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Elastic Turbulence Hides in the Small Scales of Inertial Polymeric Turbulence
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Gaining a fundamental understanding of turbulent flows of dilute polymer solutions has been a
challenging and outstanding problem for a long time. In this Letter, we examine homogeneous, isotropic
polymeric turbulence at large Reynolds and Deborah numbers through direct numerical simulations. While
at the largest scales at which the flow inertial turbulence exists, we find that the flow is fundamentally
altered from Newtonian turbulence below the Kolmogorov scale. We demonstrate that “elastic turbulence”
exists at the smallest scales of polymeric turbulence by quantifying multiple statistical properties of the
flow—energy spectrum and flux in Fourier space as well as the spatial statistics of the velocity field—the
structure functions and kurtosis, and energy dissipation. Our results show the coexistence of two
fundamentally distinct types of turbulence in polymeric fluids and point to the ubiquity of elastic
turbulence, which was hitherto only known to exist for negligible inertia.
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Turbulent flows of dilute polymer solutions have been of
long-standing interest since the early work of Toms [1]. In
addition to the Reynolds number (Re), which is a measure
of fluid inertia, polymeric fluids are characterized by the
Deborah number (De), a measure of the elasticity of the
polymers [2,3]. The interaction between inertia, elasticity,
and viscous dissipation means that polymeric fluids can
exhibit a wide variety of turbulent flow behavior. The most
well-known is that the addition of even a small concen-
tration of polymers can dramatically modify wall-bounded
turbulent flows, leading to reduced drag at large Re and
De [4-7], as well as early transition to turbulence at
moderate Re [8—10]. The nontrivial nature of polymeric
turbulence is not limited to wall-bounded flows, as poly-
mers affect both energy dissipation and associated flow
structures in grid generated homogeneous, isotropic turbu-
lence, as shown in several experiments [11-18] and simu-
lations [19-25]. Recently, a novel “elasto-inertial range”
scaling was discovered in polymeric turbulence for large
Re and De ~O(1), where the kinetic energy spectrum
scales as E ~ k=23 instead of the usual Kolmogorov scaling
(~k™>/3) [26-28]. Strikingly, polymeric fluids also exhibit a
distinct spatiotemporally chaotic state at negligible Re and
large De, often termed as “elastic turbulence” [29-35].
Unlike inertial turbulence, elastic turbulence involves a
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balance between the polymeric stresses and viscous dis-
sipation, with negligible contribution from fluid inertia, and
is characterized by a novel scaling of the fluid energy
spectrum, E(k) ~k=* [34-39]. It has been assumed that
elastic and inertial turbulence occur in different parameter
regimes, with elastic turbulence only existing at low global
Re, so inertia is negligible everywhere.

Polymers modify turbulent flows through a wide range
of mechanics and at multiple length scales, a comprehen-
sive understanding of which is still lacking after years of
study. Here, we examine the small scales of homogeneous,
isotropic turbulence of polymer solutions using direct
numerical simulations (DNSs). A few existing studies
using DNSs [20,22,23,25] have suggested that polymers
modify the fluid energy spectrum also in the dissipation
range. One experiment, using polyethylene oxide solution
in grid turbulence, also observed a modified energy
spectrum, but only transiently [16]. Despite these results,
the exact nature of the flow at small scales in polymeric
turbulence is largely unknown.

In this Letter, we characterize the statistical properties
of the flow at small scales in large Re—De polymeric
turbulence, and show that they are the same as those of
elastic turbulence occurring at negligible Re. Our results
thus reveal that elastic turbulence need not be confined to
low global Re, as has been presumed so far since its
discovery [29,30,35]. We indeed demonstrate that inertial
and elastic turbulence simultaneously coexist at the large
and small scales in turbulent flows of polymers.

The dynamics of polymeric fluids are described by the
Navier-Stokes and continuity equation for the fluid velocity
field u, coupled to a constitutive model for the evolution of
the polymer conformation tensor C. We use the Oldroyd-B
model, which assumes that the polymer molecules deform
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affinely with the flow, and has already been shown to
successfully capture the fundamental physics of polymeric
fluids [2,3]. Thus, the governing equations are

pr(Ou+ (u-Vu) = —Vp+iiv.c+ﬂfv2u +F.
P
V-u=0,
Cc-1

0,C+u-VC=C-Vu+Vul -C- ,
T
P

where py is the fluid density, y, the fluid viscosity, u,, the
additional viscosity due to the polymers, 7, the relaxation
time of the polymer molecules, and the force F is used to
sustain the turbulence. See Supplemental Material (SM) for
additional details of the numerical simulation [40].

In order to focus on the large Re-De regime, we choose
the Taylor Reynolds number Re; ~ 240 and the Deborah
number De = 7 /7. =9, where 7 is the turnover time of
the largest eddy, with f = u/(u, +u,) = 0.9. We term
this parameter set, Re; = 240, De =9 as “polymeric tur-
bulence” (PT) in the following. We use a grid size of 20483
grid points for PT; this large resolution has not been
previously achieved in DNS at large Re—De and is required
to sufficiently resolve the statistics at small scales.
Furthermore, we consider elastic turbulence (ET) and
Newtonian turbulence (NT) to compare, where we set
Re;~40,De=~9, =09, and Re;=x460,De =0,
respectively, simulated with 1024° grid points. To compare
the different cases, we also define the Kolmogorov length
scale, n = 1/}/ €y, where vy = u;/p; and €, is the viscous
energy dissipation by the solvent. Recall that in Newtonian
turbulence, inertia and viscous dissipation dominate for
kn < 1 and kn > 1, respectively [48,49].

First, we examine the fluid energy spectrum E(k) in
Fourier space versus k7, which shows two distinct scaling
ranges in Fig. 1(a). For small wave numbers (kn < 1), the
energy spectrum E(k) in PT scales as ~k=/3 like in
classical NT. Here, since we have De > 1 with = 0.9,
following earlier work [27], we recover the Kolmogorov
scaling in the inertial range. At larger wave numbers
(kn > 1), we see a separate power-law scaling of
E ~ k™*, which is different from NT where the energy
spectrum decays exponentially [5S0-53]. In PT we see no
hint of an exponential scaling even at the largest wave
numbers resolved, with instead the observed power-law
scaling corresponding to the one of ET [29,33,35-37].
Remarkably, the Kolmogorov length scale 7 continues to
demarcate the two different regimes. The SM [40] shows
the kinetic energy spectrum in PT obtained using the
FENE-P model for the polymers, where we once again
find the k=* regime. The results presented here are therefore
independent of the constitutive model used.

To identify the dominant physical mechanism in each
regime, we look at the variation of the energy flux across
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FIG. 1. (a) Energy spectrum E(k) versus the nondimensional
wave number k7, for polymeric (PT), elastic (ET), and Newtonian
turbulence (NT). The various energy fluxes in Fourier space
versus kn for (b) polymeric and (c) elastic turbulence.

wave numbers, shown in Fig. 1(b). In polymeric turbu-
lence, there are three distinct ways for energy redistrib-
ution: inertial Hf, viscous Df, and polymeric P [24,27,39]
(see SM for the derivation [40]). As expected, the inertial
flux is only nonzero at the largest scales (kn < 1), while
viscous dissipation is active at small scales (kn > 1). The
polymeric flux has a nontrivial contribution across all wave
numbers, showing that the elastic stresses continue to play
an important role even for kn > 1 [55]. P can further be
partitioned into a dissipative (D) and nondissipative (I1,,)
contribution, where D, — P for kn> 1 [27]. With this
decomposition, only the inertial (I1;) and nondissipative
component of the polymeric (II,) flux contribute to
kn <1, while both D, and D; dominate for kn> 1.
Thus, we have a nontrivial balance between energy transfer
due to polymers and viscous dissipation at large wave
numbers, once again reminiscent of ET as shown in
Fig. 1(c). The polymeric energy spectra for PT and ET
also have the same scaling for k7> 1 (see SM [40]).
Furthermore, the kinetic energy spectrum in the small
scales of PT [E(k) ~ k=] agrees well with the existing
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experimental results for ET at low Re, which find the
exponent to range from 3.3 to 3.6 [29,33-35], as well as
numerical simulations [36,37,55] and theoretical predic-
tions for E(k) [41]. However, the theory predicts different
polymeric energy spectra E, (k) [40].

Thus, we have shown that the usual dissipation range is
replaced by an “elastic-dissipation” range in polymeric
turbulence. Both the energy spectrum and flux suggest that
ET exists in this range, but this is not conclusive by itself. In
the remainder of the Letter, we crucially demonstrate that
these small scales also share the same velocity field and
dissipation statistics as ET.

The spatial statistics of the velocity field in turbulence
are revealed by the structure functions of two-point velocity
differences S,(r) = (6u(r)?), with Su(r) = (u(x +r)—
u(x)) - 7. Kolmogorov originally conjectured that the
structure functions in NT would follow a similarity scaling,
Sy~ rér, predicting ¢ » = p/3in the inertial range based on
dimensional analysis [48]. Figure 2(a) suggests that there
are two distinct scaling regimes for S, in PT: for r/n > 1,

FIG. 2. The r variation of the structure functions (a) §, and
(b) £, for p from 2 to 8 for polymeric turbulence. The insets
show the associated intermittency exponents in the inertial and
elastic-dissipation ranges in (a) and (b), respectively (circles for
PT), with the range where the scaling exponents are extracted
marked in both figures. For comparison, we also show the results
from [54] for inertial turbulence and [37] for elastic turbulence in
the insets of (a) and (b) as squares and triangles, respectively.

we indeed see Kolmogorov’s prediction for S; ~r, i.e.,
¢3 = 1, while the scaling exponents ¢, are known to differ
from p/3 for larger p due to the intermittency [54,57-59].
The intermittency exponents ¢, can be estimated from the
slope of §, versus r in the inertial range, and are plotted
in the inset of Fig. 2(a), where ¢, for PT are seen to be
the same as in the inertial range of NT [27,54,57-59]. Thus,
at large scales the inertial range intermittency statistics
are recovered in polymeric turbulence. Instead, S, ~ r? for
r/n < 1, which follows from the trivial scaling of the
velocity field u ~ r for r << 1. Such analytic behavior of the
velocity field is expected whenever the fluid energy spec-
trum decays faster than k=3 [48], which holds for both
Newtonian and elastic turbulence. Hence, the small r
behavior of S ,(r) by itself is insufficiently revealing [37,60].

To differentiate the dynamics at small scales, we look
at the structure functions of the symmetric three-point
velocity difference, X,(r) = (6%u(r)?), with &u(r)=
(u(x +r)—2u(x)+u(x—r))-F, since it was recently
shown that X, reveals the intermittency in ET by removing
the leading order analytic contribution [37]. Figure 2(b)
shows that X,(r) ~ ¥ also has two distinct scaling
regimes in PT, just like S,(r). In the inertial range, the
velocity field is already rough at the leading order, so X,
shows the same scaling behavior as §,, ie., Cf, ~ ¢, for
r/n > 1 (not shown). In contrast, for r/n < 1, ZI,(r) has a
nontrivial scaling behavior, distinct from that of S ,(r).
Scaling analysis would suggest Cf, =3/2forr/n < 1[37],
but the exponents reveal intermittency corrections and satu-
rate below 3p/2 for large p [see the inset of Fig. 2(b)].
More importantly, for r/7 < 1, the exponents (2 are the
same as those discovered in ET [37], and thus, the statistics
of the velocity fluctuations at the small scales in polymeric
turbulence, including the intermittency behavior, are
exactly the same as elastic turbulence. To further confirm
this, SM [40] shows the comparison of X, for PT and NT
for r/n < 1; for NT, Z,(r) ~ r*, confirming the analyticity
of the velocity field, while for PT Z,(r) ~ 7.

We look at the kurtosis K(r) = (Su(r)*)/(6u(r)?)?, a
measure of the deviation from a Gaussian distribution for
which IC = 3; a larger kurtosis implies elongated tails with
increased contribution from rare but extreme events, and /C
is used as another measure of the intermittency of the
velocity field in NT [48,58,59]. Figure 3(a) shows two
distinct scaling regimes of K for PT: for r/n > 1, IC shows
the same scaling behavior as the inertial range of NT
(IC ~ r~912) [54,58,59], while the scaling of the kurtosis is
seen to be similar to ET for r/n < 1 (K ~ r~0%). Further,
since the kurtosis at small scales in PT increases faster than
in the dissipation regime of NT, the velocity field in the
elastic-dissipation range of polymeric turbulence at large
Re—De is thus more intermittent than the usual dissipation
range in NT.
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FIG. 3. (a) The kurtosis K(r) = (du(r)*)/(5u(r)?)* and (b) the

covariance of the fluid dissipation £(r), versus the nondimen-
sional distance r/#, for polymeric (PT), elastic (ET), and New-
tonian (NT) turbulence.

Next, we examine the spatial statistics of the fluid
dissipation e, =2u,S:S, with §=1/2(Vu + (Vu)7),
using the spatial autocorrelation defined as &(r) =
(e(x)es(x+7))/(es)*. In the inertial range of NT,
E~r, where the exponent y is a measure of the
intermittent and multifractal nature of energy dissipation
[61-65]. In polymeric turbulence, £ again has two distinct
scaling ranges, as shown in Fig. 3(b): the inertial
(€ ~7r%2) and the elastic-dissipation (€ ~ r~%7) range,
corresponding to Newtonian [61,63,65] and elastic turbu-
lence, respectively. The increased scaling exponent at the
smaller scales also implies that energy dissipation in
polymeric turbulence is much more intermittent, in agree-
ment with the results obtained using the kurtosis earlier.
Finally, Fig. 4 compares the probability distribution func-
tion of the normalized, longitudinal velocity gradient in
the three cases. The statistics of the velocity gradients
independently characterize the small scales of turbulence
and are important in determining the dynamics of sub-
Kolmogorov scale particles as well as mixing [57-59,66].
Once again, the spatial structure of the flow at the small
scales in polymeric turbulence well corresponds to that of
elastic turbulence.

We have conclusively demonstrated that elastic turbu-
lence exists for r/n < 1, while inertial turbulence occurs
for r/n > 1 at large Re; and De. We now investigate why
and when does elastic turbulence exist at the small scales of
large Re;.

FIG. 4. The probability distribution function of the normalized,
longitudinal velocity gradient (0,u/c) for PT, ET, and NT, where
o 1s the standard deviation; the inset shows the tails of the
probability distribution function on a log-log plot.

At a given length scale r, polymers experience the shear
rate 7, = (S,)/%/r, where (S,)/2 =6u(r) is a scale-
dependent measure of the fluid velocity. We can now
define a local Deborah number De, = 7,(S,)"/?/r, and,

similarly, a scale-dependent Reynolds number Re, =

S;/ 2r/ v [67,68]. Figure 5 shows the variation of Re, and
De, with r/n. At large scales (r/n > 1), Re, > De, and
we see that inertia dominates. At small scales (r/n < 1),
De, asymptotes to a constant (~r° since Sé/ 2~ r), while
Re, keeps decreasing with r(~r?); thus, as the inertial
effects decrease at smaller scales, eventually we have a
transition length scale where Re, becomes smaller than
De,. For ET to exist, the velocity fluctuations at small
scales must be strong enough to sufficiently stretch the
polymers; thus, we can expect ET to appear when De, >
Re, and De, > 1 for r - 0 with Re, < 1, exactly the
parameter range at which elastic turbulence is expected.
This suggests that elastic turbulence should exist if the
local De, number is large. To verify this hypothesis, we
examine the energy spectrum for Re; =~ 240 with additional
Deborah numbers of 1/9, 1/3, 1, and 3, shown in SM [40].
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FIG. 5. The variation of the local Reynolds (Re,) and Deborah
(De,) numbers with r/5 for polymeric turbulence with Re; ~ 240
and De = 9.
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For De =~ 1/3, 1, and 3, the local De, for r/n < 1 is greater
than 1, and indeed we observe the k=% spectrum and hence
ET. On the contrary, for De = 1/9, De, for r/n < 1 is too
small, and consequently ET does not exist and the energy
spectrum recovers the usual exponential decay in the
dissipation range.

In this Letter, we have shown that elastic turbulence is
present in the small scales of turbulent flows of polymer
solutions for a wide range of parameters—for any (even
large) Re, whenever the local De, > 1. We provide a
crucial missing link in gaining a mechanistic understanding
of polymeric turbulence by quantifying the flow at small
scales, something that so far has lacked a quantitative
understanding. Two competing theories have been pro-
posed to explain drag reduction by polymer additives [69]:
the viscous theory, where only the increased extensional
viscosity due to polymers is important [70-72], and the
elastic theory, where elastic effects instead dominate
[41,67,68,73]. Our results suggest that elastic effects non-
trivially modify the small scales in homogeneous turbu-
lence and thus cannot be neglected. However, we do not
find the “elastic-wave” range predicted by later extensions
of the elastic theory [41,68,73], where inertia and elasticity
balance. Instead, we find a balance between elasticity and
viscous dissipation, similar to ET at low global Re.

Our results go beyond the expectations of existing
theories by demonstrating that there is an exact correspon-
dence between the statistics of PT at the small scales and
ET. We thus expand the parameter range where ET is
observed and show that it is quite ubiquitous in the flows of
polymer solutions, a consistent theoretical description of
which is still lacking [34-37,74]. ET has also been used to
engineer devices with enhanced mixing and reaction
kinetics recently [75,76]; therefore, our results also pose
an intriguing question as to how ET at the small scale
affects other global properties of the flow, such as mixing,
in polymeric turbulence. Particularly an extension to wall-
bounded flows could be relevant to polymeric drag reduc-
tion [5,69]. Finally, our results suggest future experimental
measurements of structure functions and intermittency
exponents for three-point velocity differences, extending
recent work at large scales [17,18,26].

Acknowledgments—The research was supported by the
Okinawa Institute of Science and Technology Graduate
University (OIST) with subsidy funding to M. E.R. from
the Cabinet Office, Government of Japan. M. E.R. also
acknowledges funding from the Japan Society for the
Promotion of Science (JSPS), Grants No. 24K17210 and
No. 24K00810. The authors acknowledge the computer
time provided by the Scientific Computing & Data
Analysis section of the Core Facilities at OIST, and by
HPCI (High Performance Computing Infrastructure), under
the Research Project Grants No. hp210269, No. hp220099,
No. hp230018, No. hp250021, and No. hp250035.

Data availability—The data that support the findings of
this Letter are not publicly available. The data are available
from the authors upon reasonable request.

[1] B. A. Toms, Some observations on the flow of linear
polymersolutions through straight tubes at large Reynolds
numbers, in Proceedings of the Ist Intl Congr. Rheol.
(1949), Vol. 2, pp. 135-141.

[2] R. B. Bird, R. C. Armstrong, and O. Hassager, Dynamics of
Polymeric Liquids. Vol. 1: Fluid Mechanics (John Wiley
and Sons Inc., New York, 1987).

[3] R. G. Larson, Constitutive Equations for Polymer Melts and
Solutions: Butterworths Series in Chemical Engineering
(Butterworth-Heinemann, Washington, DC, 2013).

[4] P. Virk, Drag reduction fundamentals, AIChE J. 21, 625
(1975).

[5] C. White and M. Mungal, Mechanics and prediction of
turbulent drag reduction with polymer additives, Annu. Rev.
Fluid Mech. 40, 235 (2008).

[6] M. D. Graham, Drag reduction and the dynamics of turbu-
lence in simple and complex fluids, Phys. Fluids 26, 101301
(2014).

[7]1 R. Benzi and E. S. Ching, Polymers in fluid flows, Annu.
Rev. Condens. Matter Phys. 9, 163 (2018).

[8] D. Samanta, Y. Dubief, M. Holzner, C. Schifer, A.N.
Morozov, C. Wagner, and B. Hof, Elasto-inertial turbulence,
Proc. Natl. Acad. Sci. U.S.A. 110, 10557 (2013).

[9] P. Garg, I. Chaudhary, M. Khalid, V. Shankar, and G.
Subramanian, Viscoelastic pipe flow is linearly unstable,
Phys. Rev. Lett. 121, 024502 (2018).

[10] Y. Dubief, V.E. Terrapon, and B. Hof, Elasto-inertial
turbulence, Annu. Rev. Fluid Mech. 55, 675 (2023).

[11] B. Barnard and R. Sellin, Grid turbulence in dilute polymer
solutions, Nature (London) 222, 1160 (1969).

[12] W. McComb, J. Allan, and C. Greated, Effect of polymer
additives on the small-scale structure of grid-generated
turbulence, Phys. Fluids 20, 873 (1977).

[13] E. van Doorn, C. M. White, and K. Sreenivasan, The decay
of grid turbulence in polymer and surfactant solutions, Phys.
Fluids 11, 2387 (1999).

[14] A. Liberzon, M. Guala, W. Kinzelbach, and A. Tsinober, On
turbulent kinetic energy production and dissipation in dilute
polymer solutions, Phys. Fluids 18, 125101 (2006).

[15] P. Perlekar, D. Mitra, and R. Pandit, Manifestations of drag
reduction by polymer additives in decaying, homogeneous,
isotropic turbulence, Phys. Rev. Lett. 97, 264501 (20006).

[16] R. Vonlanthen and P. A. Monkewitz, Grid turbulence in
dilute polymer solutions: Peo in water, J. Fluid Mech. 730,
76 (2013).

[17] N.T. Ouellette, H. Xu, and E. Bodenschatz, Bulk turbulence
in dilute polymer solutions, J. Fluid Mech. 629, 375 (2009).

[18] H.-D. Xi, E. Bodenschatz, and H. Xu, Elastic energy flux by
flexible polymers in fluid turbulence, Phys. Rev. Lett. 111,
024501 (2013).

[19] S. Berti, A. Bistagnino, G. Boffetta, A. Celani, and S.
Musacchio, Small-scale statistics of viscoelastic turbulence,
Europhys. Lett. 76, 63 (2006).

[20] P. Perlekar, D. Mitra, and R. Pandit, Direct numerical
simulations of statistically steady, homogeneous, isotropic

074001-5


https://doi.org/10.1002/aic.690210402
https://doi.org/10.1002/aic.690210402
https://doi.org/10.1146/annurev.fluid.40.111406.102156
https://doi.org/10.1146/annurev.fluid.40.111406.102156
https://doi.org/10.1063/1.4895780
https://doi.org/10.1063/1.4895780
https://doi.org/10.1146/annurev-conmatphys-033117-053913
https://doi.org/10.1146/annurev-conmatphys-033117-053913
https://doi.org/10.1073/pnas.1219666110
https://doi.org/10.1103/PhysRevLett.121.024502
https://doi.org/10.1146/annurev-fluid-032822-025933
https://doi.org/10.1038/2221160a0
https://doi.org/10.1063/1.861977
https://doi.org/10.1063/1.870100
https://doi.org/10.1063/1.870100
https://doi.org/10.1063/1.2397536
https://doi.org/10.1103/PhysRevLett.97.264501
https://doi.org/10.1017/jfm.2013.316
https://doi.org/10.1017/jfm.2013.316
https://doi.org/10.1017/S0022112009006697
https://doi.org/10.1103/PhysRevLett.111.024501
https://doi.org/10.1103/PhysRevLett.111.024501
https://doi.org/10.1209/epl/i2006-10222-6

PHYSICAL REVIEW LETTERS 135, 074001 (2025)

fluid turbulence with polymer additives, Phys. Rev. E 82,
066313 (2010).

[21] W.-H. Cai, F-C. Li, and H.-N. Zhang, DNS study of
decaying homogeneous isotropic turbulence with polymer
additives, J. Fluid Mech. 665, 334 (2010).

[22] T. Watanabe and T. Gotoh, Hybrid Eulerian—Lagrangian
simulations for polymer—turbulence interactions, J. Fluid
Mech. 717, 535 (2013).

[23] T. Watanabe and T. Gotoh, Power-law spectra formed by
stretching polymers in decaying isotropic turbulence, Phys.
Fluids 26, 035110 (2014).

[24] P. Valente, C. Da Silva, and F. Pinho, The effect of visco-
elasticity on the turbulent kinetic energy cascade, J. Fluid
Mech. 760, 39 (2014).

[25] M. Q. Nguyen, A. Delache, S. Simoéns, W.J. T. Bos, and
M. El Hajem, Small scale dynamics of isotropic viscoelastic
turbulence, Phys. Rev. Fluids 1, 083301 (2016).

[26] Y.-B. Zhang, E. Bodenschatz, H. Xu, and H.-D. Xj,
Experimental observation of the elastic range scaling in
turbulent flow with polymer additives, Sci. Adv. 7,
eabd3525 (2021).

[27] M. E. Rosti, P. Perlekar, and D. Mitra, Large is different:
Nonmonotonic behavior of elastic range scaling in poly-
meric turbulence at large Reynolds and Deborah numbers,
Sci. Adv. 9, eadd3831 (2023).

[28] A. Chiarini, R.K. Singh, and M.E. Rosti, Extending
kolmogorov theory to polymeric turbulence, Phys. Rev.
Res. 7, 022043 (2025).

[29] A. Groisman and V. Steinberg, Elastic turbulence in a
polymer solution flow, Nature (London) 405, 53 (2000).

[30] R. G. Larson, Turbulence without inertia, Nature (London)
405, 27 (2000).

[31] G. Boffetta, A. Celani, and S. Musacchio, Two-dimensional
turbulence of dilute polymer solutions, Phys. Rev. Lett. 91,
034501 (2003).

[32] A. Groisman and V. Steinberg, Elastic turbulence in curvi-
linear flows of polymer solutions, New J. Phys. 6, 29 (2004).

[33] T. Burghelea, E. Segre, and V. Steinberg, Elastic turbulence
in von Karman swirling flow between two disks, Phys.
Fluids 19, 053104 (2007).

[34] V. Steinberg, Scaling relations in elastic turbulence, Phys.
Rev. Lett. 123, 234501 (2019).

[35] V. Steinberg, Elastic turbulence: An experimental view on
inertialess random flow, Annu. Rev. Fluid Mech. 53, 27
(2021).

[36] M. Lellep, M. Linkmann, and A. Morozov, Purely elastic
turbulence in pressure-driven channel flows, Proc. Natl.
Acad. Sci. U.S.A. 121, e2318851121 (2024).

[37] R.K. Singh, P. Perlekar, D. Mitra, and M.E. Rosti,
Intermittency in the not-so-smooth elastic turbulence,
Nat. Commun. 15, 4070 (2024).

[38] G. Foggi Rota, C. Amor, S. Le Clainche, and M. E. Rosti,
Unified view of elastic and elasto-inertial turbulence in
channel flows at low and moderate Reynolds numbers,
Phys. Rev. Fluids 9, 1122602 (2024).

[39] R. K. Singh and M. E. Rosti, The interplay of inertia and
elasticity in polymeric flows, arXiv:2309.14752.

[40] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/pbtf-rn7d for additional details,
which includes Refs. [25,27,37,41-47].

[41] A. Fouxon and V. Lebedev, Spectra of turbulence in dilute
polymer solutions, Phys. Fluids 15, 2060 (2003).

[42] R. Fattal and R. Kupferman, Constitutive laws for the
matrix-logarithm of the conformation tensor, J. Non-
Newtonian Fluid Mech. 123, 281 (2004).

[43] S.R. Yerasi, J.R. Picardo, A. Gupta, and D. Vincenzi,
Preserving large-scale features in simulations of elastic
turbulence, J. Fluid Mech. 1000, A37 (2024).

[44] M. S. Abdelgawad, I. Cannon, and M. E. Rosti, Scaling and
intermittency in turbulent flows of elastoviscoplastic fluids,
Nat. Phys. 19, 1059 (2023).

[45] M. Aswathy and M.E. Rosti, The dynamics of fibres
dispersed in viscoelastic turbulent flows, J. Fluid Mech.
984, A72 (2024).

[46] C.M. Casciola and E. De Angelis, Energy transfer in
turbulent polymer solutions, J. Fluid Mech. 581, 419 (2007).

[47] M. E. Rosti, The effect of shear-thinning on the scalings and
small-scale structures of turbulence, J. Fluid Mech. 1012,
R5 (2025).

[48] U. Frisch, Turbulence: The Legacy of AN Kolmogorov
(Cambridge University Press, Cambridge, England, 1995).

[49] P. Davidson, Turbulence: An Introduction for Scientists and
Engineers (Oxford University Press, New York, 2015).

[50] S. Chen, G. Doolen, J. R. Herring, R. H. Kraichnan, S. A.
Orszag, and Z. S. She, Far-dissipation range of turbulence,
Phys. Rev. Lett. 70, 3051 (1993).

[51] J. Schumacher, Sub-Kolmogorov-scale fluctuations in fluid
turbulence, Europhys. Lett. 80, 54001 (2007).

[52] S. Khurshid, D. A. Donzis, and K. Sreenivasan, Energy
spectrum in the dissipation range, Phys. Rev. Fluids 3,
082601(R) (2018).

[53] A. Gorbunova, G. Balarac, M. Bourgoin, L. Canet,
N. Mordant, and V. Rossetto, Analysis of the dissipative
range of the energy spectrum in grid turbulence and in
direct numerical simulations, Phys. Rev. Fluids 5, 044604
(2020).

[54] K. P. Iyer, K.R. Sreenivasan, and P.K. Yeung, Scaling
exponents saturate in three-dimensional isotropic turbu-
lence, Phys. Rev. Fluids 5, 054605 (2020).

[55] Following [27], we expect that the contribution of the
polymeric flux in the inertial range would decrease for
larger De and Re;.

[56] S. Berti, A. Bistagnino, G. Boffetta, A. Celani, and S.
Musacchio, Two-dimensional elastic turbulence, Phys. Rev.
E 77, 055306(R) (2008).

[57] K.R. Sreenivasan and R. A. Antonia, The phenomenology
of small-scale turbulence, Annu. Rev. Fluid Mech. 29, 435
(1997).

[58] T. Ishihara, T. Gotoh, and Y. Kaneda, Study of high-
Rreynolds number isotropic turbulence by direct numerical
simulation, Annu. Rev. Fluid Mech. 41, 165 (2009).

[59] P. A. Davidson, Y. Kaneda, and K.R. Sreenivasan, Ten
Chapters in Turbulence (Cambridge University Press, Cam-
bridge, England, 2012).

[60] J. Schumacher, K. R. Sreenivasan, and V. Yakhot, Asymp-
totic exponents from low-Reynolds-number flows, New J.
Phys. 9, 89 (2007).

[61] M. Nelkin, Do the dissipation fluctuations in high Reynolds
number turbulence define a universal exponent?, Phys.
Fluids 24, 556 (1981).

074001-6


https://doi.org/10.1103/PhysRevE.82.066313
https://doi.org/10.1103/PhysRevE.82.066313
https://doi.org/10.1017/S0022112010003939
https://doi.org/10.1017/jfm.2012.595
https://doi.org/10.1017/jfm.2012.595
https://doi.org/10.1063/1.4869102
https://doi.org/10.1063/1.4869102
https://doi.org/10.1017/jfm.2014.585
https://doi.org/10.1017/jfm.2014.585
https://doi.org/10.1103/PhysRevFluids.1.083301
https://doi.org/10.1126/sciadv.abd3525
https://doi.org/10.1126/sciadv.abd3525
https://doi.org/10.1126/sciadv.add3831
https://doi.org/10.1103/PhysRevResearch.7.L022043
https://doi.org/10.1103/PhysRevResearch.7.L022043
https://doi.org/10.1038/35011019
https://doi.org/10.1038/35011172
https://doi.org/10.1038/35011172
https://doi.org/10.1103/PhysRevLett.91.034501
https://doi.org/10.1103/PhysRevLett.91.034501
https://doi.org/10.1088/1367-2630/6/1/029
https://doi.org/10.1063/1.2732234
https://doi.org/10.1063/1.2732234
https://doi.org/10.1103/PhysRevLett.123.234501
https://doi.org/10.1103/PhysRevLett.123.234501
https://doi.org/10.1146/annurev-fluid-010719-060129
https://doi.org/10.1146/annurev-fluid-010719-060129
https://doi.org/10.1073/pnas.2318851121
https://doi.org/10.1073/pnas.2318851121
https://doi.org/10.1038/s41467-024-48460-5
https://doi.org/10.1103/PhysRevFluids.9.L122602
https://arXiv.org/abs/2309.14752
http://link.aps.org/supplemental/10.1103/pbtf-rn7d
http://link.aps.org/supplemental/10.1103/pbtf-rn7d
http://link.aps.org/supplemental/10.1103/pbtf-rn7d
http://link.aps.org/supplemental/10.1103/pbtf-rn7d
http://link.aps.org/supplemental/10.1103/pbtf-rn7d
https://doi.org/10.1063/1.1577563
https://doi.org/10.1016/j.jnnfm.2004.08.008
https://doi.org/10.1016/j.jnnfm.2004.08.008
https://doi.org/10.1017/jfm.2024.858
https://doi.org/10.1038/s41567-023-02018-2
https://doi.org/10.1017/jfm.2024.250
https://doi.org/10.1017/jfm.2024.250
https://doi.org/10.1017/S0022112007006003
https://doi.org/10.1017/jfm.2025.10232
https://doi.org/10.1017/jfm.2025.10232
https://doi.org/10.1103/PhysRevLett.70.3051
https://doi.org/10.1209/0295-5075/80/54001
https://doi.org/10.1103/PhysRevFluids.3.082601
https://doi.org/10.1103/PhysRevFluids.3.082601
https://doi.org/10.1103/PhysRevFluids.5.044604
https://doi.org/10.1103/PhysRevFluids.5.044604
https://doi.org/10.1103/PhysRevFluids.5.054605
https://doi.org/10.1103/PhysRevE.77.055306
https://doi.org/10.1103/PhysRevE.77.055306
https://doi.org/10.1146/annurev.fluid.29.1.435
https://doi.org/10.1146/annurev.fluid.29.1.435
https://doi.org/10.1146/annurev.fluid.010908.165203
https://doi.org/10.1088/1367-2630/9/4/089
https://doi.org/10.1088/1367-2630/9/4/089
https://doi.org/10.1063/1.863407
https://doi.org/10.1063/1.863407

PHYSICAL REVIEW LETTERS 135, 074001 (2025)

[62] M.E. Cates and J.M. Deutsch, Spatial correlations in
multifractals, Phys. Rev. A 35, 4907 (1987).

[63] K. Sreenivasan and P. Kailasnath, An update on the
intermittency exponent in turbulence, Phys. Fluids A 5,
512 (1993).

[64] C. Meneveau and K. Sreenivasan, The multifractal nature of
turbulent energy dissipation, J. Fluid Mech. 224, 429
(1991).

[65] D. Buaria and K. R. Sreenivasan, Intermittency of turbulent
velocity and scalar fields using three-dimensional local
averaging, Phys. Rev. Fluids 7, L072601 (2022).

[66] J. Schumacher, J. D. Scheel, D. Krasnov, D. A. Donzis, V.
Yakhot, and K. R. Sreenivasan, Small-scale universality in
fluid turbulence, Proc. Natl. Acad. Sci. U.S.A. 111, 10961
(2014).

[67] M. Tabor and P. De Gennes, A cascade theory of drag
reduction, Europhys. Lett. 2, 519 (1986).

[68] P. De Gennes, Towards a scaling theory of drag reduction,
Physica (Amsterdam) 140A, 9 (1986).

[69] K.R. Sreenivasan and C.M. White, The onset of drag
reduction by dilute polymer additives, and the maximum
drag reduction asymptote, J. Fluid Mech. 409, 149 (2000).

[70] J. L. Lumley, Drag reduction by additives, Annu. Rev. Fluid
Mech. 1, 367 (1969).

[71] J. L. Lumley, Drag reduction in turbulent flow by polymer
additives, J. Polym. Sci. 7, 263 (1973).

[72] 1. Procaccia, V. S. L'vov, and R. Benzi, Colloquium: Theory
of drag reduction by polymers in wall-bounded turbulence,
Rev. Mod. Phys. 80, 225 (2008).

[73] E. Balkovsky, A. Fouxon, and V. Lebedev, Turbulence of
polymer solutions, Phys. Rev. E 64, 056301 (2001).

[74] S.S. Datta, A. M. Ardekani, P.E. Arratia, A.N. Beris, I.
Bischofberger, G. H. McKinley, J. G. Eggers, J. E. Lépez-
Aguilar, S. M. Fielding, A. Frishman et al., Perspectives on
viscoelastic flow instabilities and elastic turbulence, Phys.
Rev. Fluids 7, 080701 (2022).

[75] S.J. Haward, C.C. Hopkins, and A. Q. Shen, Stagnation
points control chaotic fluctuations in viscoelastic porous
media flow, Proc. Natl. Acad. Sci. U.S.A. 118,
e2111651118 (2021).

[76] C. A. Browne and S.S. Datta, Harnessing elastic instabil-
ities for enhanced mixing and reaction kinetics in porous
media, Proc. Natl. Acad. Sci. U.S.A. 121, ¢2320962121
(2024).

074001-7


https://doi.org/10.1103/PhysRevA.35.4907
https://doi.org/10.1063/1.858877
https://doi.org/10.1063/1.858877
https://doi.org/10.1017/S0022112091001830
https://doi.org/10.1017/S0022112091001830
https://doi.org/10.1103/PhysRevFluids.7.L072601
https://doi.org/10.1073/pnas.1410791111
https://doi.org/10.1073/pnas.1410791111
https://doi.org/10.1209/0295-5075/2/7/005
https://doi.org/10.1016/0378-4371(86)90200-1
https://doi.org/10.1017/S0022112099007818
https://doi.org/10.1146/annurev.fl.01.010169.002055
https://doi.org/10.1146/annurev.fl.01.010169.002055
https://doi.org/10.1002/pol.1973.230070104
https://doi.org/10.1103/RevModPhys.80.225
https://doi.org/10.1103/PhysRevE.64.056301
https://doi.org/10.1103/PhysRevFluids.7.080701
https://doi.org/10.1103/PhysRevFluids.7.080701
https://doi.org/10.1073/pnas.2111651118
https://doi.org/10.1073/pnas.2111651118
https://doi.org/10.1073/pnas.2320962121
https://doi.org/10.1073/pnas.2320962121

	Elastic Turbulence Hides in the Small Scales of Inertial Polymeric Turbulence
	Acknowledgments
	Data availability
	References


