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We present a fully Bayesian, data-driven framework for identifying quasinormal modes in high-accuracy
Cauchy characteristic evolution gravitational waveforms. Applying this to a public catalog, we identify
quasinormal mode overtones, retrograde modes, and nonlinear modes up to cubic order in the ringdown.
Multiple high-order overtones are found near the merger, confirming their physical significance for
modeling the ringdown. The ringdown mode content is tabulated across a wide range of start times for all
available simulations, providing a systematic reference for theoretical and observational studies. We also
search for late-time power-law tails, which are, as expected, absent from the Cauchy characteristic

evolution waveforms.
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Introduction—Following a binary black hole (BH)
merger, the remnant emits gravitational waves (GWs) as
it settles into its final stationary state. This process, the
ringdown, is well described as a perturbation of the final
BH. Compared to the earlier inspiral and merger, the
simpler, perturbative dynamics of the ringdown makes it
an attractive arena for testing general relativity [1,2]
through the nature and uniqueness of the Kerr solution
[3-5] and the horizon area law of BH thermodynamics
[6-8] with strong gravitational fields.

Quasinormal modes (QNMs), damped sinusoidal oscil-
lations at specific frequencies, are prominent in the ring-
down [9]. Ringdown tests of general relativity generally
require the detection of multiple QNMs. The fundamental
quadrupolar QNM is usually the loudest and is routinely
found in GW observations [10]. However, other modes can
dominate, and the relative importance among the subdomi-
nant modes is less clear and depends on the properties
of the progenitor binary [11-14]. Observational ringdown
studies need guidance from theory to know which sub-
dominant modes to target on an event-by-event basis.

The only reliable theoretical tool for modeling the
merger is numerical relativity. In particular, for high-
fidelity GW ringdown signals, we use SpECTRE Cauchy
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characteristic evolution (CCE) numerical simulations
[15,16], which include an exterior solution based on null
(or characteristic) slices that extend all the way to future
null infinity (Z*) where the GW signal is defined.

Our task is to determine the QNM content of a numerical
waveform. This is challenging due in part to the ambiguity in
the ringdown start time, the presence of nonlinearities not
described by perturbation theory, and the risk of overfitting
with many QNMs; see, for example, Refs. [17-19].

Previous attempts have largely relied on least-squares fits
to individual waveform harmonics [19-26]. The quality of
the fits is assessed using a simple mismatch, and the above
difficulties are handled with ad hoc approaches such as
free-frequency fits or amplitude-stability checks across start
times. Rational filters offer an alternative approach but
do not measure the amplitudes of the QNMs and have not
been widely adopted [27]. A few Bayesian approaches to
studying the time dependence of the overtone amplitudes
have also been explored [28-30].

This Letter describes a new Bayesian method for
determining the mode content of the ringdown. Instead
of least-squares fits, posterior distributions on the model
parameters are obtained using a likelihood function that
accounts for the uncertainty in the numerical waveforms
[31]. The mode content is determined independently at
each start time and overfitting is naturally avoided by the
use of evidence ratios (Bayes factors) to determine which
modes to include and which penalizes overly complex
models. Posterior predictive checks (PPCs) are used to
assess the fit quality.

Theory—The GW signal is conventionally decomposed
into spin-weighted spherical harmonics [indexed by
p = (¢,m)]. The QNM model for the signal in each
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harmonic is a sum of damped sinusoids, and the overall
amplitude decays inversely with distance r from the BH:

M .
TANORLY y ]

The QNMs [indexed by a = (£, m, n, p)] have amplitudes
C, that are regarded as free parameters. The QNM

frequencies @, and spherical-spheroidal mode-mixing

coefficients 4 are known from BH perturbation theory

and are functions of the remnant BH mass M, and spin y,
calculated using Ref. [32]. The polar, azimuthal, and radial
indices vary in the ranges £ > 2, |m| < ¢, n > 0, and the
parity p € {4+, —}. QNMs with sgn(p) = sgn(m) corotate
with the remnant (prograde); QNMs with opposite signs are
retrograde. The model is used only after the start of the
ringdown, ¢ > t,. Fitting all the spherical harmonics f of
the GW signal simultaneously effectively performs an
angle-averaged fit over the sphere at Z*. The mass scale
M is included to make the strain amplitudes C, dimension-
less. (We use natural units, G = ¢ = 1.)

The model can be extended by including additional
terms. Second-order perturbation theory predicts the exist-
ence of quadratic QNMs associated with pairs (a,a’) of
linear QNMs with frequencies @,y = o, + oy [33].
Second-order perturbation theory does not make a simple
prediction for the angular structure of the quadratic QNMs
[34]. Nevertheless, it is possible define an analog of the
mode-mixing coefficients to describe the shape of the
quadratic QNMs to better than one part in 103 [35]
(“prediction C” in Ref. [35] is used for the results shown
here, which are also compared with those found using
predictions Bi, Bii, and D). Higher-order cubic QNMs,
associated with triples (a, @, &) of linear QNMs, can also
be included in a similar way.

Previous attempts to model the ringdown have found it
necessary to include constant offsets for each harmonic in
the model [24,25]. The need for these is reduced when
fitting to the Bondi news (N = 9,h) instead of directly to
the strain. Nevertheless, constant offsets are included in the
model here even though they are rarely needed.

Linear perturbation theory also predicts power-law tails
(or “Price” tails) at late times [36]. These can also be
included in the model as described below.

Our final ringdown model is a sum of all these types of
term. Each term is referred to as a mode. Exactly which
modes should be included is determined by the Bayesian
ringdown model-building algorithm described below.

Numerical waveforms—We use simulations from the
public spECTRE CCE catalog [37,38]. These are evolved to
Z7" using CCE [15,16]. The waveforms are transformed
into the superrest frame [39-46] and postprocessed as
described in Ref. [31]. The time is shifted such that t = 0 is
the peak of the strain in the f = (2,2) harmonic.

The simulations are available at several numerical
resolutions. The difference between the highest two reso-
lutions is taken as a conservative estimate of the numerical
uncertainty. Furthermore, because these waveforms were
produced using similar setups, their uncertainties are
expected to have similar properties across the catalog.
Reference [31] exploited this by introducing a physically
motivated Gaussian process model for the uncertainty,
trained on the catalog to pool information among all
available waveforms. The trained Gaussian process was
used to construct a likelihood function for the ring-
down model.

Ringdown model building—This section describes a
fully Bayesian, data-driven method for determining the
ringdown mode content. Modes are selected based on their
Bayes factors, and the issue of when the resulting model
gives an adequate fit to the data (i.e., over- or underfitting)
is addressed using a PPC.

Start by picking a simulation from the catalog, a subset
of the spherical harmonics to model and a start time 7, for
the ringdown. Initially, consider a ringdown model that
contains no modes at all; the set of detected modes in
the model is empty, D = @, and the corresponding signal
model is simply /#”(t) = 0. The algorithm also starts with a
set of candidate modes, C; this is initialized with all the
modes to be considered for inclusion (typically, around
~100) and includes all the mode types discussed above
(except the tails which are handled separately).

For each candidate ce€(C, the numerical waveform
harmonics are fit in the range 1, <t < t, + 100M with a
ringdown model containing the previously detected modes
and c; i.e., DU {c}. The fit is done using the computa-
tionally efficient Bayesian methodology described in
Ref. [31], with flat priors on the real and imaginary parts
of the amplitudes, and with the remnant mass and spin fixed
to the numerical relativity values. The fits were performed
to the Bondi news, but our results are quoted converted
into GW strain. The significance of the candidate, S, is
calculated; this is related to the Bayes factor between
ringdown models with mode contents D and D U {c} with
equal prior odds [31]. This is repeated for all candidates and
the one with the highest significance, ¢/, is added to the
detected modes; D « D U {c'}. It is also removed from
the candidates; C < C\{c'}. This process of adding the
most significant candidate one at a time is repeated until
either no candidates remain or none exceeds a threshold
Sthreshold = 0.9999 corresponding approximately to meas-
uring a nonzero mode amplitude at ~4¢ significance.

In practice, this iterative process of adding modes can
be sped up by initializing D with modes certain to be
present (e.g., the fundamental linear QNMs) and by
checking only a restricted set of candidates at each
iteration. This is described in more detail in Supplemental
Material, where a step-by-step example of the algorithm is
also presented [47].
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This process produces a set of modes D detected at high
significance. However, this alone does not necessarily
imply that a ringdown model with these modes is a good
fit; for example, at early times, no ringdown model fits the
data well. For this reason, the final stage of the algorithm
involves a PPC using a ringdown model with the modes in
D. The amplitude (L? norm) of the fit residuals is compared
with the expected generalized y*> sampling distribution
under the assumed Gaussian process model for the numeri-
cal uncertainty (see, for example, Fig. 10 in Ref. [31]). This
statistical null test is made possible by the new Gaussian
process model which provides an improved description of
the numerical noise. This test of the quality of fit prevents
over- and/or underfitting and is a vital part of the algorithm.
The cumulative distribution function value of the fit
residuals with respect to this distribution gives a measure
of fit quality, with large values (> 0.9) indicating a poor
quality fit.

This Letter reports results from fits to all 13 numerical
simulations in the public catalog across a wide range of
ringdown start times. For each simulation, we are primarily
interested in the mode content of the loudest harmonic at
each value of ¢ (up to an #,,, such that >99% of the
radiated GW energy is contained in the harmonics
¢ < €max)- For the nonspinning mass ratio 1:4 simulation
0010, these target harmonics are (2,2), (3, 3), ...(6,6); for
nonprecessing systems, the corresponding m < 0 harmon-
ics are omitted, because they are related by symmetry. We
find that in order to reliably model the ringdown mode
content of the (£, m) harmonic it is necessary to include
(Z + 1,m); this is due to the strong (u ~ 0.1, depending
on the remnant BH spin) mode mixing. Therefore, for

simulation 0010, we also include the (3,2),(4,3),...,(7,6)
harmonics in our modeling, although we do not report the
mode contents for these. For precessing binaries with
misaligned component BH spins, the m < 0 harmonics
were also included. For each simulation, the included f
harmonics are listed in Table S2 in Supplemental
Material [47].

The set of candidates C includes the linear QNMs a =
(Z,m,n, p) with £, m indices matching the included f
harmonics, with overtones 0 < n < 6 and retrograde modes
p€{+,—}. The set C also included constant offsets for
each of the included harmonics and the nonlinear QNMs
formed from combinations of linear fundamental (n = 0)
QNMs with Z, m indices in the included f modes expected
to contribute strongly to the target harmonics; these are
the (2,2,0,+)% (3,3,0,+) % (2,2,0,+), (3,3,0,+)2,
and (4,4,0,+) % (2,2,0,4) quadratic QNMs and the
(2,2,0,+)° cubic QNM (and corresponding prograde
modes with m < 0). Nonlinear QNMs are considered as
a candidate only when all their sourcing linear QNMs
are already in D. The tails are treated separately, as
described below.

Results and discussion—As an example of our results,
the ringdown mode content for the target harmonics of the
mass ratio 1:4 simulation 0010 is shown in Fig. 1. Results
for the whole catalog are available [48].

At early start times, ty < 9M, the algorithm identifies
overtones up to n = 6 in multiple spherical harmonics. For
to 2 4M, the ringdown model gives a good fit to the GW
signal as judged by the PPC. As the start time increases,
the overtones drop out of the model in a predictable way.
The only exception is the & = (6,6, 1,+) mode, which

g: ommmis
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= (2,2,0,+)
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o Y
s p—— (2,2,0,+) X (3,3,0,+)
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] 3
_— 2 (2,2,0,+) X (4,4,0, ) (3.3.0, )2
0 10 20 30 40 50 60
Start time to [M]
FIG. 1. The ringdown mode content for simulation 0010. Fits are performed independently at each start time #,. Colored horizontal

bands indicate a mode detected at that . Prograde QNMs are grouped and colored based on their (£, m) indices with the fundamental
(n = 0) uppermost and overtones (n > 1) below. If the retrograde mode is also detected, then the band is hatched. Nonlinear QNMs are
shown with the harmonic that they mix strongly with. The shaded region 7, < 3M indicates where the PPC fails and the model fits the
data poorly. Similar plots for all simulations in the catalog are available [48].
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FIG. 2. Plots of selected (decay-corrected) amplitudes é'a [31] for the detected modes in simulation 0010 as a function of #,.
Horizontal lines indicate modes that decay exponentially at the rate predicted by perturbation theory. The left/center/right plots show the
(Z,m) = (2,2)/(4,4)/(6,6) sectors, respectively, from Fig. 1 with matching colors. Thick lines denote fundamental QNMs with
thinner lines denoting higher overtones; nonlinear QNMs are indicated in the legends (only prograde modes are shown). The central
lines indicate the median posterior amplitudes, and the shaded regions indicate the 90% ranges; in most cases, the shaded regions are too
small to see clearly at this scale. Similar plots for all simulations in the catalog are available [48].

reappears again around t, ~ 20M. This behavior has been
observed previously [31] and is associated with QNM
amplitudes over time deviating from the expected spiral
pattern in the complex plane. The fact that our data-driven,
Bayesian approach confidently identifies multiple high-
order overtones at the times where they would theoretically
be expected adds to the evidence that they play an
important role in the ringdown.

Nonlinear QNMs are also identified. The dominant
quadratic QNMs appear clearly in both the f = (4,4)
and (5, 5) sectors, with these modes persisting for longer
than any overtone due to the slower decay rate of the
fundamental linear QNMs that source these perturbations.
This is consistent with earlier results obtained using least-
squares fits [49,50]. Three nonlinear QNMs, including the
(2,2,0,+)* cubic QNM, are identified in the g = (6,6)
harmonic for a range of start times. The (6, 6) is the quietest
target harmonic, making it the hardest to model accurately,
especially at late times. The model-building algorithm
struggles at late times; at start times #, = 37M, while it
consistently finds support for some mode in addition to
the fundamental (6,6,0,4), it alternates its preference
between the (3,3,0,+)> and (2,2,0,+) x (4,4,0,+)
quadratic QNMs. By contrast, the cubic QNM is consis-
tently identified with a stable amplitude (varying by <35%)
for all 7, <20M. We also find these nonlinear QNMs in
all of the other mass ratio 1:4 simulations where the
B = (6,6) harmonic was analyzed, 0010-0013, although
the results of the extreme precessing system 0013 are of
noticeably poorer quality.

The results for the detected nonlinear QNMs are robust
to changes in how the shapes of these modes are modeled.
The mode content was also determined using predictions
Bi, Bii, and D [35] for their mode-mixing coefficients with
similar results [48,51].

For simulation 0010 (Fig. 1), retrograde QNMs are
only occasionally identified by the algorithm at very early
start times. At these early times, the overall ringdown
model mostly does not give a good fit to the numerical
relativity data, as indicated by the PPC. However, retro-
grade modes are found more prominently in other simu-
lations in the catalog—notably, in the § = (3, 3) harmonic
of the equal-mass systems with antialigned component
spins, 0005-0007.

It is possible to examine how the amplitudes of the modes
in these fits change with ringdown start time. We stress that
the model-building algorithm fits each #, independently,
with no requirement that either the mode content or
amplitudes vary continuously with time. Nevertheless, the
Bayesian fits do correctly infer the expected decay rates for
the fundamental linear QNMs, many low-order overtones,
and nonlinear QNMs; see Fig. 2.

The high-order overtone amplitudes are less stable with
varying t,. This behavior is at the root of the controversy
over the physical significance of QNM overtones
[19,22,24,25,34,52-55]. For a fixed start time, data-driven
detection criteria show a clear preference for the inclusion of
overtones; this is shown here using a Bayesian approach but
has also been found by many authors using least-squares fits.
However, if the fits are performed at different start times,
and/or if the frequencies of the overtones are allowed to vary,
and consistency with perturbation theory predictions is used
to define an ad hoc physically motivated detection criterion,
then overtones are more likely to be missed. The frequencies
of the overtones are not expected to be well measured
because of their short decay times, and their amplitudes at
early times might not be expected to be stable due to
confusion with the ringdown prompt response [56].

A consistency test of the detected mode content is to
reperform the Bayesian fits with the remnant mass and spin
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allowed to vary as free parameters. The resulting posteriors
are expected to be consistent with the numerical values; this
can be quantified using the squared distance in the “Regge
plane,” €* = (AM;/M)* + Ay;. This was done for two
ringdown models: with the detected modes D and, for
comparison, with the candidate modes C. Root-mean-
square € values of O(107*) are found across a range of
start times for all simulations in the catalog [48,57].

In addition to QNMs, the model-building algorithm also
considered adding constant offset modes to the model.
When fitting to the Bondi news (as was done here) which
has more regular behavior at late times than the GW strain,
these constant offsets are usually not detected by the
algorithm.

The Bayesian approach to identifying modes in the
ringdown can also be adapted to search for tails. The
model is extended by including a term proportional to
AP(t — 15)™ in one spherical harmonic at a time (no mode
mixing is modeled for the tails). The model now depends
on the QNM, nonlinear QNM and constant offset param-
eters described above (collectively denoted &), and the tail
parameters: AP, /I[,, and a reference time 1g. Because the
model is linear in the 9 parameters (see Ref. [31]), these can
be marginalized out analytically, leaving a posterior on just
the tail parameters. Sampling this posterior effectively
marginalizes over the oscillatory parts of the ringdown,
allowing us to efficiently search for the quieter monoton-
ically decaying tails.

This tail posterior was sampled using EMCEE [58].
Because the tails are expected to dominate only at late
times [59], an analysis was performed for 7, = S0M. The
oscillatory mode content was fixed using the modes D
detected by our algorithm (see, e.g., Fig. 1). Further details
of the tail analysis are given in Supplemental Material [47].

Tails were searched for but not found in all of the target
spherical harmonics of simulation 0010. The posteriors on
the tail amplitudes AP at to = 50M were consistent with
zero and place 90% upper bounds of |A(2*2)| <1.7x107
[48,60]. Tighter upper bounds were found in the higher
harmonics, |A(®®)] < 3.6 x 1076, The absence of tails is
expected because of the limited size of the Cauchy region
in the CCE simulations and the absence of backreaction
from outside this region on the binary. Tails have
previously been identified only in Cauchy characteristic
matching simulations [59] which include backreaction, or
in Cauchy simulations of head-on collisions with very
large domains [61]. However, the Bayesian algorithm
described here can be used to simultaneously identify
QNMs and tails when catalogs of Cauchy characteristic
matching simulations or simulations using hyperboloidal
coordinates [62] become available.
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