0.5
(b) —
8 — (=05
Z _
= p — (=02
Y 4
2
_0'50 0.2 04 0.6 0.8 1.0 1.‘2 0 0.1 02 03 04
vt ¢yt
FIG. 1. (a) Schematic of an ensemble of two-level dipoles

emitting collectively into a squeezed reservoir. Time evolution of
(b) the magnetization (S.)/N, and (c) the average decay rate
R /N, as obtained from QSD simulations with N = 50 TLSs and
a bond dimension of d = 10. For comparison, the results with
d =1 are shown by the dashed lines For these plots, we used a
step size of 5t =2 x 107 (y¢)~! and averaged over N, = 10°
trajectories.

with multiple jump operators and a nonvanishing
Hamiltonian is discussed below. Along each trajectory,
we represent the state |y) as a MPS [49,50] with bond
dimension d. This representation becomes particularly
efficient when entanglement is low and it allows us to
extend our simulations to rather large numbers of TLSs.
From a sufficiently large set of quantum trajectories that are
simulated in this way, {|w,)|s =1,..., Ny}, expectation
values of observables can be computed as (0) =~
S (| Olw,)/N,. Note that unlike uncontrolled approxi-
mation methods, here numerically exact results can be
approached by systematically increasing the bond dimen-
sion d and the number of trajectories Ni,.

Entanglement and mutual information—In Fig. 1, we use
the QSD method to evaluate the evolution of the average
magnetization, <Sz> /N, and the instantaneous emission
rate, R(t) = —4(S.), for different squeezing strengths.
We see that independent of the squeezing strength, the
decay is collectively accelerated and a characteristic super-
radiant peak develops as correlations between the TLSs
build up. More squeezing, however, leads to a smaller
maximal rate R*, and the emission also peaks at a later time
t*. Surprisingly, even for { < 1, the evolution of (S,) and R
is already accurately reproduced for a bond dimension of
d = 1, which corresponds to a mean-field (MF) factoriza-
tion of each trajectory. This seems contradictory to the fact
that the spins eventually decay into an entangled, spin-
squeezed state.

To obtain additional insights in the role of quantum and
classical correlations during superradiant decay, we compute
the average entanglement entropy Syz = > Sun(Ps.a)/Nie
for a given bipartition AA of the ensemble. Here Sy (05 4) =
—Tr{ps alog;(ps.a)} is the von Neumann entropy and p, o =
Tra{|w,) (w,|} is the reduced density matrix of subsystem A
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FIG.2. Summary of the results obtained from QSD simulations
for N = 50 and different squeezing parameters ¢. (a) Plot of the
average entanglement entropy Sy /2 for increasing bond dimen-
sion d = 2, 5, 8,10. For all { > 0.2 the simulations converge for
d > 10. (b) Plot of the average mutual information between a pair
of TLSs, I,, for d = 10. (c) Evolution of the mutual information
I, between a pair of TLSs without unraveling. (d) Dependence
of the average entanglement Sy /> and average mutual information
I, at the peak time ¢* on the number of TLSs, N. In (a)—(c) the
vertical dotted lines indicate #* and the vertical dashed lines
the time beyond which & < 1. For all simulations we used
N, = 103 trajectories and a step size of 7 =2 x 107 (y¢)~'.

for a given quantum trajectory |y,). Note that S,x
differs from the usual entropy evaluated from the full
state of the system affer averaging over trajectories,
p=> |w)(w,|/Ny. It quantifies, however, more accu-
rately the typical amount of entanglement that is present in
each trajectory, as relevant for numerical simulations. In
Fig. 2(a) we plot Sy /2 for a balanced bipartitioning of the
system. We see that the average entanglement increases
rapidly during the build-up of the superradiant burst, and
reaches a maximum roughly at the time of the peak,
t*~1/({yN). For ¢ < 1, the average entanglement then
remains approximately the same from this time on. For
conventional superradiance with { = 1, a small amount of
entanglement is present only in the vicinity of the peak.
We emphasize that the average entanglement is only an
upper bound for the entanglement of formation Sg and that
a nonvanishing value of §N/2 does not necessarily imply
that the state p is entangled. However, we can also evaluate
the spin squeezing parameter &5 and use it as an indepen-
dent entanglement witness. In Fig. 2, the time after which
the systems reaches a state with & < 1 (see also End
Matter) is marked by the dashed vertical lines. Beyond this
line, we obtain nonvanishing values for both Sy /2 and Sg.
Although there is no one-to-one correspondence, this
observation suggests that S can serve as qualitative estimate

of the amount of entanglement in superradiance and that it
is not just an artifact of our chosen unraveling.

Another insightful quantity is the average mutual infor-
mation, which for two subsystems A and B is defined as
jAB = ZS[SVN(pS.A) + SVN(pS,B) - SVN(pS,AB)]/NTI‘ Here
again, the states p x denote the respective reduced density
operators derived from a single trajectory, p, = |w){w,|.
This quantity can be compared to the mutual information
for the trajectory-averaged density operator p, Iag =
Sy (pa) + Sin(ps) — Sin(pag). In Figs. 2(b) and 2(c)
we plot the evolution of both quantities for the case
where subsystems A and B represent a single TLS each.
Interestingly, the mutual information of two spins in the
trajectories 1 o is more than an order of magnitude smaller
than the mutual information in the overall mixed state /5.
The difference is that I, additionally captures classical
correlations within the full ensemble of trajectories, which
follow the trend of the emission rate. We conclude that,
while entanglement is clearly present in the trajectories for
squeezed superradiance, it does not significantly influence
the features of the superradiant burst, which instead arises
primarily from emerging classical correlations between the
radiating dipoles.

In Fig. 2(d), we repeat these simulations for different
system sizes and evaluate the resulting average entangle-
ment and average mutual information at the peak emission
time ¢*. From this plot, we find that the peak of the average
entanglement Sy > follows an area law, and remains
approximately constant despite the underlying all-to-all
interactions. More relevant, the average mutual information
between two TLSs decreases monotonically as N increases.
This means that in the relevant limit of large N, the state of
any two TLSs factorizes and, after unraveling using QSD,
we can write the 2-local reduced density matrices as

1 1
Pip = N DPsir By D P ® P (3)
Ntr s Ntr S

Note that this statement goes beyond the quantum de
Finetti theorem [56,57], which states that for large
systems, permutation-invariant states have separable local
reduced density matrices. Here, after unraveling, the
trajectories are under a stronger condition—their local
reduced density matrices, such as p;,, are not just
separable but product states and therefore also classically
uncorrelated. This fact explains why 2-local operators,
such as the decay rate with R = (y/4) il +
o5 + 20+ (r/4) X2; 1z ¢ (c}6] + o}0)), can be accu-
rately reproduced by fully factorized quantum trajectories
with d = 1. This does not contradict the existence of spin-
squeezing during and after decay, which is determined by
non-extensive corrections of the spin variances caused by
residual corrections to Eq. (3) (see End Matter).
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An analytic theory for squeezed superradiance—Based
on these numerical findings, we conclude that super-
radiance can be accurately modeled in terms of ensembles
of fully factorized states. Thus, taking also permutation
symmetry into account, we can make the ansatz |y (7)), =
[1;10(2).¢(1)); for each trajectory, where [0,¢) =
cos(6/2)|1) + €' sin(6/2)|0). By plugging this ansatz into
Eq. (2) we can derive equivalent stochastic equations for
the polar and azimuthal angles 0 and ¢. These equations are
summarized in End Matter and, after addition approxima-
tions valid in the limit {N > 1, we obtain the stochastic
differential equation

dO ~ —0,V(0)dt + \/gdU(r), (4)

which in this limit is also decoupled from the evolution of
¢. In Eq. (4) we have introduced the effective potential

V(@)ngNcose—g(l+C)2ln9—£(1—C)zln(ﬂ—ﬁ), (5)

and dU(t) ~ (14 )dWy(r) for 0~ 0, and dU (1) ~ (1 —
£)dWy(t) for 0 ~ &, where dW, is a real-valued Wiener
increment.

From Eq. (4) and the characteristic shape of V() depicted
in Fig. 3(a), we see that the superradiant decay occurs in
three stages. For very small @, the initial dynamics is
described by a Bessel process, df ~ [y/4](¢ + 1)*[1/0]dt +

\/(7/2)dWy, which, starting from 6 = 0, produces the
distribution
92
| ©

20
ﬂﬁ“*yu+@aﬁ@fy@+@at

after a short time Ar. After a time of about At ~2/(zy{N),
the collective term ~N in Eq. (5) starts to dominate and the
system undergoes an approximately deterministic evolution
with

df ~= (N — 1) sinfdz. (7)

N[

It is important to note that this collective dynamics is
independent of ¢ in spite of the squeezing, and thus leads
to the same accelerated decay in all directions. This is in
contrast to the single-particle case, where the correlations in
the reservoir due to squeezing result in highly asymmetric
decay rates [58].

In the last stage, the evolution of @ is stopped at a sharp
wall at 8 = #. The diffusion terms become relevant again
and give rise to an average value of (0) # rast — o, i.e.,a
nonvanishing residual excitation of the TLSs for { < 1. In
the limit of large N, all three stages of this evolution can be
evaluated analytically and we present the results in the End
Matter. This allows us to make accurate predictions for the
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FIG. 3. (a) Sketch of the effective potential V(6) for describing
time evolution of @, and (b) illustration of example trajectories for
0(t) and ¢(r) on a Bloch sphere. For both plots, N = 100 and
¢ = 0.5 have been used. The plots in (c) and (d) show the
dependence of the maximal rate R*/N?, the peak-magnetization,
s%, and the time of the peak, y#*N/In(N), as a function of {. The
results indicated by symbols have been obtained from exact
simulations of Eq. (1) for increasing N using QUTIP [59]. The
dashed lines represent the theoretical predictions in Egs. (8)
and (9). The numerical data converges to our theoretical pre-
dictions as {N increases.

scaling of the superradiant peaks. Specifically, we obtain
the maximal rate

R* =~ 0.195707 x {yN? (8)
and the emission time

._1lnN
=N + O(1/N), )

and we also show that the average magnetization at the
emission peak, s¥ = 2(S,)/N ~ 0.064, is independent of
the squeezing strength. For { = 1, we recover the known
scaling relations for conventional Dicke superradiance
[2,7-9,12]. To verify the validity of these predictions
together with the underlying assumption of purely classical
trajectories, we compare them in Figs. 3(c) and 3(d) with
results obtained from exact simulations of Eq. (1). We see
that the numerical results converge to our analytic pre-
dictions as the parameter {N increases.

Super- and subradiance—In a second example, going
beyond the restrictive case of a permutation-invariant
ensemble, we study an array of TLSs located at positions
z; along a 1D waveguide. This scenario can be modeled by
the master equation (see, for example, [60-63])

d

p= —i[H,p] + DlJRlp + D[/, )p. (10)
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FIG. 4. Results from a numerical QSD simulation of the decay
of an ensemble of N = 50 TLSs with spacing kyz; = 0.2zj. The
plots show (a) the time evolution of R/N and (b) the time
evolution of average entanglement S n/2 and the average mutual
information 7 ;j With j = N/2 and j' = N/2 + 1. Data for other
pairs are shown in End Matter. The vertical solid line marks the
time of the superradiant peak, and the pink shaded region
indicates the regime, where the decay dynamics is dominated
by subradiant states. The parameters for all simulations are
Ny = 10% and 6t =2 x 107 /y.

where Jr/ = \/(r/2) 3, eT* %07 are two jump opera-
tors for emission into right- and left-propagating modes
with resonant wave vector k. In Eq. (10) the Hamiltonian
H = (7/2) 32, 12 sin(ko|z; = z)] )0} o7 accounts for coher-
ent photon-mediated interactions. Note that in the absence
of any symmetries, exact simulations of Eq. (10) are
essentially impossible for large N.

Generalizing the QSD approach to this setting [51], we
simulate the collective decay of N =50 TLSs into the
waveguide, shown in Fig. 4. For these simulations we
consider an equally spaced array with position kyz; =
0.2z that are incommensurate with the wavelength of the
emitted light. Note that in this case, there are many
collective subradiant states with strongly suppressed emis-
sion rates (see, for example, [16-22]), which can be
populated during the decay process and thus determine
the slow decay of the ensemble at long times. Indeed, from
our simulations we see that after the superradiant peak, R
has a long tail, which is a clear signature of subradiance.
This becomes more evident in the average entanglement
Sy /2, which is small around the superradiant peak but goes
to a finite value in the subradiant regime, consistent with
the appearance of entangled subradiant states. However,
again, we see that for 2-local observables such as R,
product states (d = 1) approximate both the super- and
subradiant regime well. For nonlocal quantities such as
Sy /2, a bond dimension d~ 10 is required to reach
convergence. Like in squeezed superradiance, the average
mutual information 7 ;.7 stays very small (<0.05) even in
the subradiant regime. Therefore, the structure in Eq. (3) is
still valid in our unraveling, which makes the semiclassical
theory (d = 1) accurate for computing local observables.

Conclusion and outlook—In summary, we have shown
that with a QSD unraveling, local observables in both
super- and subradiant decay processes can be accurately

computed using a mean-field approximation for each
trajectory, even if a considerable amount of entanglement
is generated in this process. The key is that the average
mutual information 7 between any pair of TLSs vanishes in
the large-N limit. Based on these insights, we provide a
semiclassical theory for squeezed superradiance, which is
exact for large N and provides intuitive understanding. For
more general settings, this provides a deeper theoretical
justification for the use of semiclassical methods such as the
discrete truncated Wigner approximation [64,65] or cumu-
lant expansions [32] for simulating superradiance. Note,
however, that by using an MPS representation, our QSD
approach can systematically extend and benchmark such
approximation schemes by increasing the bond dimension.

More generally, entanglement can be a measure of
computational complexity for simulating quantum systems
on a classical computer. Since unraveling open system
dynamics can drastically change the amount of observed
entanglement [66—71]), finding a suitable unraveling can
sometimes greatly reduce computational complexity. The
success of our numerical approach based on quantum state
diffusion and matrix-product state suggests that it may also
find applications in the simulation of other open quantum
many-body systems.

Note added—During the completion of our Letter, two
related articles show the absence of entanglement in
conventional Dicke superradiance, i.e., in the permuta-
tion-invariant setting and without squeezing [72,73].
Ref. [72] presents a mathematical proof that there is no
entanglement in conventional Dicke superradiance, and
Ref. [73] introduces a numerical unraveling scheme that is
different from ours.
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End Matter

Derivation of the analytical theory for squeezed
superradiance—Since our numerical results suggest that
a mean-field (MF) theory is sufficient to describe local
observables in this unraveling, here we analyze Eq. (2)
with the ansatz that ), are product states. We can then
derive MF equations of motion (EOM) for the spin
variables. For an operator O, and when generalized to
multiple decay channels with jump operators J;, Eq. (2)

d(0) = i([H. 0)dt + Y (J;0J; —%{O,J,ijk}mt
k

+dW,({0J) = (0)(Jp)) + c.c. (A1)
In the permutation-invariant scenario with a single jump

operator, (%) is independent of j and we denote it as

5% Then, using the MF approximation <676f,> ~

gives <o§’>(a€,) = 5%/ for j # j, the EOM can be written as
|

ds* = —gg“zs"dt —|—%C(N — 1)s*s*dt + \/g(ijsz + 1 —s's")dW, + \/%gsxsydwb,
ds’ = —gsydt + gC(N —1)s%s¥dt — \/g(sZ +¢—¢s7s7)dW, — \/gsxsydWa,
a5 = =L@+ 05+ 2lar=Le =065 +99) — e+ a1 Lo avaw,

where dW, and dW, are two real-valued Wiener increments. We can see that there are linear terms that describe the
decay of single spins, and that there are nonlinear terms that describe spin-spin interactions, which are proportional to
(N —1). A value of ¢ < 1 affects the linear terms for s* but not for s”, such that s* decays slower. However, the
nonlinear term « {(N — 1), which describes the collective decay, is the same for s* and s*. For the waveguide setting

with arbitrary positions, the corresponding mean-field equations are summarized in [51].
Since the trajectories are pure, the spin length is conserved and thus the spin variables live on the Bloch sphere [see Fig. 3
(b)]. Then, by parameterizing s* = sin@sin ¢, s* = sinfcos ¢, and s° = cos €, we obtain the EOM for € and ¢,

y 1
2sin @

4

df =

2

dgp =

" 2sin%0

y 1. vy 1
\/;sinesm $(1 + L cosB)dW, \/;Singcos d(& + cosO)dW,,.

Numerical simulations of these EOM are equivalent to our
MPS simulations with d = 1. However, in this parametri-
zation, we can get an analytical understanding in the limit
¢{N > 1, which is always satisfied for large enough N.

For our fully inverted initial state we have 6(0) = 0, and
0(t) remains small for short enough times. By expanding
Eq. (A3) for small 8, we obtain

do~~ (N — 1)§9dr+£(c + l)zédt+ \/g(l +$)dWy,

N R

(A4)

0
2.1 0+ 2, _Zﬂ
(&% + 1) cos & +2]dr -7 — —

[cos?p (¢ + cos 0)% + sin?¢(1 + £ cos 0)?]dt
+ = (N = 1)¢sin6dr + \/gcos ¢(C + cos@)dW, — \/gsinqﬁ(l + {cos0)dW,,

cos ¢ sin p[(1 + ¢ cos 0)* — (£ + cos 0)?]dt

where dW, = cos pdW , — sin pdW,,. Note that after this
expansion, dependence on ¢ is completely absorbed into
the noise process. During the initial stage, where
0 < ({+1)/v/2N¢, we can further ignore the first term
and approximate

4 2! /4
d9~4(c: +1) i+ \Adwe. (AS5)

In terms of the rescaled variable 8/[\/y/2( + 1)], this is a
Bessel process [76] of dimension 2 starting from O, i.e.,
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BES3, whose solution is known. The distribution of @ after
a evolution time At is given by Eq. (6) in the main text.
Since for this distribution the expectation value of 8 is
E[0] =% (¢ +1)/myAt, we require the condition Ar <
2/(my¢{N) to keep the first term of (A4) negligible.

After this initial stochastic evolution, we reach a value 6,
that makes the collective term dominate, such that

d6 ~ L (N = 1)¢ sin 0dt (A6)

[NSNR

during the successive evolution. This evolution is deter-
ministic and given by simple MF theory since fluctuations
are negligible. With initial condition 6, its solution is
given by sinf/(1+ cos@) =exp[(N — 1)y{t/2]sin6,/
(1 + cos6y). By assuming that 6, < 1, we obtain

1—eN-1ergZ /4

cos (1) =~ 15 g g

(A7)

Here, we further assume that the continuous transition from
the initial Bessel process in Eq. (A4) to the deterministic
dynamics in Eq. (A6) can be approximated by a two-stage
process. This means that we average the initial value of 6,
using the initial distribution in Eq. (6).

In polar coordinates, the decay rate

R = gN[<¢2 + 1)E[cos 0] + 2¢]

14

+ 7NN ~ 1E[sin’0] (A8)

is dominated by the second term for large N. Then, by
computing E[sin? §] and finding the time when it reaches a
maximum, we obtain the value for the superradiant time #*,

1 .
27(EF 1)2Ate™N=14r" »1.390537. (A9)
With this result, we find
R* ~ £N2§E[sin29] ~0.195707 x (yN2,  (A10)

which is independent of the precise value of Atr and
recovers the scaling in Dicke superradiance with { =1
[2,7-9,12]. We see that the decay rate is simply suppressed
with the squeezing parameter { in squeezed superradiance.
Similarly the average population at * is given by

st = (0%) = E[cos 0] ~ 0.064, (A11)
which, interestingly, does not depend on squeezing. For the
time ¢*, Eq. (A9) gives

(a) 6
5 waveguide
ap
3
Al
2
1
0
(c)
0.05
i
0 0
0.2 04 0.6 08 1.0 0.2 04 0.6 08 1.0
vt vt
FIG. 5. Additional data. (a) Time evolution of the inverse

squeezing parameter, 1/£%, for squeezed Dicke superradiance
and for TLSs coupled to a 1D waveguide. (b) Plot of the total
magnetization (S,)/N for the waveguide setup. The dashed line
represents the results obtained from MF trajectories. Time
evolution of (c) 7_,-,_,-/ and (d) /;; for different pairs of TLSs
for the waveguide setup. In all plots, N =50 TLSs and the
vertical dotted line marks the position of the maximal decay rate.
Other parameters are as in Figs. 1 and 4.

1InN
rt* =—-——+ O(1/N),

EN (A12)

which also recovers the (1/N)In(N) scaling in Dicke
superradiance with { = 1. Note that here we cannot obtain
an expression for the O(1/N) term, because it depends on
At ~ 1/N, which is not precisely defined in our two-stage
approximation.

For dynamics after the superradiant burst, we can expand
the EOM around 6 = z. With ® = 7 — 0 we obtain a radial
Ornstein—Uhlenbeck process [77],

__Z _ Z _ 2@ _ Z !
d®=—5(N=1){0dt+7(1-0)* 5+ (1 g)\[zdwg,

(A13)

where dWj, = cos pdW, + sin pdW,,. Note that for { < 1
the noise term does not vanish anymore, which leads to a
finite steady state population (2(S,) + N) ~ (1 —£)*/(20).

In summary, from the three stages of the dynamics given
by Egs. (A4), (A6), and (Al13), we can describe the
deterministic evolution of € with an effective potential
V() as shown in Eq. (5). This leads to a very intuitive
understanding of superradiance—6 flows from 0 to 7 with a
maximum speed proportional to y¢N [see Fig. 3(a)], which
translates into the N? scaling of the total decay rate [51]. By
showing that the MF theory becomes exact for large N, we
further validate the conclusion that the correlations between
a pair of spins are fully unraveled with QSD as shown
in Eq. (3).
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Spin  squeezing parameter—The Wineland spin
squeezing parameter &5 is defined as [78]
min(AS )?
g =N—n"", (B1)
: (S3)°

where s is the direction of average angular momentum,
and min(AS,)? is the minimum of angular momentum
variance along directions perpendicular to s. Notice that,
due to the perforator N, we cannot use the approximation
in Eq. (3) to compute &. This is because, although
corrections to the approximation in Eq. (3) vanish as
N — oo, these corrections when multiplied by N can
converge to a nonzero value.

Additional data—In Fig. 5(a) we compare the squeezing
parameter & for squeezed superradiance with that of the

waveguide setup. This parameter witnesses the steady-state
entanglement for ¢ < 1. However, we find that & > 1 in
the waveguide case, despite a large average entanglement
that suggests that the subradiant states are entangled.
Therefore, other entanglement witnesses must be
employed to investigate this aspect further. In Fig. 5(b), we
compare the decay of the magnetization (S.)/N computed
with MF theory with MPS simulations with d = 10. This
comparison again confirms that MF trajectories work well
for local observables. Finally, in Figs. 5(c) and 5(d), we
plot the average mutual information 7_,-,]-/ and the actual
mutual information /; ; for different sets of qubit pairs.
This plot demonstrates that also in the waveguide setup,
the average mutual information is vanishingly small in this
system across all pairs. Notice that TLSs with phase
difference nz(n € Z) have larger correlations.
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