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Dynamical control of quantum matter is a challenging, yet promising direction for probing strongly
correlated states. Motivated by recent experiments in twisted MoTe, that demonstrated optical control of
magnetization, we propose a protocol for probing magnetization dynamics in flat-band ferromagnets. We

investigate the nucleation and dynamical growth of magnetic bubbles prepared on top of a false vaccum in

both itinerant ferromagnets and spin-polarized Chern insulators. For ferromagnetic metals, we emphasize

the crucial role of a nontrivial quantum geometry in the magnetization dynamics, which in turn also

provides a probe for the quantum metric. Furthermore, for quantum Hall ferromagnets, we show how
properties of chiral edge modes localized at domain-wall boundaries can be dynamically accessed. Our
Letter demonstrates the potential for nonequilibrium protocols to control and probe strongly correlated
phases, with particular relevance for twisted MoTe, and graphene-based flat-band ferromagnets.

DOI: 10.1103/q7ss-pveq

Introduction—Spontaneous time reversal symmetry
breaking and the emergence of ferromagnetism driven
by strong electronic correlations dates back to early work
by Stoner [1,2]. Yet, two-dimensional Stoner ferromagnet-
ism has only recently been experimentally observed in van
der Waals heterostructures [3—15]. In these systems,
approximately flat electronic bands enhance electronic
correlations, favoring spontaneous spin polarization and
stabilizing various correlated phases, such as quantum
anomalous Hall states [16—24]. This experimental progress
has also renewed theoretical interest in the nature of Stoner
transitions and itinerant ferromagnetism in two dimensions
[25-31]. Despite these advances, understanding various
static and dynamical aspects of Stoner ferromagnetism
remains largely an open question.

In this Letter, we propose 2D quantum materials as a
promising platform for exploring nonequilibrium dynamics
in the presence of strong underlying electronic correlations.
Building on recent experiments in twisted MoTe, [32-34],
we establish a protocol for observing magnetization
dynamics in flat-band ferromagnets. Concretely, we con-
sider an Ising magnet in a given polarization that is
energetically slightly disfavored by a weak magnetic field,
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thereby realizing a metastable false vacuum. Creating
magnetic bubbles in the true vacuum initializes a non-
equilibrium magnetization dynamics that can be interpreted
as false vacuum decay [35], which we show to sensitively
depend on the underlying electronic state. Our theory
applies to the dynamics of magnetic domains in itinerant
magnets as well as that of gapped quantum Hall magnets.
This not only enables studying nucleation dynamics in
quantum materials [36-38] but also highlights how sig-
natures of the underlying correlated states can be extracted
from such dynamics [39].

Phenomenology of bubble dynamics—Motivated by the
optical control over ferromagnetism in twisted MoTe,
established in [32-34], we propose the following protocol
to investigate real-time dynamics in a two-dimensional
Ising ferromagnet [see Figs. 1(a) and 1(b)]. First, apply a
weak magnetic field B, to fix a polarization of the sample.
Since we are working within the ferromagnetic phase, the
polarization persists even after the magnetic field is turned
off. Next, return to zero magnetic field and optically flip the
magnetization in a finite region of the sample, thus creating
a bubble of radius R with opposite magnetization and Berry
curvature. When no external field is applied, both polar-
izations are degenerate in energy, and domains will undergo
coarsening dynamics. However, this degeneracy can be
explicitly broken by applying an external magnetic field B,
in the opposite direction to the initial polarization. Let us
consider the difference in free-energy density between the
two polarizations Af ~ B, so that the 1 polarization is
metastable and in a so-called false vacuum state [see
Fig. 1(c)]. Whether or not the magnetic bubble in the true
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Bubbles, domain walls, and false vacuum decay. (a) Itinerant Ising magnetism in two-dimensional topological bands. Strong

correlations drive the Z, symmetric metal (left) into a spin-polarized ferromagnetic phase (right), which allows the system to minimize
its exchange energy via the Stoner mechanism. Depending on the filling, both quantum Hall ferromagnets and itinerant magnets can be
stabilized. (b) In materials such as twisted MoTe, bilayers, the magnetization can be optically controlled by impinging the sample with
circularly polarized light. (c) An external bias magnetic field B, prepares the system in a metastable false vacuum. We find that the
growth dynamics of a bubble in the true vacuum, which can be characterized optically by measuring magnetization outside the original

bubble, depend strongly on the underlying electronic state.

vacuum will dynamically grow is then determined by a
competition between a gain in bulk energy A f at the cost of
an increase in surface energy, determined by the surface
tension o between magnetic domain walls.

From this energy balance, we deduce a typical critical
radius of

- o
c Af’

above which the bubble will grow, and below which it will
shrink. By performing dynamical experiments, the domain-
wall surface tension is obtained from determining R,.. The
critical radius R, in turn can be extracted from the early
time magnetization dynamics by changing the optical spot
size at fixed B, or by keeping the spot size fixed and tuning
Af magnetically. Crucially, the surface tension is an
intricate function of the underlying system parameters
and unveils properties of the quantum geometry and chiral
edge states, as we will show below.

We consider a phenomenological treatment of generic
Ising magnets, whose Landau-Ginzburg free energy is
given by

(1)

A
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where m = ny —n is the magnetization, p, is the spin
stiffness, and r and 4 are the mass and self-interaction terms,
respectively. In the long-time limit, the order-parameter
dynamics are damped and relax with an equilibration rate
I'. Experimentally, this rate arises from intrinsic many-body
interactions, disorder, as well as from external baths, such as
phonons or the coupling to leads. These processes do not
conserve the total magnetization ny — n, and at late times
the order parameter follows “model-A” dynamics [40]:

6f[m]

o,m(x, 1) = _Fém(x, ) + &(x, 1), (3)

where & encodes fluctuations of a bath whose strength
depends on temperature. The dynamics of a nucleated
domain follows from Eq. (3), and generic initial magneti-
zation profiles relax quickly to equilibrium domain-wall
configurations, similar in size to the initialized domain.
Assuming that the domain-wall width Zpy is much smaller
than its size and that the applied magnetic fields are weak, the
dynamics of a bubble with radius R(7) is

Lps

s
o

psl’
R(1)’

(1) = vp vp =Af (4)

where Af ~ g,upB,m. Thus, at late times, supercritical
bubbles grow with constant velocity vy (see Fig. 2)
[41,42]. The empirically observed relaxation rate I" can be
slow in semiconductor heterostructures, particularly at low
temperatures [43], which enables the experimental observa-
tion of the nucleation dynamics. When determining the
relaxation rate from an independent relaxation measurement,
vp directly encodes information about the surface tension o
and spin stiffness p,. Ideally, measurements of both R. and
vp are combined to provide robust estimates on ¢ and p,.
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FIG. 2. Dynamics of a nucleated bubble. The size of the initial
domain Ry, relative to the critical bubble radius R determines the
fate of the metastable system. If Ry < R, (blue line), the surface
tension will dominate and the bubble will shrink, leaving the
metastable false vacuum intact. By contrast, for Ry > R, (red
line), the bubble will expand asymptotically with a constant
velocity vy driving the system to the lowest energy configuration.
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We apply the theory for bubble dynamics first in the case
of itinerant narrow band ferromagnets, where we show that
the Ginzburg-Landau action describes itinerant Stoner
magnets. We then analyze gapped quantum Hall ferromag-
nets, where we show that chiral edge modes give relevant
contributions to the surface tension.

Surface tension of itinerant flat-band ferromagnets—
The bubble dynamics governed by Eq. (3) sensitively
depend on microscopic details of the underlying quantum
state. To analyze domain walls in itinerant magnets, we
consider the Ginzburg-Landau free energy of Eq. (2). The
magnetization profile is then given by

25 (s)

_ro

ndz)—-nmtanh<—£—>, with  Zpw =
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and my = /—6r(/A. The surface tension associated with
the domain wall can be estimated to be

o =

[SSI\S)

(—r0>m<2)wa~ (6)

Starting out with a microscopic electronic model of an
itinerant Ising ferromagnet, we estimate the free energy by
expanding the action in powers of the magnetization m at
finite temperature, yielding to lowest order,

ro =2U[l — UIl(q = 0)],
Ps = 2U? [aén(q)]qzo, (7)

where I1(q) is the static particle-hole bubble and U sets the
interaction strength. For quadratically dispersing electrons
E(k) =k?/2m} in two dimensions, Eq. (7) suggests
ps =0 and, therefore, an inevitable breakdown of a
description in terms of Eq. (2). In bands with nontrivial
quantum geometry, however, we show that the particle-hole
bubble acquires a finite zero-momentum curvature [44—48],

M(q) = o[l = gepqaqs + O(q)]. (8)

such that the stiffness p,, and therefore also the surface
tension o, is generically proportional to the Fermi-surface
averaged quantum metric grs = Tr[ghy]. Furthermore, as
highlighted by Refs. [19,23,50], a finite quantum metric is
essential for controlling fluctuations near the critical point.
Importantly, from Eqgs. (7) and (8), it follows that the domain-
wall width #pw o /Grs. Consequently, the surface tension
also sensitively depends on the quantum metric, which is
bound by the Berry curvature Tr[g,,(k)] > |B(k)|, guaran-
teeing also nontrivial geometry in topologically nontrivial
bands [51]. This highlights the importance of a finite Berry
curvature in flat-band ferromagnets, such as twisted MoTe,
[19,23,50].
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FIG. 3. Consequence of quantum metric on the domain wall

formation in itinerant ferromagnets. (a) Magnetization across two
domain walls for two different values of the quantum metric;
corresponding to { = 3 and ¢ = 20 in Model (B1). (b) Normal-
ized magnetization as function of temperature. The critical
temperature does not depend on the quantum metric, while the
domain wall structure does. (c) Linear dependence of the surface
tension on the square root of the Fermi-surface averaged quantum
metric /grs, With a fixed quadratic dispersion. All lengths are
given in units of the lattice constant a.

To numerically check our analytical results on quantum-
geometry dependence of the surface tension, we consider the
tunable metric model [TM model; see End Matter Eq. (B1)]
on a square lattice whose quantum geometry can be tuned
independently of its band dispersion [47,52,53]. This con-
veniently allows us to study the influence of quantum
geometry on domain walls, without the interference of band
structure effects. We are interested in the structure of the
domain walls between two ferromagnetic domains, which
we determine using self-consistent mean field theory at finite
temperatures. Technical details are presented in the End
Matter. As predicted from the Stoner criterion, we find the
critical temperature to only depend on the density of states at
the Fermi energy and the interaction strength U [Fig. 3(b)].
Conversely, the domain-wall structure and surface tension
sensitively depend on the Fermi-surface averaged quantum
metric grg [Figs. 3(a) and 3(c)]. We find the surface tension to
grow linearly with the square root of the quantum metric
6 % /Grs, as predicted by Egs. (6)—(8). The bubble growth
velocity v Eq. (4) and the critical radius R. Eq. (1) inherit the
same dependence on the quantum metric. We have cross
checked that our Landau-Ginzburg treatment is quantita-
tively consistent with self-consistent Hartree-Fock calcula-
tions; see Supplemental Material [48].

Although thermal fluctuations are important for Ising
transitions in two dimensions, the temperature at which they
start modifying the mean field result can be estimated within
the Landau-Ginzburg framework of Eq. (2) by the Ginzburg
temperature 7' [42],
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FIG. 4. Edge mode contribution to the domain-wall surface
tension. (a) Self-consistently determined spectrum of a v =1
Chern insulator with two domain walls, leading to four chiral
edge modes (two per domain wall), with linear dispersion +vk
around the Fermi surface. (b) Temperature dependence of the
surface tension, which for the small 7 is dominated by entropic
contributions from the edge modes, Eq. (10). (c) Magnetization
across the system (top) and sketch of domains (bottom). At the
domain wall, where edge modes are present, the magnetization
jumps discontinuously.

When the ratio T./(p,m3) is small, T is close to T, in
which case mean field behavior can be observed over a wide
temperature regime. Crucially, a large quantum metric
increases the spin stiffness p,, thus controlling quantum
fluctuations and lowering the reduced Ginzburg temperature
t- As aconcrete example, we estimate the reduced Ginzburg
temperature for twisted MoTe, and find it to be small
tg ~O(1072 — 107*), justifying our mean field treatment
(see End Matter, Fig. 5).

Chiral edge mode contribution to surface tension—In
topologically nontrivial bands, incompressible quantum
anomalous Hall states can form at special fillings v €
{1,3....} by spin (and valley) polarization [16-24]. The
transition between a spin-unpolarized chiral metal and a
spin-polarized quantum Hall state is generically expected to
be of first order, limiting a controlled Landau-Ginzburg
approach. However, we can nonetheless derive universal
predictions arising from the gapless chiral edge modes that
are enforced between domain walls of quantum Hall states
of opposite chirality [see Fig. 4(a)] [54]. At temperatures
kgT < A below the quantum Hall gap A, the free energy of
the theory depends sensitively on the edge modes.
Consistent with expectations from conformal field theory
[55], we find that they contribute a term,

f(T)1+1d =—=¢ =

(kT (10)

where ¢ is the central charge of the gapless edge modes
localized at the domain wall and » is their velocity; see also
Ref. [56]. Since there are two chiral edge modes per domain
wall, we have ¢ = 1.

To estimate the surface tension and edge mode velocity,
we consider a twisted MoTe, inspired honeycomb-lattice
model and focus on integer filling v = 1 (see End Matter
for the model). We include up to the third-nearest neighbor
hopping with parameters adopted from Ref. [57], approxi-
mating the dispersion of twisted MoTe,. For simplicity, we
only include on site interactions. This allows us to provide a
qualitative estimate of the surface tension. For a magnetic
field of B, = 10 mT, we find the critical bubble radius to
be R, ~2 pm, in the same range as typical optical spot
sizes. For small temperatures, the surface tension is accu-
rately described by o(T) = 6g + f(T),,14 [see Fig. 4(b)].
Hence, by measuring the temperature dependence of the
surface tension, it is possible to directly extract the velocity of
the chiral edge mode. Here, we focused on quantum Hall
states with a single chiral edge mode, corresponding to two
modes per domain wall [54]. Systems with higher Chern
number [58,59] or fractional quantum Hall states can host
several edge modes, with possibly different velocities »; and
central charge c;. In that case, each mode contributes
independently a term f(T),,, to the surface tension; thus,
an averaged edge velocity can be extracted.

Compared to the smooth domain walls for itinerant
ferromagnets (see Fig. 3), we obtain very narrow, discon-
tinuous domain walls for the v =1 quantum Hall state.
This is a consequence of the gapped bulk. Because of the
presence of chiral edge modes, the particle density (and
consequently also the magnetization) is even slightly
enhanced [Fig. 4(c)], highlighting the intricate microscopic
structure of domain walls in quantum Hall states.

Experimental implications and outlook—In this Letter,
we have presented a simple experimental protocol to study
nucleation dynamics and false vacuum decay in two-
dimensional quantum ferromagnets and uncovered the role
of quantum geometry and chiral edge modes on the domain
wall formation. Our theory immediately applies to twisted
MoTe,, in which the optical control of magnetization has
been demonstrated experimentally [32—34]. To detect false
vacuum decay, we propose to measure magnetization
dynamics using low-power circularly polarized light out-
side the initially created bubble. When spin dynamics is
sufficiently slow, time-resolved measurements of magneti-
zation dynamics become feasible, particularly when com-
bined with superresolution microscopy. This enables
studies of the effects of coupling to gapless fermions, edge
reconstruction at fractional fillings, and the influence of
disorder on domain wall dynamics, which are interesting
directions for future work.

Our results showed that the stiffness of two-dimensional
itinerant Stoner magnets is controlled by quantum geometry.
In specific materials, contributions due to nonquadratic band
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structure effects will quantitatively alter the stiffness. For
quantitative estimates, detailed theoretical modeling of the
relevant microscopic system will be pertinent. Quantum
metric effects will be especially striking in materials with
highly localized Berry curvature, such as rhombohedral
graphene [60—62], where our theory predicts a strong density
dependence of the domain wall dynamics.

Tuning the quantum geometry opens up new experi-
mental and theoretical pathways to explore and control
Stoner transitions in two dimensions, whose properties are
still open to a large extent. Provided the Stoner transition
remains continuous all the way to zero temperature,
quantum fluctuations of the magnetization will couple to
itinerant electrons and strongly alter their transport proper-
ties. It will be exciting to investigate such effects in
experiments, where both magnetization and transport are
readily accessible.

Furthermore, materials such as twisted MoTe,, which
couple strongly to light, can be driven far from thermal
equilibrium using optical techniques. In the presence of
strong drives, we expect that magnetic order can be
stabilized even when the system starts out in a trivial
paramagnetic state, thus enabling the realization of light-
induced topological states. Understanding the underlying
timescales and the experimental implications of such light-
induced states is another exciting future direction.
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End Matter

Domain-wall structure from self-consistent mean-field
theory—We  perform  self-consistent —mean field
calculations to obtain the domain-wall structure [64]. We
consider a system with L, X L, unit cells and periodic
boundary conditions in both directions,

H = HO + UZCZT()C, y)cz¢(x7y)ca$(x7y)caT(x’ y):
Xy

a

(A1)

where H, is the kinetic term (describing either the
tunable metric model or an effective model for twisted
MoTe,) and a is some sublattice or orbital degree of
freedom. We mean field decouple the interactions and
assume translational invariance along the y direction,
allowing us to Fourier transform in that direction. This
leads to the following mean field Hamiltonian:

L,

HMF = H() + UZ beaa,ad(x)026k(x)caﬁk(x)

k=1 x,a.0
— Xaa.co (x) Cjz&k (X) Cack (x)]

- UL}'Zb(ua,TT(x))(ua,ii(x) - I)(ua,Tl(x)|2]’

X,a

(A2)

with

1 &

Xab.oo' (x) = L_ Z ; Wj,aak<x)l///1,bo"k(x)ni'

' k=1

(A3)

<

We sum over all eigenstates A of the mean field
Hamiltonian, with eigenvalue ¢;, and eigenvector
Wiaok(x). Here, n} =1/(e’* +1) is the Fermi-Dirac
distribution at a temperature 7 = $~!. We use the
following workflow to obtain the domain-wall structures
discussed in the main text. First, we use a uniform in x
initial state y,, ., (x) and solve Eq. (A2) iteratively until
both energy and y are converged. From that, we obtain
the system energy in the absence of domain walls E,. We
then use the converged uniform state to construct an
initial state with two domain walls. Since we are working
with periodic boundary conditions, the number of domain
walls must be even. We then again solve Eq. (A2)
iteratively, using the two-domain-wall initial state; see also
Ref. [54] for related calculations. This results in the
domain-wall structure and surface tension presented in the
main text. Numerically, we define the surface tension as

_E-E,

2L,

c (A4)

where E is the (free) energy with two domain walls, E is
the (free) energy without domain walls, and L, is the
length of a single domain wall. Convergence is verified by
introducing small random fluctuations to every initial
state, which we find does not affect the converged result.
We treat the chemical potential as a Lagrange multiplier,
which we adjust in each iteration to keep the particle
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number fixed. For the gapped quantum Hall states, we
instead keep the chemical potential fixed (within the
bulk gap).

Tunable metric model and quantum metric—The
tunable metric (TM) model [47,52,53]

E .
HM = H, + 205 ey e sin(Can) + o2 cos(Ca e
k
(B1)

is defined on a square lattice and has an orbital degree
of freedom, on which the Pauli matrices 7' act, and a
spin degree of freedom o', resulting in a total of four
bands. We have ay = cos(k,a) + cos(kya), where a is
the lattice constant. In the limit E, — oo, two of the
four bands are effectively projected out, leaving us with
two spin-degenerate bands. The dispersion of these
bands is entirely determined by H, which we choose to
be nearest-neighbor hoppings with amplitude ¢. The
remaining terms in Hryy only affect the quantum
geometry, which is freely tunable by the parameter (.
We introduce the density of states at the Fermi surface as

_ d*q onp(&y)
N (O)‘/ Gy o,

(B2)

The Fermi-surface averaged quantum metric is given by

g —/dzq Tr
gFS - (2”)2

The quantum metric g,,(q) has dimensions of L? (where L
is length), while in our convention the Fermi-surface
averaged metric Eq. (B3) has dimensions of E~' (where
E is energy). For the TM model, where the quantum metric
is given by [47]

anF(gq) )

[9a5(q)] o
q

(B3)

(Ca)?
4

9ap(@) = sin(k,a) sin(kpa), (B4)
and the effective mass in the low density limit is

m* = (2ta*)~", this results in

2
Ips = —— (kpa)?. B5
9Fs 167/7[( Fa) (BS)
Here we assumed that the Fermi momentum is small
compared to the lattice spacing kra < 1.

Model for twisted MoTe,—To give an estimate for
the reduced Ginzburg temperature in twisted MoTe,, we
use the following moiré Hamiltonian, which for the K
valley is given by [3]

k—x, )2
y-MoTe, _ <_( 2m1) + A, (r) Ar(r) )
0 - k)2 ’
Al (r) R A(r)
(C1)

with a layer Z€{r=—-1,b=+1} dependent moiré
potential,

Ay(r) = 2Veos(G, - r+ Ly), (C2)
ne{0,2,4}
and interlayer hopping term,
Ar(r) = w(l 4 e761T 4 =G, (C3)

Here G, = R,;/3G( and G, = 47/\/3ay/(1,0) are moiré
reciprocal lattice vectors, with the moiré lattice constant
ay = a/6. We adapt the model parameters (w, V,y, m*)
from Ref. [65]. For the reduced Ginzburg temperature
tg, we need to compute the Fermi-surface averaged
quantum metric Eq. (B3) (see Fig. 5). We numerically
evaluate the quantum metric,

1 <0P(k) aP(k)) |

9ap (k) = (C4)

2 ok, ok,

for the topmost hole band with projector P(k) =
U(K)U' (k) and eigenvector (k). The reduced Ginzburg
temperature Eq. (9) depends on the effective interaction
strength U, which in theoretical models of twisted MoTe,
sensitively depends on the chosen dielectric screening
constant [57]. Hence, we calculate t; for several values
of U (see Fig. 5), assuming a critical temperature of
approximately 7.~ 10 K [8,10,11]. Because of the
presence of a large quantum metric, which controls
quantum fluctuations, we find generically small reduced

— £ 4ot U =40 meV
- [

|>0.12' 5 U =60 meV
g g —— U=80meV
= [

n =3 —— U=100 meV
© 0.09 £
> g 1072 — U=120 meV
o

= =

[53 =)

€ 0.06 |

€ <

=1 (O] -3

2 10

g ool /\ 2

z k|

S
0t2 0f4 OtS 0f8 0t2 0t4 0t6 Of8
filling v filling v

FIG. 5. Ginzburg temperature and quantum metric in twisted
MoTe,. Left: Fermi-surface averaged quantum metric for twisted
MoTe, for different temperatures (from 7' = 1 K for the lightest
to T =25 K for the darkest shade). Right: reduced Ginzburg
temperature 7 for twisted MoTe, at a twist angle of 6 = 3.7°as a
function of the filling v of the topmost hole band, assuming
different interaction strengths U.
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Ginzburg temperatures ?; < 1, justifying our mean field
treatment in the main text.

To give order-of-magnitude estimates for the surface
tension of twisted MoTe,, it is convenient to work with a
real-space lattice model, instead of the continuum model
Eq. (C1). The two topmost hole bands of Eq. (C1) can be
mapped to an extended Haldane model on a honeycomb
lattice with up to third-nearest neighbor hopping [57,66]. We
use the following hopping parameters: #; = 3.225 meV,
1, = =2.210 meV, t3 =—0.947 meV. Nearest-neighbor
and third-nearest hoppings are purely real, while the next-
nearest neighbor hopping has a complex phase of e/(27/3).
These parameters are adopted from Ref. [57] and approxi-
mate the particle-hole transformed two topmost bands of
twisted MoTe, at a twist angle around = 3.7°, correspond-
ing to a moiré lattice constant of ay ~5.5 nm. Upon
increasing repulsive interactions, the model transitions to a
ferromagnetic phase, which breaks discrete time-reversal
symmetry U(1)g x 7 — U(1) . The presence of topologi-
cal bands leads to an Ising anisotropy for the magnet [3,54],
which allows us to neglect spin wave fluctuations in our

model. For clarity, we restrict the model in the main text to
repulsive on site interactions U. In a more accurate descrip-
tion of twisted MoTe,, longer-range interactions are
expected to be relevant. However, we have verified that
including interaction terms beyond the on site term does not
qualitatively modify our results. Since our goal is to obtain
an order-of-magnitude estimate, and given that it is not clear
to what extent a honeycomb-lattice model is sufficient to
quantitatively describe twisted MoTe,, we choose to
work with the minimal model for simplicity. We assume
translational invariance in the y direction, while we put
two domain walls in the x direction. In the zero-temperature
limit for U = 50 meV, we obtain a surface tension of
0o ~0.17 meV/nm, corresponding to a critical bubble
radius of R.=~2 pm under a magnetic field of B, =
10 mT (to be compared with typical coercive fields of
B¢ ~ 100 mT). While varying U or including longer-range
interactions will quantitatively alter the value of the surface
tension o, the key takeaway is that the expected critical radius
is comparable to an optical spot size.
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