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Counterdiabatic (CD) driving has the potential to speed up adiabatic quantum state preparation by
suppressing unwanted excitations. However, existing approaches either require intractable classical
computations or are based on approximations that do not have performance guarantees. We propose
and analyze a nonvariational, system-agnostic CD expansion method and analytically show that it
converges exponentially quickly in the expansion order. In finite systems, the required resources scale
inversely with the spectral gap, which we argue is asymptotically optimal. To extend our method to the
thermodynamic limit and suppress errors stemming from high-frequency transitions, we leverage finite-
time adiabatic protocols. In particular, we show that a time determined by the quantum speed limit is
sufficient to prepare the desired ground state, without the need to optimize the adiabatic trajectory.
Numerical tests of our method on the quantum Ising chain show that our method can outperform state-of-
the-art variational CD approaches.
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Introduction—Adiabatic transport is a fundamental tool
for preparing quantum states [1], with applications ranging
from quantum many-body physics [2] to quantum compu-
tation [3], and optimization [4–6]. In spite of many
successful experimental realizations [7–14], its scalability
to larger system sizes is limited by the required long
adiabatic timescales associated with a vanishing energy gap
[15], which is at odds with the coherence times achievable
in practical quantum simulation and computation plat-
forms. These considerations have spurred significant inter-
est in developing potential shortcuts to adiabaticity [16].
One promising approach to shortcutting adiabaticity

is counterdiabatic (CD) driving. Given a time-dependent
Hamiltonian, in this approach one can add terms that
explicitly counteract the nonadiabatic transitions generated
by the time derivative of its eigenstates [17–20]. However,
in general, these terms, which form the so-called “adiabatic
gauge potential” (AGP), are highly nonlocal and require

full knowledge of the spectrum for exact implementation.
This has motivated the development of “variational CD
driving” [21], where local approximations of the AGP are
constructed [22]. Since its inception, this method has been
widely adopted for ground-state preparation. It has been
extensively analyzed and refined through numerical studies
[23–37] and successfully demonstrated in experimental
quantum platforms [38–40]. However, the resource require-
ments and convergence guarantees associated with such
approaches remain poorly understood, despite recent
progress in digital implementations of CD driving [41].
This Letter introduces a new method of constructing CD

drives with rigorous performance guarantees. We derive a
system-agnostic scheme to approximate the exact AGP,
which makes the resource estimation and the error bounds
universal. In our approach, the resources scale inversely
with the spectral gap between the ground and the first
excited state Δ, and at worst linearly in the largest
excitation frequency in the system. We argue that in
generic, nonintegrable systems, such scaling is optimal
up to subleading corrections. Because of the scaling with
the largest excitation frequency, the performance guaran-
tees are inapplicable in the thermodynamic (TD) limit, even
if the system remains gapped. We show that this can be
remedied by adiabatically suppressing high-frequency
transitions by scaling the protocol’s duration with 1=Δ.
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This approach allows one to effectively reach the quantum
speed limit [42] without the need for optimizing the
adiabatic trajectory. Our framework allows one to system-
atically address the challenges associated with adiabatic
preparation of many body states and reduces the associated
errors by increasing nonlocality.
Finite systems—Our goal is to prepare the ground state

of a given HamiltonianH by means of an adiabatic protocol
with duration τ controlled by the parameter λðtÞ [see
Fig. 1(a)]. The initial Hamiltonian and final Hamiltonian
correspond to λðt ¼ 0Þ ¼ 0 and λðt ¼ τÞ ¼ 1, respectively.
Let fjϕnig denote its instantaneous eigenbasis. A counter-
diabatic protocol consists of evolving the ground state at
t ¼ 0 under the equation

i∂tjψi ¼
h
HðλÞ þ λ̇ðtÞAλ

i
jψi; ð1Þ

where Aλ is the chosen counterdiabatic potential. If
Aλ ¼ Ãλ, where Ãλ is the exact AGP with matrix elements

hϕmjÃλjϕni ¼ ihϕmj∂λjϕni ¼ −i
hϕmj∂λHjϕni

ωmn
ð2Þ

with the transition frequencies ωmn ≔ Em − En, the system
will remain in the ground state at all times t because the
exact AGP precisely cancels out the transitions from the
ground state [18].
Our goal is to suppress diabatic transitions by approxi-

mating the matrix elements of the exact AGP Ãλ (2). We
parametrize the approximate AGP Aλ as

hϕmjAλjϕni ¼ −ipðωmnÞhϕmj∂λHjϕni; ð3Þ

where pðωmnÞ¼
P

d
k¼1ckω

2k−1
mn is a polynomial in the tran-

sition frequency. To realize a practical implementation of
Eq. (3), we leverage the nested commutator expansion [22]

Aλ ¼ i
Xd
k¼1

ck½H; ½H;…½H;|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
2k−1

∂λH���; ð4Þ

where each nested commutator of order 2k − 1 provides the
requisite matrix elements ∝ hϕmj∂λHjϕniω2k−1

mn of Aλ (3).
Consequently, the remaining task is to find coefficients ck that
best approximate the exact AGP.
Previously, the coefficients ck were determined by

variational minimization [21] [see also Supplemental
Material (SM) [43] ]. In contrast, the central idea of our
scheme is to analytically construct a system-agnostic,
nonvariational polynomial pðωmnÞ in Eq. (3) to approxi-
mate the 1=ωmn dependence of the exact AGP matrix
elements over a chosen range of relevant transition frequen-
cies (see Fig. 1). The only input required to determine the
polynomial coefficients will be the relevant range of
frequencies ½Δ;ωmax�, where Δ is the minimum spectral
gap and ωmax is a chosen cutoff frequency. Although Δ
might not be precisely known in practice, it suffices to
proceed with (conservative) estimates, e.g., based on
known properties of the system. The effect of potentially
overestimatingΔ depends on the problem-specific structure
of low-frequency transitions. However, because the
polynomial specifying Aλ decays to zero for ω < Δ [see
Fig. 1(b)] a suboptimal choice is not expected to incur
additional errors compared to a bare adiabatic evolution.
In summary, our construction does not require detailed

information about the system Hamiltonian, and allows us
to link the resource requirements of CD driving to the
spectral gap Δ.
We have thus reformulated the task of constructing an

approximate AGP as a problem of polynomial approxima-
tion. Chebyshev polynomials are the canonical choice for
approximating functions on bounded intervals, due to their
nearly optimal convergence properties [47]. To ensure
that Aλ is Hermitian, we require that pðωmnÞ be odd [see
Eq. (3)]. We adopt the method of Hasson and Restrepo [48],
which employs a Chebyshev expansion to construct a
near-optimal odd polynomial approximation of 1=ωmn
on a given interval (see End Matter for details).
Crucially, the coefficients depend solely on the bounds
of the approximation interval, underscoring the system-
agnostic nature of the approach.
The error of the polynomial approximation at d th order

is directly related to the ground-state fidelity at the end of
the protocol. By setting ωmax ¼ Ω, where Ω is the largest
transition frequency, we expand 1=ωmn over all excitations

(a) (b)

FIG. 1. Universal counterdiabatic driving. (a) Our CD scheme
seeks to suppress transitions from the ground state to the rest of
the eigenspectrum during adiabatic quantum many-body state
preparation. The figure shows the transition frequencies as a
function of time with Δ the minimum spectral gap and Ω the
largest transition frequency. In our scheme, we target the
transitions with frequencies in the interval ½Δ;ωmax� (gray shaded
area), where ωmax is a cutoff frequency chosen to enhance the
protocol’s efficiency. (b) Universal CD driving suppresses these
transitions by approximating the adiabatic gauge potential (AGP)
matrix elements over these transition frequencies by a polynomial
of degree 2d − 1, whose coefficients depend only on the interval
bounds ½Δ;ωmax�. For frequencies ω > ωmax, the polynomial
grows as ω2d−1.
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in the system and arrive at the following upper bound on the
ground-state infidelity (see End Matter):

1 − F ≤ Cðlog dÞ2
�
1 − Δ=Ω
1þ Δ=Ω

�
2ðd−1Þ

var½∂λH�jϕ0i; ð5Þ

with var½∂λH�jϕ0i ¼ hϕ0jð∂λHÞ2jϕ0i − hϕ0jð∂λHÞjϕ0i2.
Expanding the term ð·Þ2ðd−1Þ≕ x ¼ exp½log x�, we find
that for Δ ≪ Ω the ground-state infidelity scales propor-
tionally to

1 − F ∼ exp½−4Δd=Ω�; ð6Þ

which means that the required degree asymptotically scales
as d ∼Ω=Δ, where we have omitted the logarithmic
contribution from d, as well as from var½∂λH�jϕ0i. In most
cases, the 1=Δ dependence will be the dominant contri-
bution. Remarkably, this dependence on the gap is similar
to that found for the required duration of optimized
adiabatic protocols [42], where the schedule function λ
is chosen according to the gap profile. Here, we obtain a
similar scaling without the need for such optimization.
To showcase our scheme, we consider the one-

dimensional transverse field Ising chain

HðλÞ¼J
XL−1
j¼1

σziσ
z
iþ1þhz

XL
j¼1

σzi þhxðλÞ
XL
j¼1

σxi ; ð7Þ

with a linear ramp connecting hxð0Þ ¼ J=2 and
hxð1Þ ¼ 5J=2. For simplicity, we choose the limit τ → 0,
since Eq. (5) is valid for any protocol duration τ. In this
limit, the original Hamiltonian drops out, leaving evolution
governed only by the approximate AGP, so its influence can
be examined independently of finite-time adiabatic effects.
We compute both the variational AGP [21,22,43] and our
universal AGP at different orders d, and use them to evolve

the ground state at λ ¼ 0 under Eq. (1). In Fig. 2(a), we
display the ground-state infidelity for two scenarios: the
integrable point (hz ¼ 0, within the positive parity sub-
space), and for the generic nonintegrable regime
(hz ¼ J=φ, with φ the golden ratio). The variational results
are represented by red circles, while the universal results
with ωmax ¼ Ω are shown as teal squares. In purple we
show results obtained using ωmax < Ω, which we dis-
cuss below.
As shown in Fig. 2(a), the infidelity of the universal

scheme decreases exponentially with the expansion order d,
in line with the analytic scaling predicted by Eq. (5) (black
dashed lines). Overall, the universal scheme achieves
comparable performance to the variational method, despite
being independent of the details of the Hamiltonian. Both
schemes exhibit a faster convergence for the integrable
case, which can be attributed to the fact that it has fewer
transitions and a smaller Ω (see SM [43]). The variational
scheme also exhibits a small relative advantage in this case,
as it exploits the structure in the transition frequencies
[22,43], whereas the universal approach chooses the best
uniform approximation of the matrix elements of the exact
AGP. In the nonintegrable case, the schemes have compa-
rable performance, as the transitions from the ground state
are uniformly distributed in the ½Δ;Ω� interval. Following
this reasoning, it seems unlikely that much is to be gained
from variational minimization for generic systems with
chaotically distributed spectra.
According to Eq. (5), the quality of the polynomial

approximation decreases with the ratio Δ=Ω. To observe
this behavior, we fix the order d and increase the system
size, as this results in a smaller gap Δ and a larger Ω.
The results in Fig. 2(b) confirm the exponential decrease
in performance with increasing Ω=Δ (teal squares), as
predicted by Eq. (5).
To improve practical performance, we therefore consider

lower cutoff frequencies ωmax < Ω. Such a choice has two

(a) (b)

FIG. 2. Universal CD driving at finite sizes. (a) Ground-state infidelity for an integrable and nonintegrable point of the Ising model
with L ¼ 6 in the limit of τ → 0, as a function of the expansion order d. The universal scheme is displayed for the choice ωmax ¼ Ω (teal
squares) and for the optimal choice of ωmax at each expansion order d [see inset in (a) for d ¼ 5 and purple triangles]. Our scheme has
comparable performance to variational AGP (red circles). The analytical scaling from Eq. (5) is shown in dashed black. (b) System size
scaling of the infidelity in the nonintegrable case for d ¼ 14.
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competing effects: on the one hand, it enhances the quality
of the approximation in the interval ½Δ;ωmax� for a given
order d. On the other hand, it introduces a residual error εres
originating from the high-frequency, ultraviolet transitions
at ω > ωmax. At these frequencies the polynomial grows
like pðωÞ ∼ ω2d−1 and becomes a poor approximation of
1=ω [see Fig. 1(b)]. This implies the existence of an optimal
ωmax that minimizes the infidelity at each d [see inset in
Fig. 2(a)]. In Fig. 2 we numerically show that the
performance can be significantly improved with this choice
of ωmax. Because of the improvements we observe by
choosing ωmax < Ω, in the following we study how this
choice affects the error bounds.
Convergence in the TD limit—We have shown numeri-

cally that choosing ωmax < Ω can lead to significant
performance gains. Furthermore, the choice ωmax ¼ Ω is
suboptimal in the TD limit where Ω ¼ OðLÞ, as one would
need d ∼OðLÞ even for gapped systems. This motivates us
to explore the possibility of choosing ωmax ∼Oð1Þ < Ω.
This choice requires placing a bound on the residual error
for frequencies above ωmax. One might hope that such a
bound can be achieved by noting that for generic systems
the matrix elements for high-frequency transitions decay
exponentially [49]. Unfortunately, exponential decay is not
fast enough to control the error (see SM [43] and Ref. [50]).
To see this, note that for generic systems, the matrix
elements of local operators such as hϕnj∂λHjϕ0i, which
govern the high-frequency behavior of the AGP [see
Eq. (3)], decay (at least) exponentially as ∼e−γωn0 [49].
In SM [43], we show that the corresponding residual error
εres scales as ∼ expð−γωmaxÞω2d

max. Combining this result
with the condition d ∼ ωmax=Δ from Eq. (6), we get
εres ∼ dd expð−dÞ, i.e., our bound on the residual error
scales factorially at large values of d. While for some
integrable models the decay is stronger and the factorial
error can be suppressed (see SM and Ref. [50] for a detailed
discussion), in generic systems we need further constraints
to get favorable bounds for εres.

We will deal with the residual error by combining our
scheme with a finite adiabatic timescale. More precisely,
we will choose ωmax < Ω and adiabatically suppress the
transitions above ωmax. The resulting residual error from
transitions with frequencies ω > ωmax [cf. End Matter
Eq. (B3)] is proportional to the growth of the approximat-
ing polynomial ∼ω2d at ω > ωmax [see Fig. 3(a)]. In
SM [43], we show by means of adiabatic perturbation
theory [51] that by choosing sufficiently smooth and slow
protocols, this growth can be compensated adiabatically. In
particular, we use the smoothness of the protocol λðtÞ, and
its corresponding decay properties in frequency space, to
offset the error stemming from the growth of the poly-
nomial [see Fig. 3(a)]. We find that such protocols require a
total time τ ∼ d. Thus, by setting the cutoff frequency as
some system-size-independent local energy scale ωmax ∼ J,
and recalling the bound on approximation error from
Eq. (5), we find that

d ∼ 1=Δ and τ ∼ 1=Δ ð8Þ

are required for the scheme to converge. Remarkably,
this implies that one can achieve the quantum speed limit
τ ∼ 1=Δ without optimizing the adiabatic trajectory,
provided that the necessary d ∼ 1=Δ CD terms can be
engineered.
In Fig. 3(b), we show the effects of adiabaticity for

the transverse field Ising chain Eq. (7), with λðtÞ ¼
sin2½ðπ=2Þsin2ðπt=2τÞ�. We plot the ground-state infidelity
for different expansion orders dwith finite protocol times τ.
For variational CD driving (left), the fidelities coalesce
with the bare adiabatic fidelities at larger values of τ,
thus limiting the space for improvement. In contrast, the
universal CD driving (right) benefits from the additional
flexibility of varying ωmax, which can be chosen to
optimize the performance for a given order d and protocol
duration τ. This allows us to significantly improve upon the

FIG. 3. Universal CD driving at finite timescales. (a) Combining the universal polynomial approximation of order d ∼ 1=Δ with
adiabatic protocols of duration τ ∼ 1=Δ allows us to construct a scheme that converges in the TD limit. The cutoff frequency ωmax can be
chosen as some system size independent local energy scale J. Above ωmax the transitions are compensated by the frequency space decay
of λ̇, here shown in purple. (b) We show the time fidelities for the universal and variational approach for the nonintegrable Ising model
with hz ¼ J=φ and L ¼ 6. Fidelities of a bare adiabatic evolution plotted (dashed black lines) are plotted for comparison. For large τ the
universal scheme improves upon the variational approach due to the additional flexibility of tuning ωmax as τ is increased.
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bare adiabatic protocol even for longer, nearly adiabatic,
timescales.
Alternatively, one can still find universal schemes that

remain well-defined in the TD limit, without invoking
adiabaticity, by considering appropriate expansions of the
exact AGP Ãλ. We begin by showing in the End Matter that
the exact AGP Ãλ can be expanded in a Krylov basis of the
Liouvillian L ¼ ½H; ·� applied to ∂λH, i.e., a Gram-Schmidt
orthogonalized version of the nested commutators in
Eq. (4) [52]. Using the universal properties of the high-
frequency tails of the spectral function [49], which translate
to universal dynamics on the Krylov chain [53], we show
that one needs to keep least the lowest d ∼ e1=Δ nested
commutators in order for the error to remain small.
The complexity of exactly computing the Krylov expan-

sion grows exponentially in d, so it becomes intractable
rather quickly. As a solution, instead of performing the
exact expansion, we exploit the exponential decay of matrix
elements [49] to build a new family of orthogonal poly-
nomials. We choose these polynomials—which we dub
“Laplace polynomials”—to be orthogonal with respect to
an exponentially decaying weight function. This allows us
to define them on the entire real line, thus eliminating the
residual error and the aforementioned factorial growth
problem from the start.
In SM [43], we construct the Laplace polynomials

numerically, and express 1=ω in them. We numerically
confirm that this scheme exhibits the same resource
requirements in the degree d as the Krylov construction.
Without any particular structure in the spectral function or
Lanczos coefficients, this scaling cannot be improved.
Discussion and outlook—In this Letter, we constructed a

universal approach to CD driving based on generic infor-
mation about the system, with rigorous error bounds and
resource requirements. The resource cost of our approach
depends on the minimum spectral gap and the high-
frequency transitions from the ground state to the rest of
the spectrum. We find that the effect of these transitions
can be mitigated by leveraging adiabaticity. The resulting
protocol reaches the quantum speed limit without the need
for optimization, thus providing a practical recipe for
improving performance that is robust in the TD limit.
We numerically observe that this approach also outper-
forms state-of-the-art variational CD in the adiabatic limit.
The demanding scaling of the required long-range terms in
our constructions can pose a significant challenge for
realistic implementations. However, if such nonlocality
can be engineered, our framework can be used to expo-
nentially reduce the error.
The present Letter can be extended in several directions.

Our analytic bounds show that CD driving performance is
inextricably linked to nonlocality. While such nonlocality
may be challenging to engineer experimentally, our Letter
underscores the importance of identifying implementation
strategies where CD driving gives a practical advantage.

To this end, Floquet engineering the nested commutators
forming the ansatz in Eq. (4) may provide a route toward
experimental implementation of approximate AGPs in
quantum simulators [22,54–57]. In the digital setting, these
terms could be incorporated in Trotterized circuits using
multiqubit controlled phase gates [58–61]. Furthermore, it
would be interesting to design hybrid protocols combining
CD driving with methods to circumvent small spectral
gaps, such as exploiting diabatic transitions [13,62,63],
using quantum quench algorithms [64–66], or exploring
more favorable adiabatic paths [67–71]. Identifying how
to optimally implement such strategies while maintaining
hardware efficiency can therefore enable a broad range of
new practical applications of CD protocols.
Numerical simulations in this Letter were performed

using the QuTiP library [72–74].
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End Matter

Details of the polynomial approximation—The
following draws heavily on the technique introduced in
Ref. [48]. The procedure is as follows. First, we will
approximate 1=ω on the interval ½Δ;ωmax� without
observing the odd parity requirement. We will then use
the obtained series expansion and augment it to arrive at
an odd polynomial expansion of the inverse function
that will consequently work on ½−ωmax;−Δ� ∪ ½Δ;ωmax�.
It can be shown that the resulting approximation is
optimal up to logarithmic factors.
For convenience, we first map the domain of the function

to ½−1; 1� by defining x ¼ ðω − ωavgÞ=δω, where ωavg ¼
ðωmax þ ΔÞ=2 and δω ¼ ðωmax − ΔÞ=2. Then, the goal is to
find a near-optimal (in the k · k∞ sense) polynomial
approximation of the function fðxÞ ¼ 1=ðδω · xþ ωavgÞ
for x∈ ½−1; 1�.
Chebyshev polynomials Tn, defined by the relation

Tnðcos θÞ ¼ cosðnθÞ, constitute an orthonormal basis
with respect to the inner product hf; gi ¼R
1
−1 dxfðxÞgðxÞð1 − x2Þ−1=2. In particular, in Ref. [75]
series expansions of inverse polynomials are computed.
We are interested in the series expansion of fðxÞ ¼
1=ðδωxþ ωavgÞ. Defining η ≔ ωavg=δω it can be
shown that

fðxÞ ¼ 1

δωðxþ ηÞ ¼
X∞
j¼0

cjTjðxÞ; ðA1Þ

where

cj ¼

8>><
>>:

−1
δω

ffiffiffiffiffiffiffi
η2−1

p ; for j ¼ 0

−2
δω

ffiffiffiffiffiffiffi
η2−1

p
�

−1
ηþ

ffiffiffiffiffiffiffi
η2−1

p
�
j
; else:

ðA2Þ

It can be shown [48] that truncations of this infinite series
expansion at d th order satisfy

k1=ω −QdðωÞk∞ ≤ C0

0
B@1 −

ffiffiffiffiffiffiffi
Δ

ωmax

q

1þ
ffiffiffiffiffiffiffi
Δ

ωmax

q
1
CA

d

;

where we have usedQdðωÞ ¼
P

d
j¼0 cjTjðδωωþ ωavgÞ and

C0 ∈R is some real constant. Moreover, it has been shown
[48] that this error is optimal up to a logarithmic factor, i.e.,

k1=ω −QdðωÞk∞ ¼ inf
p∈Pd

k1=ω − pðωÞk∞ log d;

where Pd is the set of all real polynomials of degree d.
We now use the series expansion above to obtain an odd

approximating polynomial. Following Ref. [48] we per-
form the following steps: (1) we approximate 1=ω on
½Δ2;ω2

max� by Qd−1ðωÞ; (2) then, Qd−1ðω2Þ approximates
1=ω2 on ½Δ;ωmax�; and (3) finally, P2d−1ðωÞ ≔
ω ·Qd−1ðω2Þ approximates 1=ω on ½Δ;ωmax�. Here, d ≥ 1.
We note that ωQd−1ðω2Þ is an odd polynomial (of degree

2d − 1) as it is a product of the odd polynomial ω and the
even polynomial Qd−1ðω2Þ. In Ref. [48] it is shown that the
error of such an approximation scales as

kP2d−1ðωÞ − 1=ωk∞ ≤ C

�
1 − Δ=ωmax

1þ Δ=ωmax

�
d−1

log d:

Moreover, it is shown that this is the best possible
polynomial approximation up to the log d factor.

Decomposing the ground state infidelity—We can re-
write the Schrödinger equation (1) in the instantaneous eig-
enbasis of HðλÞ using the ansatz jψi¼P

nanðtÞjϕnðtÞi as
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i∂tan − λ̇
X
m

amhϕnjðÃλ − AλÞjϕmi ¼ Enan; ðB1Þ

where we have used the definition of the exact AGP
ihϕnj∂tjϕmi ¼ λ̇hϕnjÃλjϕmi.
By employing the gauge transformation

αn ¼ an exp ½iΘnðtÞ�, where ΘnðtÞ ¼
R
t
0 dt

0Enðt0Þ, we can
obtain the following integral equations for eigenstate
populations at the end of the protocol [51]:

αnðτÞ ¼ δn0 þ
Z

τ

0

dtλ̇
X
m

αmhϕnjðAλ − ÃλÞjϕmieiðΘn−ΘmÞ:

ðB2Þ

In the scenario where the initial state is the ground state
jψð0Þi ¼ jϕ0ð0Þi we are interested in the final ground-state
fidelity F ≔ jhψðτÞjϕ0ðτÞij2. In SM [43] we derive the
following upper bound for the infidelity:

1 − F ≤ 4
X
n≥1

Z
1

0

dλ
���hϕnjðAλ − ÃλÞjϕ0i

���2: ðB3Þ

We can additionally use the definitions of the exact and
approximate AGPs to rewrite

hϕnjðAλ − ÃλÞjϕ0i ¼ ihϕnj∂λHjϕ0i½pðωnÞ − 1=ωn�;

where ωn ≔ ωn0.
We decompose the upper bound of the infidelity shown

in Eq. (B3) into two parts, depending on the transition
frequency ωn (see also Fig. 1). Transitions to states
n∈ Iωmax

, where Iωmax
≔ fnjωn ≤ ωmax; ∀ tg, will be

addressed by fitting the polynomial pðωnÞ. The residual
error εres coming from transitions to states n ∉ Iωmax

will be
addressed later.
Let us first focus on the error stemming from transitions

to states n∈ Iωmax
for which the polynomial approximation

works. Starting from Eq. (B3) we perform a change of
variables t → λ and find that this contributes

εpoly ≤ 4kpðωÞ − 1=ωk2∞
X

n∈ Iωmax

jhϕnj∂λHjϕ0ij2: ðB4Þ

We further note that, for the case of ωmax ¼ Ω, where
transitions to all excited states n ≥ 1 contribute to this part
of the error,

X
n≥1

jhϕnj∂λHjϕ0ij2 ¼ hϕ0jð∂λHÞ2jϕ0i − hϕ0j∂λHjϕ0i2;

which is typically extensive for local systems. Furthermore,
if we choose ωmax ¼ Ω, then εpoly is the only contribution
to the infidelity. This result remains valid for any total

protocol time τ, including the limit of τ → 0, where we only
evolve under Aλ.
However, for ωmax < Ω there is a residual error con-

tribution εres coming from transitions n ∉ Iωmax
not

addressed by Aλ. Because of the growth of the constructed
polynomial outside of the approximation interval, this
term is

εres ≤ C
X

n∉Iωmax

ω4d
n jhϕnj∂λHjϕ0ij2;

where we have upperbounded the difference between pðωÞ
and 1=ω by Cω2d. This expression ignores potential
effects of adiabaticity, which are explicitly accounted for
in SM [43]. Moreover, in certain cases the matrix elements
might decay rapidly as a function of the transition fre-
quency [43,49]. This might significantly reduce the effects
of the residual errors in practice (see also Fig. 2).

Krylov construction—The exact AGP Ãλ for a gapped
ground state can be expressed as

Ãλ ¼
Z

∞

0

dtgΔðtÞe−iHt
∂λHeiHt; ðC1Þ

where gΔðtÞ is some filter function that decays faster
than any polynomial and has a scale that is set by the
gap [20,76–78], e.g., following [77] we can choose
gΔðtÞ to asymptotically decay almost exponentially like
∼ exp−Δt= logðtÞ. Next, let us introduce an orthonormal
Krylov basis of the Liouvillian L ¼ ½H; ·� applied to
∂λH. For simplicity we use the inner product AB ¼
ð1=2NÞTr½A†B�. Let us define

O1 ¼ LO0=b1 ¼ ½H;O0�=b1;
b1 ¼ kLO0k; ðC2Þ

where O0 ¼ ∂λH=k∂λHk and proceed for n > 2 with

O0
n ¼ LOn−1 − bn−1On−2;

On ¼
O0

n

bn
; with bn ¼ kO0

nk: ðC3Þ

Now we can express the AGP in this Krylov basis as

Ãλ ¼ k∂λHk
X∞
n¼0

On

Z
∞

0

dtgΔðtÞφnðtÞ; ðC4Þ

where φnðtÞ are the Krylov expansion coefficients. As
discussed before, all even terms vanish. The approximate
AGP, to degree 2d − 1, simply corresponds to the first
2d − 1 terms in the sum. Consequently, the square error
εðAλÞ ≔ kÃλ − Aλk2 becomes
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εðAλÞ ¼ k∂λH2k
X∞
n¼2d

����
Z

∞

0

dtgΔðtÞφnðtÞ
����
2

: ðC5Þ

The convergence is thus determined by the spreading of
the operator in Krylov space. The latter has been
extensively studied in Ref. [53]. In particular, when
φnð0Þ ¼ δn;0 one finds that in generic models the
operators spread exponentially fast on the Krylov chain,
i.e., hnit ∼ eγt. However, with gΔðtÞ decaying (almost)
exponentially the error defined by expression (C5)
decays with d, albeit very slowly. For simplicity, let us
apply Cauchy-Schwarz to upperbound Eq. (C5) by

εðAλÞ ≤ k∂λH2k
X∞
n¼2d

Z
∞

0

dtgΔðtÞ
Z

∞

0

dtgΔðtÞjφnðtÞj2:

ðC6Þ

The only timescale in gΔðtÞ is 1=Δ, such thatR
∞
0 dtgΔðtÞ ∼ 1=Δ and using that jφnðtÞj2 is a probability
distribution concentrated around hnit ∼ eγt, one finds

Z
∞

0

dtgΔðtÞjφnðtÞj2 ∼
1

γ

1

n1þΔ=γ ; ðC7Þ

where we have dropped a log logn correction in the
exponent coming from the fact that gΔðtÞ has to decay
slower than exponentially. As such we find that

εðAλÞ ¼ kÃλ − Aλk2 ≲ k	∂λH

2k

Δγ
ð2dÞ−Δ=γ: ðC8Þ

Consequently, one requires an exponentially large degree
in the inverse gap d ∼ ecγ=Δ for the error to be small.
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