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We address the general problem of formulating the dynamical large deviations of non-Markovian
systems in a closed form. Specifically, we consider a broad class of “self-interacting” jump processes
whose dynamics depends on the past through a functional of a state-dependent empirical observable.
Exploiting a natural separation of timescales, and under the corresponding mixing conditions, we obtain the
exact (so-called “level 2.5”) large deviation joint statistics of the empirical measure over configurations and
of the empirical flux of transitions. As an application of this general framework, we derive explicit general
bounds on the fluctuations of trajectory observables, generalizing to the non-Markovian case both
thermodynamic and kinetic uncertainty relations. We illustrate our theory with simple examples, and
discuss potential applications of these results.
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Introduction—Communicating information related to
past experiences is, arguably, one of the most peculiar
features of intelligent beings. Millions of years of evolution
have led small organisms, such as E. coli, P. aeruginosa,
and pharaoh ants, to develop external spatial memories: as
these organisms navigate space, they create a memory in
the surrounding environment by dropping chemicals [1–6]
or by inducing structural changes [7]. This memory then
serves other microorganisms of the same autochemotactic
species to inform future behavior. Such natural behaviors
can also inform strategies [8] used to build active self-
propelling and interacting artificial agents [9–11].
The typical behavior of autochemotactic organisms can

be explained using non-Markov stochastic systems, such as
field-based continuum models [12–15], also in combina-
tion with stochastic dynamics [16–19] and reinforced
random processes [20–26]. Self-interacting processes
(SIPs)—including discrete-time chains [27–29], continu-
ous-time jump processes [30] and diffusions [31,32]—
describe dynamics mediated by a functional of the “empiri-
cal occupation measure,” a stochastic field that models
changes generated by autochemotactic agents in the envi-
ronment. Such self-interaction generates long-time memory

and strong correlations with the past, leading to nontrivial
dynamics, including ergodicity breaking [31,33,34], and
modified (potentially accelerated) first-passage dynam-
ics [35,36].
Despite the importance of SIPs, their rare events have

attracted systematic attention only recently [29,30,36–39].
While the dynamical large deviations (LDs) [40–48]
|and their corollaries—such as bounds on fluctuations
[49–53]—are now well established for Markovian systems,
for non-Markovian dynamics general results are mostly
restricted to semi-Markov processes [54–62] (see, however,
Refs. [63–65]).
Here we address this gap by studying a broad class of

non-Markovian processes, specifically self-interacting
jump processes (SIJPs), where interaction with the past
is mediated by a functional of a general empirical observ-
able. We analytically characterize dynamical fluctuations of
SIJPs by deriving their so-called level 2.5 of large devia-
tions, that is, the joint statistics of the long-time empirical
occupation of configurations and empirical flux of tran-
sitions between them. From this fundamental result, and in
analogy to what occurs in the Markovian case [50,51,60],
one can derive general fluctuation bounds for dynamical
observables, which allows us to extend both thermody-
namic [49,50] and kinetic [51,52] uncertainty relations
(TURs and KURs) to this wide class of non-Markov
processes.
Below we present our general results for the level 2.5

LDs and fluctuation bounds of SIJPs. The key technical
advance is the observation at long times of a separation
between the relevant timescales for the evolution of
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empirical measures, which determine the instantaneous
transition rates of a SIJP, and those necessary for the
microscopic jump dynamics to become fully mixing.
Formal proofs appear in our accompanying long paper
[66]. We illustrate our theory with two simple examples,
and discuss broader implications of our results.
Self-interacting jump processes—We define a SIJP as the

continuous-time chain ðXtÞ0≤t≤T of discrete configurations,
x∈S with jSj ¼ d, with E ¼ fðx; yÞ∈S × S∶x ≠ yg
denoting the set of all possible jumps between them
(for notation and conventions see the Appendix). At time
t, the SIJP jumps from the current state x to y ≠ x according
to a rate QxyðAtÞ∈Rþ that depends on a general state-
dependent empirical observable of the process [43,45]

At ¼ t−1
Z

t

0

fXt0 dt
0 ð1Þ

with f∶ S → R a bounded function. In order for the matrix
QðAtÞ to be a stochastic generator, we define its diagonal
components to be the negative escape rates

QxxðAtÞ ¼ −
X

y∈S;y≠x
QxyðAtÞ: ð2Þ

The dependence of the generator at time t on the trajectory
up to that point through Eq. (1) makes the process non-
Markovian.
Two central objects of interest are the empirical measure

[43,44]

LxðtÞ ≔ t−1
Z

t

0

1xðXt0 Þdt0; ð3Þ

viz, the fraction of time that the current realisation of the
process has spent in each configuration in S, and the
empirical flux [43,44]

ΦxyðtÞ ≔ t−1
X

t0;ΔXt0≠0

1xðXt0−Þ1yðXt0 Þ: ð4Þ

viz, the number of jumps per unit time for every ðx; yÞ∈ E.
We assume that QðAtÞ is irreducible, and therefore

positively recurrent over S, for all t∈Rþ and At∶ Rþ →
R (generalization to vector valued At is straightforward).
Additionally, we require the map a ↦ QðaÞ to be at least
C1 for a∈R and rates QxyðAtÞ ≥ q− > 0 for all ðx; yÞ∈ E.
That is, for no value of the argument of Qð·Þ the transition
rates for the directed links in E can be smaller than some
constant q−. We further assume the existence of at least one
attracting stationary state, which, unlike in Markov proc-
esses for the same assumptions, need not be unique. This
implies that the empirical measure and flux converge in the
long-time limit to typical values which are not necessarily

unique. These assumptions are discussed in detail
in Ref. [66].
For a Markov process with fixed generator Q, the

stationary state π obeys πQ ¼ 0, and the empiricals
converge to π and π ∘Q [43,44]. In the SIJP case one
needs the long-time limit of the observable,

At → ā ¼
X
x∈S

fxπx ≕ fπ; ð5Þ

and the stationary state is a solution of the (in general
nonlinear) equation

πQðāÞ ¼ πQðfπÞ ¼ 0: ð6Þ

For a SIJP the empiricals converge to

LðtÞ → π; ΦðtÞ → φ ð7Þ

for some pair ðπ;φÞ, which may depend on the trajectory
and is not necessarily unique. We denote the set of limiting
pairs ðπ;φÞ as Astat.
Large deviations at level 2.5 for SIJPs—We now focus

on the joint probability of the empirical measure (3) and
empirical flux (4), PTðl;ϕÞ ≔ PðLðTÞ ¼ l;ΦðTÞ ¼ ϕÞ, at
some long time T. We will show below that these
dynamical quantities obey a large deviation principle

PTðl;ϕÞ ≍ e−TI2.5ðl;ϕÞ; ð8Þ

where I2.5ðl;ϕÞ is the level 2.5 LD rate function for SIJPs.
From this general rate function for the fluctuations of LT
and ΦT , the LDs of any time-additive observable [like that
of Eq. (1), but also those dependent on jumps] follow by
contraction.
The main ingredients for obtaining Eq. (8) are as follows

(see Ref. [66] for full details of derivations). The first is a
formulation of the path probability of a SIJP. It has the same
product structure of transition rates and waiting time factors
as in a Markov process, with two distinctions: the transition
rates change in time through their dependence on At, and
the waiting times factors are no longer the exponential of a
fixed escape rate times time, but of the integral of the time-
varying escape rate. Noting these departures from
Markovianity, the next step is to exponentially “tilt” this
path measure, in analogy to what is done in the
Markov case.
The third step follows after making the key observation

of an asymptotic separation of timescales. At a given time t
the SIJP has a characteristic time for relaxation coming
from its generator QðAtÞ, for example, that set by the
smallest escape rate. On the other hand, QðAtÞ itself
changes over time due its dependence on the empirical
observable. However, At accumulatesOð1Þ changes over in
OðtÞ times, cf. Eq. (1). This means that in the long-time
(large deviation) limit the dynamics of the “instantaneous”
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SIJP has enough time to relax before its rates change
appreciably due to the change in At. This can be interpreted
as an adiabatic relation: fluctuations in the large deviation
limit are fundamentally coupled with the dynamical
changes of At, hence QðAtÞ, but homogenized over the
instantaneous SIJP.
As a final step, for convenience, we make a sequence of

two changes of variable inside time integrals. First, we
introduce the adimensional logarithmic time s ¼ logðt=t0Þ,
where t0 is interpreted as the system’s relevant memory
horizon and is then set to 1 without loss of generality. As
t∈ ½0; T�, s∈ ð−∞; logT�. Within this timescale, the empir-
ical observable At makesOð1Þ changes inOð1Þ time. Then,
we make the change τ ¼ logT − s to measure backwards
from the final logarithmic time logT. Due to this change,
the integral boundaries flip to ½0;∞Þ. Taking the limit
T → ∞, we get

I2.5ðl;ϕÞ ¼ inf
ðρ;HÞ s:t: ðl;ϕÞ

I ½ρ; H�; ð9Þ

with

I ½ρ; H� ≔
X

ðx;yÞ∈ E

Z
∞

0

e−τρxðτÞQxyðMτÞΓ
�

HxyðτÞ
QxyðMτÞ

�
dτ:

ð10Þ

Here ΓðxÞ ≔ x log x − xþ 1 is the Cramér (or relative-
entropy) rate function for Poisson statistics. In Eqs. (9) and
(10) there are three auxiliary quantities: HðτÞ is the
generator of a time-dependent but Markovian auxiliary
dynamics, ρðτÞ is its “accompanying” distribution (instan-
taneous stationary state)

ρðτÞHðτÞ ¼ 0; ð11Þ

andMτ the corresponding dynamical observable [Eq. (1)] if
the empirical density is ρðτÞ

Mτ ¼ eτ
Z

∞

τ
e−τ

0X
x∈S

fxρxðτ0Þdτ0: ð12Þ

Furthermore, the minimization in Eq. (9) is such that

lx ¼
Z

∞

0

e−τρxðτÞdτ; ð13Þ

ϕxy ¼
Z

∞

0

e−τ
0
ρxðτÞHxyðτÞdτ: ð14Þ

Equation (9) with definition (10) and constraints Eqs. (11)–
(14) provide the explicit form of the level 2.5 LDs for
SIJPs. This is the central result of this Letter.
The functional I ½ρ; H� is associated to a trajectory of the

SIJP of time extent T ≫ 1. It is local in ρðτÞ and HðτÞ and

therefore extensive in T. The level 2.5 rate function
I2.5ðl;ϕÞ is obtained from this functional by averaging
over the ensemble of all SIJP’s trajectories. In the LD
asymptotics, this translates into the infimum over
ðρðτÞ; HðτÞÞ, constrained on having the target long-time
empirical measure and flux, giving rise to constraints (13)
and (14).
Equations (9) and (10) can be interpreted as a dynamical

reweighting of the Poissonian relative-entropy density
ΓðxÞ, thus generalizing the level 2.5 LDs for Markov jump
processes [42,44,67]. Unlike the classical Markov case, the
contraction over ðρ; HÞ generically induces nonconvexity
of the functional, opening the way to richer dynamical
behavior in the generation of fluctuations of SIJPs.
Although none of the examples discussed below exhibit
this property, in the companion paper [66] we present an
example of dynamical bistability which leads to non-
convexity and a change of speed in the large deviations.
Additionally, the factor e−τ acts as an infinite-horizon
temporal discount: contributions at large τ (corresponding
to short times in the original time frame) are exponentially
suppressed, reflecting that early fluctuations of the empiri-
cal measure carry a smaller cost than long-time deviations.
The minimiser ðρoptðτÞ; HoptðτÞÞ of Eq. (9), which is not

necessarily unique, represents the optimal way to produce
the fluctuation ðl;ϕÞ. Note that this corresponds to a time-
dependent yet Markovian dynamics generated by HoptðτÞ.
For the special case of the SIJP generator QðAτÞ
being independent of Aτ, which makes the SIJP into a
standard Markov jump process, Eqs. (9)–(13) reduce
to the standard Markovian level 2.5 LD result
[42,44,47]: in this case ðρopt; HoptÞ become time indepen-
dent, the integral in Eq. (10) is trivial, and ðl;ϕÞ coincide
with ðρopt; ρopt ∘HoptÞ.
As is customary in tilting arguments, we assume the

existence of a time-inhomogeneous process that asymp-
totically realises the target fluctuation while minimizing the
path-space relative entropy with respect to the original SIJP.
The resulting calculation leads to a local, time-extensive
rate functional, which provides strong evidence for the
validity of the former assumption and corresponding large
deviation principle. In Ref. [30], this program is made
rigorous for affine dependence on At. Here, Eqs. (9)–(13)
extend the formal derivation to bounded functions on S,
leaving a fully rigorous mathematical proof for future work.
Kinetic uncertainty relation for SIJPs—The general level

2.5 LD result above is useful in practice in two ways. The
first is that the long-time LDs of any time-extensive
trajectory observable can be obtained by contraction
from the LDs of the empirical measure and flux. The
second is that Eq. (9) is variational, so that even if the
exact minimization is difficult, an approximate one can
provide a bound to the true rate function. This latter is the
approach used to prove TURs and KURs using LD
methods [50,51].
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Consider a generic flux observable, that is, a quantity
that depends additively on the jumps in a trajectory. For a
given trajectory it can be written as a contraction with the
empirical flux

BT ¼
X

ðx;yÞ∈ E

βxyΦxyðTÞ: ð15Þ

Assuming a unique stationary state, at long times BT will
become typical, BT → b̄ ≔

P
ðx;yÞ∈ E βxyφxy in probability,

cf. Eq. (6). The probability of fluctuations will have an LD
form, PðBT ¼ bÞ ≍ e−TIðbÞ, where the rate function IðbÞ
can be obtained from the level 2.5 one (9) with the extra
constraint

b ¼
X

ðx;yÞ∈ E

βxyϕxy: ð16Þ

While exact minimisation of Eq. (9) under Eq. (16) is in
general not doable, we can get an approximation with a
simple ansatz where the empirical density coincides with
the stationary state, l� ¼ π, but the flux is a rescaling of the
stationary one, ϕ� ¼ ðb=b̄Þφ; cf. Refs. [50,51]. In order to
satisfy the Eqs. (12)–(14) we have to set

ρ�ðτÞ ¼ ρ̄ðτÞ; H�ðτÞ ¼ ðb=b̄ÞQðM̄τÞ; ð17Þ

that is, the time-dependent generator of the auxiliary
process is simply the typical generator of the SIJP rescaled
by an overall factor, and where the typical ρ̄ is defined via
Eqs. (11) and (12) for the typical HðτÞ ¼ QðM̄τÞ.
Inserting into Eq. (9) we obtain the general bound

IðbÞ ≤ kSIJPΓðb=b̄Þ; ð18Þ

where

kSIJP ≔
X

ðx;yÞ∈ E

Z
∞

0

e−τρ̄xðτÞQxyðM̄τÞdτ ð19Þ

is the average SIJP dynamical activity. It generalises the
standard dynamical activity [40,41,68] of Markov jump
processes to the non-Markovian case of SIJPs which
corresponds to the number of configuration changes per
unit time.
Assuming that the observable (15) satisfies a central limit

theorem in the long-time limit, expanding Eq. (18) to
second order around b̄we obtain a bound on the asymptotic
variance of BT ,

varðbÞ
b̄2

≥
1

kSIJP
; ð20Þ

which we refer to as SIJP-KUR, generalizing the KUR of
time-homogeneous Markov processes [51,52]. As for

Markov processes, the average dynamical activity of a
SIJP provides an elementary bound to the quadratic
precision of observables.
Thermodynamic uncertainty relation for SIJPs—While

the SIJP-KUR is valid for all fluxlike observables (15), it
can be refined, as in the Markovian case, for currents, for
which βxy ¼ −βyx. This is done by writing the time-
dependent flux in terms of its symmetric and antisymmetric
parts, ρðτÞ ∘HðτÞ≕ ðvðτÞ þ uðτÞÞ=2, and solving exactly
in Eqs. (9) and (10) for the symmetric part uðτÞ,
cf. Refs. [42,44,67]. Doing this, the functional I in
Eq. (10) is replaced by

Ĩ ½ρ; v� ≔
X
x<y

Z
∞

0

e−τΨðvxyðτÞ; vρxyðτÞ; uρxyðτÞÞdτ; ð21Þ

where

vρxyðτÞ ≔ ρxðτÞQxyðMτÞ − ρyðτÞQyxðMτÞ; ð22Þ

uρxyðτÞ ≔ ρxðτÞQxyðMτÞ þ ρyðτÞQyxðMτÞ; ð23Þ

Ψðp; q; rÞ ≔ parcsinh
pffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − q2
p − parcsinh

qffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − q2

p

−
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 − q2 þ r2
q

− r

�
; ð24Þ

and the minimization in Eq. (9) is done over ρðτÞ and vðτÞ,
with constraint (14) replaced by

ϕxy − ϕyx ¼
Z

∞

0

e−τvxyðτÞdτ: ð25Þ

The LD rate function IðjÞ of any current observable,

JT ¼
X
x<y

βxy½ΦxyðTÞ −ΦyxðTÞ�; ð26Þ

can be obtained from the level 2.5 (9) by contraction using
Eq. (21) with constraints (11)–(13), and (25), (26). Even if
the exact calculation is not practical, one can obtain a
general upper bound to IðjÞ. The steps to do this are
analogous to those taken to derive the TUR using an LD
approach in the Markovian case [50], although more
general derivations are available nowadays in that context
[63,69].
The first step, after assuming a unique stationary state, is

to choose the same ansatz as in the SIJP-KUR for the
empirical density, l� ¼ π, which in turn implies that
ρ�ðτÞ ¼ ρ̄ðτÞ. The second step is to bound from above
the function Ψðvxy; vρ̄xy; uρ̄xyÞ with a form quadratic in vxy,
as is done in the proof of the TUR [50]. The third step
is to perform the minimization over vðτÞ in the resulting
bound of the functional Ĩ ½ρ̄; v�. An application of the
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Cauchy-Schwarz relation eventually yields (see Ref. [66]
for detailed derivations)

IðjÞ ≤ ðj − j̄Þ2
4
R
∞
0 e−τ ðj

ρ̄
τ Þ2
στ

dτ
: ð27Þ

where

jρ̄τ ≔
X
x<y

βxyv
ρ̄
xyðτÞ; ð28Þ

στ ≔
X
x<y

log

�
ρ̄xðτÞQxyðM̄τÞ
ρ̄yðτÞQyxðM̄τÞ

�
vρ̄xyðτÞ: ð29Þ

Over the backward logarithmic timescale, jρ̄τ is the typical
instantaneous current, such that

R∞
0 e−τjρ̄τdτ ¼ j̄, and στ is

the instantaneous entropy production rate of the SIJP. The
interpretation follows by viewing M̄τ as an “internal”
adiabatic protocol: since the empirical occupation measure
evolves slowly, QðM̄τÞ changes quasistatically, allowing
the underlying SIJP to equilibrate at each frozen value of
time and ρ̄τ to be stationary for QðM̄τÞ [70,71].
Instantaneous entropy-production rates have also appeared
in non-Markovian Langevin settings, including active
Ornstein-Uhlenbeck particles [72] and generalized
Langevin dynamics with memory [64], where irreversibil-
ity is likewise quantified through path-weight or dynami-
cal-cost comparisons with auxiliary processes.
Assuming that the observable (26) satisfies a central limit

theorem in the long-time limit, expanding Eq. (27) to
second order around j̄ gives a bound to the quadratic
fluctuations of the current

varðjÞ
j̄2

≥ 2

Z
∞

0

e−τ
ðjρ̄τ=j̄Þ2

στ
dτ; ð30Þ

which we refer to as SIJP-TUR, generalizing the TUR of
continuous-time Markov processes [49,50]. As in the case
of the TUR, Eq. (30) shows that increasing precision for the
current incurs a cost in terms of instantaneous entropy
production. Since it is not possible to disentangle in the
integral the instantaneous entropy cost from the instanta-
neous current, we can interpret the instantaneous entropy
production as an additional discount on the SIJP necessary
to reach a certain level of precision.
Note that both the SIJP-KUR (20) and SIJP-TUR (30)

reduce to the standard Markovian KUR and TUR in the
limit when the SIJP becomes a Markov process. Note also
that the SIJP-TUR (30) would hold in the case of external
driving, as long as the protocol evolves as slowly as At in
a SIJP.
Simple examples—We now illustrate the general results

above with two simple examples. The first example is a
two-state SIJP, S ¼ f0; 1g, with transition rates
Q01 ¼ 1þ eαAt , with At ¼ L1ðtÞ, and Q10 ¼ 1, with
α > 0. This describes a spin whose flip-up rate grows
exponentially with its past occupation. There is a unique
equilibrium state π, which for example for α ¼ 2 is π0 ¼
0.12… (with π1 ¼ 1 − π0), thus favouring occupation of
the up state.
Figure 1(a) illustrates the level 2.5 result by showing the

rate function at “Level 2” I2ðlÞ, obtained minimizing
Eq. (9) over the flux ϕ. This exact result coincides with
Monte Carlo simulations. We also show an upper bound
obtained by assuming solutions of the variational problem
to be time independent [73]: for larger deviations I2ðlÞ
departs the Markov approximation because larger fluctua-
tions entail sharper variations in ρðτÞ andMτ; see Fig. 1(b).
Figure 1(c) shows the exact rate function IðbÞ for the

flow observable BT ¼ Φ01ðTÞ obtained by contraction
from Eq. (9), and which coincides with the Monte Carlo
simulations (whose range is limited to the values around the

(a) (b) (d)(c)

FIG. 1. (a) Exact rate function for the empirical measure, I2ðlÞ (full black curve), obtained by solving Eqs. (9) and (10) with
constraints (11)–(13), for the two-level SIJP with α ¼ 2, Monte Carlo simulations (open red circles), and Markovian approximation
(dashed blue curve). (b) Optimal trajectories ρðτÞ: in backward time τ, ðπ0; π1Þ is an unstable fixed point and the dynamics is integrated
from τ ¼ 200 (which for this example is large enough to be in the asymptotic limit in τ) back to τ ¼ 0 for numerical stability. By
progressively truncating the red and blue trajectories at different τ ¼ τ̂, one uncovers the most likely dynamics responsible for the
fluctuation l≡ ρτ̂. Since trajectories yielding l < π0 evolve slowly (see inset), the left tail of I2ðlÞ is close to that of the Markovian
approximation (as the exponential discount suppresses distant-in-time contributions faster than they can accumulate). This is not the
case for l > π0, and the non-Markovian character becomes apparent in the higher likelihood of those fluctuations. (c) Exact rate
function IðbÞ for the flux observable BT ¼ Φ01ðTÞ (full black curve) for the two-level SIJP, Monte Carlo simulations (open red circles),
and the SIJP-KUR bound (dashed green curve). (d) Fluctuations of the particle current in the three-state model: Monte Carlo simulations
(open red circles) and the SIJP-TUR bound. All simulation results are for 106 trajectories of time extent T ¼ 1000.
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typical). We also show the SIJP-KUR upper bound from the
rhs of Eq. (18).
We illustrate the SIJP-TUR in a system with a nonzero

stationary current, that of a particle on a three-state ring,
S ¼ f0; 1; 2g, with a self-induced drag and cyclic transi-
tions: Q01 ¼ Q12 ¼ Q20 ¼ e−αL1ðtÞ and Q10 ¼ Q21 ¼
Q02 ¼ 1 − e−αL1ðtÞ. Dynamics slows down when state 1
is visited frequently, and the more the particle lingers in one
region, the harder it becomes to sustain a current. In
Fig. 1(d) we compare the statistics for the particle current,
JT ¼ P

x<yðΦxyðTÞ −ΦyxðTÞÞ from Monte Carlo simula-
tions, with the SIJP-TUR bound for the rate function given
in Eq. (27).
Conclusions—Self-interacting processes offer a rich

setting for uncovering universal principles of non-
Markovian dynamics. In the regime where the relevant
timescales are well separated and the dynamics is suffi-
ciently mixing, we have derived the exact dynamical large
deviations at level 2.5, that is the full joint statistics of the
empirical measure and fluxes, of self-interacting continu-
ous-time processes.
For concreteness, we focused on SIJPs with generators

dependent on empirical observables of configurations.
Our results, however, are easily generalisable to self-
interacting systems where the dynamics depends also on
the accumulated fluxes: if At in Eq. (1) also adds t−1gxy for
every jump between x and y in a trajectory, the correspond-
ing level 2.5 LDs are also given by Eqs. (9)–(14), with the
change

P
x fxρx →

P
x fxρx þ

P
xy gxyρxHxy in the inte-

grand on the r.h.s. of Eq. (12). See Ref. [66] for a detailed
derivation.
As is the case with Markovian systems, an important

application of the level 2.5 LDs framework is in the
derivation of bounds on the fluctuations (to all orders)
of dynamical observables, which for quadratic fluctuations
are the so-called thermodynamic and kinetic uncertainty
relations. Here, we obtained the corresponding versions for
SIJPs of the thermodynamic [49,50] and kinetic [51,52]
uncertainty relations, the SIJP-TUR and SIJP-KUR. More
refined and tighter bounds, such as a generalization of the
“ultimate” KUR [60] (also known as the “clock” uncer-
tainty relation [74]) can be obtained by generalising the
approach of [60] to SIJPs; see Ref. [66].
Looking ahead, the present framework could, in princi-

ple, also be adapted to derive bounds for first-passage times
[51,75] beyond the Markovian regime. More complex
illustrative examples and applications—such as extensions
to open quantum dynamics with memory—are important
for clarifying the scope and implications of the theory.
Another natural direction is to reweight past memory, for
example, by damping contributions from the distant past or
restricting the memory to a finite time window, as would
arise from rapidly evaporating pheromone trails in autoch-
emotactic microorganisms [1,2].
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End Matter

Appendix: Notation and conventions—We use a
compact notation for multidimensional objects: given
vector π ≔ ðπxÞx¼1∶d and matrix Q ≔ ðQxyÞx;y¼1∶d, πQ
denotes their internal product, ðπQÞy ¼

P
d
x¼1 πxQxy, and

use ∘ for Hadamard product, with π ∘Q having
elements πxQxy. For scalar quantities we write the time
dependence with a subscript, e.g. At, for compactness.
1xð·Þ is the indicator function, which gives one if
the argument coincides with x or zero otherwise. We
use overbar to mark typical values; e.g., limt→∞ At ¼ ā.

The symbol ≍ indicates equality up to subexponential
factors in a large parameter, so that Pð·Þ ≍ e−TIð·Þ is
equivalent to Ið·Þ ¼ −limT→∞T−1 logPð·Þ. We define the
asymptotic variance of an (intensive) trajectory
observable such as BT as varðbÞ ≔ limT→∞ TvarðBTÞ.
We use the “maths” convention of probabilities being
row vectors, stochastic generators having rows adding
up to zero, and time propagation being left to right,
e.g., ∂tμ ¼ μQ.
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