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Rydberg States with a Liquid Core
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We develop a self-consistent approach that provides an explicit potential for a Rydberg electron whose
ionic core consists of a polarizable medium, typically realized with superfluid droplets. The electron’s
motion remains separable in spherical coordinates, but the radial force exerted by the droplet breaks
degeneracy of the angular momentum states nonperturbatively. The ensuing electron spectrum reveals

intriguing properties dependent on droplet size and electron excitation. Deviations of the polarizable
medium from the continuous spherical distribution can be taken into account as a perturbation of this
redefined Rydberg dynamics. We discuss specific but paradigmatic examples for superfluid helium and
also propose a way to probe droplet properties, including its possible crystallized fraction through

stimulated transitions of the Rydberg electron.

DOI: 10.1103/pdby-ss2t

Since the empirical discovery of emission and absorption
lines by Balmer and Rydberg, the so-called Rydberg states
have received continued interest. Important conceptual
advances include the development of quantum defect
theory for precision spectroscopy [1,2] in molecules and
atoms. Advanced cooling techniques have given rise to
ultracold gases, and in that vein Rydberg atoms have
evolved into experimental platforms for quantum technol-
ogies and high precision spectroscopy thanks to sophisti-
cated methods to control external fields [3]. Ultracold
environments also allow for the sustained creation of giant
atoms with very large electronic Rydberg orbits of microm-
eter diameter (principal quantum number n = 100 and
higher). Such states can bind a neutral atom to form an
extremely long-range molecule [4-8], and even several
atoms can become bound to the Rydberg atom [9],
eventually leading to a polaron picture of a Rydberg
impurity embedded in a cold gas [10-12]; for recent
reviews, see Refs. [13,14].

Beyond the traditional ionic or molecular core, large
Rydberg orbitals can encompass a large finite system such
as a droplet or a nanocrystallized structure [15], which can
constitute a strong distortion of the hydrogenic electron
orbitals. Yet, for large enough Rydberg orbits, the enclosed
system will look spherical, no matter what its actual shape
or structure is, and the spherical symmetry of the Rydberg
electron density will be preserved. Even for the most
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anisotropic enclosed systems, their spherically averaged
continuous density contains the main part of the non-
perturbative distortion of the hydrogenic spectrum, while
the deviation from this droplet density can be described
perturbatively. Likewise, typical Rydberg orbitals are
spread out enough in space to neglect their backaction
on the density of the droplet. If this is not the case, the
correct droplet density can be determined self-consistently
by iteration.

To be specific, we consider a Rydberg atom where the
core consists of an ion in the center of a compact
environment, which we assume to be confined within a
sphere of radius R. It interacts with the Rydberg electron
through the Fermi pseudopotential [16], characterized by
the s-wave scattering length a,. The environment may be
anisotropic, either through ion-induced structuring man-
ifested, e.g., for helium droplets in the formation of
snowball and supersolid layers [17-25], or when modeled
as an ensemble of static point-like scatterers with a fixed
regular or irregular spatial pattern [15]. The charged
impurity located off center constitutes a second, qualita-
tively different way to break the spherical symmetry, which
we will address later. In a simple but crucial step,
we decompose the density p(R) of the environment into
an isotropic p(R) and a p(R) component, p(R) =
p(R) + p(R). Far away from the core, relevant for very
large Rydberg orbits, only the isotropic component will
survive.

In superfluid helium droplets doped with alkali ions [17],
the isotropic component can be identified with the pure
droplet density p(R) without impurity. In cases in which
the anisotropy extends throughout the droplet, e.g., if
the atoms appear as point-like scatterers, the isotropic
component can be taken as the spherical average of the
density, p(R) = (1/[4x]) [ p(R)dQ. In both scenarios, the
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anisotropic contribution p(R) accounts for the fluctuations
on top of p(R).

With the decomposition of the density, also the
Hamiltonian H = H + h splits naturally into two parts.
The anisotropic part,

h— 2nas/d3Rﬁ(R)|R><R , (1)

can be seen as a perturbation to the spherically symmetric
part,

1
Hy= §V2 + U(r) + 2zmasp(r), (2)

which accounts for the effect of the “liquid” background
(determined by droplet size and average density) on the
electronic cloud. We use atomic units unless stated other-
wise. In the present context, the ion-electron interaction is
given by the Coulomb potential U(r) = —1/r. The iso-
tropic contribution 2zap(r) in H, strongly modifies the
Rydberg spectrum, representing the dominant effect of
the droplet. Since the spherical symmetry is preserved,
the eigenstates of the droplet Hamiltonian H, remain
separable with a complete set of quantum numbers.

These droplet-dressed Rydberg states (DDR states)
|N¢m) have the following spatial representation:
une(r
ivem) ="y, 0.4, )

with spherical harmonics Y,,,. The radial wave function
uye(r) is determined by the effective radial potential
V‘}ff(r) made up of the centrifugal barrier for a given
angular momentum ¢, the Coulomb attraction, and the
droplet potential,

ce+1) 1
% =+ 2ma,p(r) = Ug(r) + 2rap(r).

(4)

We expand the radial DDR wave function in the radial
hydrogen basis {¢,.(r)},

ne(r) =Y Chiptue(r). (5)

Vi) =

This representation is particularly convenient since the
coefficients C}, quantify directly the droplet-induced
mixing of hydrogen states with principal quantum numbers
n. The mixing can be large beyond any perturbative limit,
as can be seen in Fig. 2. On the other hand, for large enough
N, the eigenstates will merge with the ones of hydrogen in
the surviving potential U,(r), i.e., C}, — &,y for N — .
For this reason, we will use the hydrogen energies E, and
principal quantum number 7 as a reference.
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FIG. 1. Radial potential of Eq. (2) for droplets of radius 70 a.u.
(orange) and 250 a.u. (cyan). Horizontal dashed lines (orange and
cyan) indicate the oDDR ground state energy for each droplet.
Insets show cylindrical-coordinate surface plots of the Rydberg
electron probability for the quasibound iDDR states (a), (c) and
the bound oDDR states (b), (d), where the white circle marks the
droplet boundary. The quantum numbers |72, £, m) = |5, 1,0) and
[12,6,0) for (a) and (c), and |v, £, m) = |5, 1,0) and |15, 6, 0) for
(b) and (d), reflect the nodal patterns of the respective states. The
eigenenergies of the states are shown as dashed gray lines. Note
that, for (£ > 0), the corresponding effective radial potentials also
feature centrifugal barriers, which are absent from the (£ = 0)
potentials shown.

As a concrete illustration but without loss of generality,
we present DDR states and spectra for a helium droplet
doped with an alkali Rydberg atom, where the helium-
electron interaction is repulsive, a, = 1.186 a.u. [26].
Figure 1 shows the radial potential of Eq. (2), including
both the Coulomb attraction to the ionic core and the
repulsive droplet barrier. In general, Rydberg systems with
a liquid core feature two universal classes of DDR states.
oDDR states are primarily localized outside the droplet
[Figs. 1(b) and 1(d)] and always have negative energies
(true bound states), although with a quite intricate structure
[see Fig. 2(b)], which we will discuss shortly. They are akin
to states of an “excimer atom” proposed in a pioneering
analytical study decades ago [27]. On the other hand, iDDR
states are primarily localized inside the droplet. To dis-
tinguish both classes, we designate the radial quantum
number (N) for iDDR states with 7 and for oDDR states
with v [28]. In Fig. 1, the lowest oDDR energy is marked
with dashed orange and cyan lines for the small and larger
droplets, respectively.

The electron density of iDDR states can even be
confined to a region where the droplet has a constant
angular averaged density p [see Figs. 1(a) and 1(c)].
Consequently, those states have upwardly shifted hydro-
gen eigenenergies,

1
e, =E,+2nap=— oy + 2zap. (6)
n
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FIG. 2. DDR spectrum for a droplet of radius 250 a.u. for
(a) the quasibound states and (b) the bound states. Ticks on the
vertical axis are related by Eq. (6). Colors indicate the dominant
hydrogenic manifold, 7, contributing to each state. Black points
denote states with a single hydrogenic component C" > (0.99.
Their onset is estimated from Eq. (7) (black line). £ = 15 marks
the estimated kink position in the spectrum [see Eq. (9)].

For helium with p ~ 3.3 x 103 a.u., this means ¢, <0
for n <4, while iDDR energies are shifted into the
quasibound region with e, > 0 for n > 5 [Fig. 2(b)].
Depending on the droplet size, there is a critical excita-
tion 7 indicative of a transitional regime [29], where the
Rydberg wave function neither fully fits into the droplet
nor is completely outside the droplet. While the typical
iDDR states are almost pure hydrogen states with a
dominant contribution from a single hydrogenic 7 (for
a droplet of radius 250 a.u., this happens for # < 10),
transitional states (7 > 11) are spread over several mani-
folds n and have typically shorter lifetimes. Hence, their
energies deviate from Eq. (6); see Fig. 2(a).

We proceed to discuss in more detail the oDDR states.
For the R; = 250 a.u. droplet of Fig. 2(b), they begin with
n = 13. Recall that oDDR states are bound states fully
localized in the effective radial potential wells outside the
droplet. The energies labeled black in Fig. 2(b) are purely
hydrogenic. To estimate the maximum angular momentum
¢ for which the droplet still distorts hydrogen states as a

function of R;, we determine the classical turning point

V1 - 4R /m> = 2R,) — 1

£(n.Re) = ; 9

of the hydrogenic radial wave function at the droplet
surface U,(R,) = —(1/[2n%]), with U, from Eq. (4).
For a given droplet size, the maximum £ is obtained in
the limit n — oo,

VIF8R, -1

: (8)

u(Rq) =
Shown as the black line in Fig. 2(b), this simple estimator
predicts approximately the onset of hydrogenic states for
which the droplet is effectively transparent. ), provides a
useful criterion to drastically reduce the number of basis
states in Eq. (5), which can be restricted to maximum ¢
slightly above #;(Ry).

Figure 2(b) reveals that the spectrum is organized in
branches with a characteristic shape. The branch high-
lighted by gray shades contains 20 states, distinguished by
different angular momenta 0 <7 <19, ending in the
purely hydrogenic state ¢, _»y ,—19(r). It gives rise to the
branch label 7 = 20, which provides a systematic link to
the iDDR states and simultaneously indicates the dominant
hydrogenic manifold contributing to states in the branch;
see color codes in Fig. 2. Branches at higher energies
contain more states. Along a branch, radial nodes are
exchanged for angular nodes with increasing angular
momentum #. For pure hydrogen without the droplet,
these states would appear as 20 points on the horizontal
line E,, reflecting full £ degeneracy. In the presence of the
droplet, however, strong n mixing creates branches with a
characteristic kink (the maximum energy of the branch) at
¢ =7?, For ¢ < ¢, the radial wave function is subject to
the combined influence of the droplet-induced potential
and the centrifugal barrier; see Eq. (4). For growing ¢, the
centrifugal barrier begins to dominate, and U,(r) alone
develops a minimum at the droplet surface R;. According
to ([dU,(r)]/[dr])|,—g, = O, this happens for

-1+ T+4R,
fy=— )
Note that this condition depends only on the droplet radius
R,; therefore, the position of the kink in the branches at
Z; is independent of the energy, as well as the number of
states in the branch. For Z > ¢, the influence of the droplet
on the states progressively vanishes, and their energies
decrease with increasing ¢ until the pure hydrogenic
spectrum is recovered.

We note in passing that, in systems with an attractive
droplet-electron potential, the spectrum should also exhibit
a characteristic feature at £,;, marking the maximum
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influence of the droplet on the electron before the cen-
trifugal barrier dominates and the fully degenerate hydro-
genic spectrum is eventually recovered for large 7.
Consequently, both Egs. (8) and (9) can be regarded as
universal estimators, providing physical insight and com-
putational efficiency in the description of Rydberg excita-
tions in systems with a liquid core. We conclude the
discussion of the spectrum in Fig. 2(b) by noting that
increasing energies for a given £ are labeled by v =
1,...,00 and represent eigenstates with increasing radial
excitation in a single radial potential that contains the
centrifugal barrier defined by 7.

oDDR states localize the electronic wave function out-
side the droplet region and, therefore, have no effect on the
droplet density profile. In contrast, the electronic cloud of
iDDR states resides inside the droplet and can act back on
this profile. The effect can be estimated from the ratio of the
droplet-iDDR state interaction energy to the energy of the
droplet in the Rydberg volume. This ratio is a function of
the droplet density, which in general must be determined
self-consistently as it depends on the Rydberg state. The
first iteration with a constant density p, however, quantifies
the relevance of the backaction. It can be easily determined
from the constant shift in the eigenenergy of Eq. (6) that
represents the iDDR-droplet interaction energy, relative to
the total energy of the droplet in the Rydberg volume. The
latter is roughly v, = 4x/3r;, with r, ~ 3n%. Hence, the
relevance of the backaction of the electron on the droplet
decreases rapidly with increasing n according to the
following ratio:

(10)

| ap
8n) =5 18W@]"

where fvn W/p(r)]dr is an energy density functional of the
droplet density. A quantitative analysis for helium droplets
is provided in the End Matter.

As laid out in the beginning, the spherical droplet with its
continuous density together with Eq. (1) can be taken as the
basis to describe systems with anisotropic and spherical
symmetry breaking cores. An off-center ion is an obvious
example. Reducing the symmetry from spherical to cylin-
drical it leads to strong £ mixing in low-energy oDDR
states. In contrast, most iDDR wave functions remain fully
confined within the droplet, rendering them insensitive to
the ion displacement. The evolution of the # mixing for
increasing displacement of the ion from the center is
illustrated in Fig. 3. One sees how the electron density
of the lowest energy-oDDR state gets progressively local-
ized angularly [Figs. 3(a)-3(d)]. Analyzing the average
angular momentum (¢) density of lower lying oDDR
states, the histogram reveals how the peak density shifts
to higher (¢) and to broader distribution with increasing
displacement of the ion from the center. Since symmetry
broken states lift the degeneracy in Z, they are conveniently
amendable to perturbation theory to include, e.g., spin-orbit

0.20
0.15
wn
o
8 0.10
0.05
0.00
0 5 10 15 20 25 30
{0)
FIG. 3. Spatial slice of the electron density (a)—-(d) for the

lowest oDDR state with increasing ion offset of 0 to 50% from the
center, where 100% correspond to an ion at the surface of the
droplet with radius R; = 250 a.u. The histogram (area normal-
ized to unity) shows the average angular momentum (#) density
of m = 0 states (DoS) with respect to the ion center.

effects for a specific impurity. We provide a video found in
the Supplemental Material [30] illustrating how the organi-
zation of angular momentum progresses for increasing ion
displacement, starting with the ion in the center [Fig. 2(b)].

Note that the experiments Rydberg excite an atom
mostly close to the surface of the droplet [31-35].
Thereby, they put the droplet into an extreme nonequili-
brium situation, which differs from our scenario of an
equilibrated droplet density, no matter where the impu-
rity sits.

As a second example of anisotropy, we consider a helium
snowball, where the crystallized layers of a helium droplet
with an ion at its center and the adjacent supersolid region
provide the anisotropy [17]. We know that large droplets
strongly suppress Rydberg electron density inside the
droplet for oDDR states. On the other hand, iDDR states
can probe the interior of a droplet and consequently also its
anisotropy, which extends roughly up to a radius of R, =
30 a.u. for helium snowballs induced by alkali ions. Since
we now need to diagonalize the anisotropic Hamiltonian in
the full DDR basis, the estimator in Eq. (8) is very helpful,
as it tells us that we only need to include states up to
Zy(Ry) ~ 7 for the region R < R,,. To be on the safe side,

we restrict the DDR basis to # < 10. Eigenstates |a) =

> Nem A%}mw ¢m) are sorted in ascending order of energy
and labeled by the index a. For these states, we define the
relative energy shift induced by the perturbation,

grx:“_Ea/ENfL (11)
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FIG. 4. Relative energy shift in Eq. (11) for a helium droplet of
radius R; = 250 a.u., doped with different alkali ion impurities.
(a) Quasibound states are labeled &, and (b) bound states are
labeled a. For this illustration, atomic quantum defects are
omitted, as well as DDR basis states with £ > 10 (see text).
The inset shows the crystallized helium atoms of the first layer
surrounding the ionic core for selected alkali ions. This first
snowball layer exhibits the same icosahedral structure for Na*
and K™, although the snowball of K* has a larger radius.

where the DDR state with the main contribution to the
perturbed state |a) provides the reference energy Ey,.
The anisotropic structures (snowball and supersolid
layers) that form around ionic cores strongly depend on
the ion species. For the alkali cores considered here, the
perturbation induces relative energy shifts of up to
~35% for quasibound states and ~0.006% for bound
states; see Fig. 4. States with low angular momentum
are particularly sensitive to the details of the anisotropic
helium structure, leading to species-dependent energy
differences upon mixing. This opens the possibility to
experimentally probe the anisotropic droplet structure via
the electronic iDDR spectrum. Since its states are
sufficiently long-lived (see Fig. 6 in the End Matter),
the spectrum can be accessed spectroscopically by first
photo exciting a bound oDDR electron to a highly
excited iDDR state (sufficient dipole coupling is avail-
able; see Fig. 7 in the End Matter) and subsequently
stimulating transitions within the iDDR spectrum. It is
imperative that, after creation of the ion, the droplet has
time to adjust and equilibrate, through processes such as
movement of the ion toward the center, formation of
snowballs, and evaporation of helium atoms. In an

experiment, this time could be gained by first ionizing
the atom and later attaching a Rydberg electron through
photo association, guaranteeing that the Rydberg elec-
tron represents a weak distortion.

In summary, we have presented a quantitative theory for
Rydberg electrons with a liquid core realized by, e.g.,
superfluid droplets, Bose-Einstein condensates, or super-
solid media, independent of the specific anisotropy of the
system. In all such cases, the construction of a spherically
symmetric reference environment enables the definition of
droplet-dressed Rydberg states. They come in two classes,
inner ones (iDDR) and outer ones (o0DDR), and they
capture the main distortions of the electronic cloud. The
estimators introduced in terms of critical angular momenta,
namely £, for the maximal environmental influence and
?j; indicating the onset of purely hydrogenic states, high-
light universal spectral features.

Our theory describes the interaction of Rydberg electrons
with finite media in a simple fashion. If the medium
represents a weak distortion, the oDDR energies can be
described by quantum defects with the important difference,
that oDDR states are eigenstates of a well-defined
Hamiltonian specifying the liquid core and as such square
integrable wave functions. Therefore, many applications of
DDR states are possible, including droplet-dressed Rydberg
molecules, where a Rydberg atom with a liquid helium
droplet core binds a neutral atom outside the droplet [36]. In
this case, the Rydberg electron, initially occupying a DDR
state, mediates the binding and gives rise to “dressed”
molecules whose properties reflect both the highly excited
electronic state and the underlying droplet environment.

Data availability—There are no publicly available
research data or software supporting this manuscript.
Requests for further information or data should be sent
to the authors.
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electron position away from the droplet surface,
respectively. Fitting this expression to the data (Fig. 5)
for droplets with radii in the range 70 — 2000 a.u. gives

A = (0.788120 + 0.007841) a.u., (A3)

a = (3.164076 + 0.885842) a.u. (A4)
The resulting energy of Eq. (Al) is in good agreement
with the exact values, as can be seen in Fig. 5.

Relative electron-droplet energy—To quantitatively
estimate the influence of the Rydberg electron’s
backaction on the helium droplet as formulated in
Eq. (10), we use the well-established Skyrme functional
[37] to compute for a constant density p:

[ wotwiar =02 ). @1
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FIG. 5. Energy of the oDDR ground state as a function of
droplet radius. Vertical ticks mark the unperturbed hydrogenic
energy levels E,. The red dashed curve shows the analytical
estimate from Eq. (A2), while the blue points denote the
computed oDDR ground state energies. The inset displays a
log-log plot of the absolute oDDR ground state energy on the
vertical axis.

where b = —1.89945 x 1072, ¢ = 4.68716 x 10*, and
y = 2.8, and v, is given in the main text. Then, Eq. (10)
takes the explicit form:

Ay

1
18| 9p(b + cp’)

n

é(n) = . (B2)

As expected from Eq. (10), the backaction strongly
decreases with increasing Rydberg excitation o n7°.
Importantly, it remains small (5 <107") for n>5 and
becomes negligible (5 <1073) for n > 10, the typical
range in Rydberg physics; therefore, backaction effects
were neglected in this Letter.

iDDR lifetimes—To estimate the lifetimes of the iDDR
states, we employ the semiclassical approach of
Ref. [38]. For quasibound states, the classical turning
points inside the droplet, ro and r;, and the classically
forbidden region re(ry,r,) are identified from the
effective potential V< (r) in Eq. (4), with r, coinciding
with the droplet radius.

For a given energy E, the local momentum is defined as

p(r) = 1/2(E = V¥(r)), which allows us to compute the

action in the classically forbidden region,

)
5= / p()\dr.
r

together with the quasiclassical normalization,
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FIG. 6. Estimated lifetimes of selected iDDR states |i¢m) for
¢ =0 and 7 =4, for a droplet of radius R; = 250 a.u. As 7
increases, the states shift to higher energy, and their electronic
probability extends further inside the droplet toward the droplet
boundary [see Figs. 1(c) and 2(a)]. For 7 = 11, the lifetime is of
the order of 0.1 ps.

i 1 r T
N = / dr——cos? </ dr'p(r) —). (C2)
ro p(l") To 4
The estimated lifetime is then given by
7= 4Ne?S, (C3)

iDDR states with low 7 typically exhibit longer lifetimes,
which decrease rapidly as 7 increases, as shown in Fig. 6.
The spatial extent of the electronic state inside the droplet
can be estimated as ~37%; as 7 increases, the electronic
wave function probes more deeply into the classically
forbidden region, leading to enhanced tunneling and
shorter lifetimes.
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FIG. 7. Transition dipole moment (f|z|i) between an initial
oDDR state (circular, square, and diamond symbols) and a target
iDDR state, for a droplet of radius R; = 250 a.u. The quantum
numbers ¢ and m are fixed by the selection rules, while the
principal quantum number 7 is indicated by the color palette. The
energy-difference axis corresponds to transition frequencies in
the range ~33-164 THz.
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oDDR to iDDR transition—The symmetry inherent in
the approach described above guarantees the standard
selection rules for transitions between DDR  states,
including those involving states with the electronic cloud
localized either inside or outside the droplet. In particular,
an initial state |i) = |[v£/m) can couple to a final state
|f) = |a¢’'m’), provided that m = m' and ¢’ = ¢ + 1.

However, enforcing transitions between states whose
electronic probability is predominantly localized outside
the droplet and those localized inside it introduces

additional constraints. Direct optical coupling is efficient
only to iDDR states with significant electronic probability
density near the droplet boundary, whereas deeply localized
iDDR states remain inaccessible from bound oDDR states
through a single transition (see Figs. 2 and 6). Access to
such deeply localized iDDR states may instead be achieved
via a two-step process: first coupling an oDDR to an
intermediate iDDR state with appreciable weight near the
droplet surface, followed by a second transition to the target
iDDR state.
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