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Under unitary evolution, chaotic quantum systems initialized in simple states rapidly develop high
complexity, precluding any efficient classical description. The hardness of classical simulation within the
stabilizer formalism, commonly referred to as magic resources, can be quantified by the stabilizer Rényi
entropy, while quantum chaos can be characterized by spectral properties of the Hamiltonian, most notably
through the spectral form factor. In this Letter, we propose a relation between the dynamics of the stabilizer
Rényi entropy for thermofield double states and the spectral form factor, based on general arguments for
chaotic systems with all-to-all interactions. This relation implies that the saturation of the stabilizer Rényi
entropy is governed by a first-order dynamical transition. We then demonstrate this relation explicitly in the
Sachdev-Ye-Kitaev model, using an auxiliary-spin representation of the stabilizer Rényi entropy that
exhibits an emergent Z2 symmetry. We further find that, in the high-temperature regime of the SYK model,
the transition occurs at a finite time, with the long-time phase marked by spontaneous Z2 symmetry
breaking. By contrast, at low temperatures, the transition is pushed to times exponentially long in the
system size. Our results reveal an intriguing interplay between quantum chaos and magic resources.
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Introduction—While the Hilbert space dimension of
quantum systems grows exponentially, certain physically
relevant states still admit efficient classical representations.
For example, states with low entanglement entropy can be
described by tensor network states [1,2], enabling the
development of classical algorithms for computing
ground-state properties of gapped quantum many-body
systems. Another important class of quantum states consists
of stabilizer states, which havewide applications in quantum
error correction [3]. By the Gottesman-Knill theorem, such
states can be efficiently represented within the stabilizer
formalism [4–7]. To quantify the nonstabilizerness of a
general quantum state, the stabilizer Rényi entropy (SRE)
has been introduced [8–13]. Alternative measures of magic
resources have also been proposed, including the robustness
of magic, Wigner negativity, and mana [14–21].
More recently, considerable attention has been devoted to

the study ofmagic resources in quantummany-body systems,
includingHamiltonian systems [22–42],matrix product states
[43–46], and dynamics generated by quantum circuits
[47–54]. Most of these studies focus on the SRE because
of its direct interpretation as an observable in replicated

systems, enabling both theoretical and numerical analysis.
One fundamental question that we focus on is how the SRE
develops and saturates under chaotic Hamiltonian dynamics.
In particular, we ask how the growth of magic resources is
related to the spectral statistics of the Hamiltonian [55–57],
which serve as a diagnostic of quantum chaos. Addressing
this question also provides important insight into the growth
of complexity in chaotic systems, which underlies quantum
thermalization [58–61]. A major obstacle is the intrinsic
hardness of classical simulation once the SRE becomes
extensive, which prevents the identification of universal
relations that emerge in the thermodynamic limit.
In this Letter, we investigate the dynamics of the SRE and

establish a direct connection to the spectral form factor (SFF)
[56,57,62] by focusing on thermofield double (TFD) states
[63,64], which have broad applications in condensed matter
physics [65,66], quantum information [67–76], quantum
field theory [77–79], and gravitational physics [64]. We first
present a general argument for this relation in chaotic
systems with all-to-all interactions and then demonstrate it
explicitly in the Sachdev-Ye-Kitaev (SYK) model [80–83]
using a path-integral approach with auxiliary spins that
exhibit an emergent Z2 symmetry [40]. This relation implies
that the saturation of the SRE is accompanied by a first-order
dynamical transition, producing a singularity in the SRE. In
the SYK model, the short- and long-time dynamics are
governed by distinct saddle points. The short-time saddle
preserves the Z2 symmetry, in which the SRE is related to the
slope of the SFF, whereas the long-time saddle spontane-
ously breaks the Z2 symmetry, yielding a nearly maximal
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SRE. At high temperatures, the transition occurs at a finite
time; at low temperatures, the transition is controlled by soft
modes and occurs only at exponentially long times. Our
results uncover a fundamental link between quantum chaos
and magic resources.
Setup—We consider systems consisting of N Majorana

fermion modes ψ j that satisfy the canonical anticommu-
tation relations fψ j;ψkg ¼ δjk. The Hamiltonian H is
assumed to be chaotic with all-to-all interactions, exhibiting
random-matrix-like behavior in its level statistics [55,56].
A standard diagnostic of quantum chaos is the spectral form
factor (SFF) [56,57,62], defined as SFFβðtÞ ¼ jZðβ þ itÞj2.
Here, ZðβÞ ¼ trðe−βHÞ denotes the partition function of the
thermal density matrix. For chaotic Hamiltonians, the SFF
exhibits a characteristic slope-ramp-plateau structure as a
function of time. At early times, the SFF shows a rapid
decay, which is self-averaged [57]. At intermediate times,
the SFF develops a linear ramp, which reflects level
repulsion and spectral rigidity captured by random matrix
theory. Finally, at late times beyond the Heisenberg time,
the SFF saturates to a constant plateau at Zð2βÞ, signaling
the discreteness of the energy spectrum.
We are interested in the quench dynamics of the system.

In particular, we focus on a special class of pure initial
states that admit a concrete path-integral representation,
namely, TFD states [63,64]. These states are widely used to
characterize symmetries of density matrices [65,66] and to
perform many-body teleportation protocols [67–76]. To
construct the TFD state, we introduce N auxiliary fermion
modes ξj and define a maximally entangled state by the
condition ðψ j þ iξjÞjEPRi ¼ 0 for all j. Following the
standard terminology, we refer to ψ as the left system and ξ
as the right system. The TFD state is then defined as [84]

jTFDi ¼ e−
β
2
HjEPRi=

ffiffiffiffiffiffiffiffiffiffi
ZðβÞ

p
: ð1Þ

We initialize the total system with 2N Majorana fermions in
the TFD state at t ¼ 0 and evolve it under theHamiltonianH.
At time t, the densitymatrix is ρðtÞ ¼ e−iHtjTFDihTFDjeiHt,
forwhichwe compute theSRE. Inparticular, the evolved state
with β ¼ 0 can be viewed as the Choi representation of the
unitary operator [85], which has been studied in Ref. [54].
The definition of the SRE in fermionic systems requires

introducing an orthonormal operator basis of Majorana
strings [24]:

ΨvL;vR
¼ i

vtðvt−1Þ
2 2

vt
2ψ

vL;1
1 …ψ

vL;N
N ξ

vR;1
1 …ξ

vR;N
N ; ð2Þ

where we have introduced two N-dimensional vectors vL
and vR, with components vL;j; vR;j ∈ f0; 1g. The quantity
vt ¼ jvLj þ jvRj≡P

jðvL;j þ vR;jÞ counts the number of
nontrivial Majorana operators, and the coefficients
ensure that ΨvL;vR

is Hermitian and satisfies Ψ2
vL;vR

¼ 1.
The density matrix can be expanded in this basis as

ρðtÞ ¼ ð1=2NÞPvL;vR
cvL;vR

ðtÞΨvL;vR
, where cvL;vR

ðtÞ ¼
trLR½ρðtÞΨvL;vR

� is known as the Majorana spectrum [24].
Here, we add a subscript to denote the trace over the total
Hilbert space. The Majorana spectrum satisfies the nor-
malization condition

P
vL;vR

cvL;vR
ðtÞ2 ¼ 2N . The SRE is

then defined as

M2ðtÞ≡ − ln

�
2−N

X
vL;vR

cvL;vR
ðtÞ4

�
: ð3Þ

It measures the distance between a generic state and the set
of stabilizer states. Any pure stabilizer state is a simulta-
neous eigenstate of 2N commuting Majorana strings,
known as the stabilizers. For these stabilizers, we have
jcvL;vR

ðtÞj ¼ 1 while jcvL;vR
ðtÞj ¼ 0 for all remaining

Majorana strings. An example is the maximally entangled
state jEPRi, which is stabilized by 2N operators satisfying
vL ¼ vR. Consequently, we find M2 ¼ 0 for stabilizer
states. For more general states, M2ðtÞ satisfies the bound
0 ≤ M2ðtÞ ≤ N ln 2 [8]. In the following discussion, we
focus primarily on the extensive part of the SRE,
limN→∞MðtÞ=N, neglecting subleading corrections arising
from finite-size effects.
General argument—We first present a general argument

establishing the relation between the SRE and the SFF.
Using properties of the EPR state, the Majorana spectrum
can be expressed as a Wightman function:

cvL;vR
ðtÞ ¼ invL;vR

ZðβÞ tr
�
e−
�
β
2
−it
�
HΨvL;0e

−
�
β
2
þit
�
HΨvR;0

�
: ð4Þ

Here, for conciseness, we introduce the integer
nvL;vR

¼ ðjvLj þ 1ÞjvRj. For chaotic systems, the
Wightman function is expected to decay with time. On
the other hand, at t ¼ β ¼ 0 we have cvL;vR

ðtÞ ¼ invL;vR for
vL ¼ vR and cvL;vR

ðtÞ ¼ 0 otherwise. It is therefore natural
to focus on the contribution from cv;vðtÞ in Eq. (3). Next,
we classify operators Ψv;0 into three categories [86]:
(1) operators with small size jvj, (2) operators with
near-maximal size jvj ≈ N, and (3) complex operators with
jvj; N − jvj ∼OðNÞ. Class (1) contains simple operators,
for which the Wightman function is finite; however, the
number of such operators is itself only Oð1Þ. Operators in
class (2) are analogous as they are obtained by multiplying
class (1) operators by the fermion parity operator. By
contrast, the overwhelming majority of operators belong to
class (3). For chaotic systems with all-to-all interactions,
these complex operators cannot be distinguished either by
their locality structure or by their overlap with conserved
charges. It is therefore natural to assume that their Majorana
spectra are approximately uniform [47]. Therefore, we
estimate their contribution by averaging over all choices of
v, leading to
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ð−iÞnv;vcv;vðtÞ ¼
1

ZðβÞ2N=2

����Z
�
β

2
þ it

�����2: ð5Þ

Here, we isolate a phase factor. The SFF already appears.
Neglecting the fluctuations of cvL;vR

ðtÞ around its expect-
ation value and adding back contributions from simple
operators, we find

1

2N

X
vL;vR

cvL;vR
ðtÞ4 ≈ C02

−N þ SFFβ=2ðtÞ4
22NZðβÞ4 : ð6Þ

Here, C0 ∼Oð1Þ is a constant. We expect that contributions
from operators with vL ≠ vR only renormalize C0, as
estimated in Supplemental Material [87].
Equation (6) shows the expected behavior of magic

growth. At β ¼ t ¼ 0, the second term becomes unity while
the first term is negligible, leading to M2 ¼ 0. With this
motivation, one may try dropping the first term:

M2ðtÞ ≈ 2N ln 2 − 4 ln ½SFFβ=2ðtÞ=ZðβÞ�≡MðpÞ
2 ðtÞ: ð7Þ

This provides a direct relation between the SRE and the SFF.
Using the general features of the SFF, Eq. (7) predicts a
nonmonotonic behavior of the SRE. In the slope regime of
the SFF, the SRE increases and is self-averaging. This
increase terminates when the dynamics enter the ramp
regime, where the SRE decays logarithmically. Finally,
the SRE saturates in the plateau regime. However, since
SFFβ=2ð∞Þ ¼ ZðβÞ in the plateau regime, Eq. (7) predicts
M2ðtÞ ¼ 2N ln 2 in the long-time limit. This indicates that
Eq. (7) already violates the bound M2ðtÞ ≤ N ln 2 in the
slope regime at sufficiently long times. This violation is a
close analog of the information paradox for the entanglement
entropy [89], particularly for the dynamics of the thermofield
double state [90,91]. Adding back the 2−N term resolves this
paradox and, in the thermodynamic limit, leads to

M2ðtÞ ≈MinfN ln 2;MðpÞ
2 ðtÞg: ð8Þ

For high-temperature regimes, this results in a first-order
dynamical transition at t� (in the slope regime) determined

by N ln 2 ¼ MðpÞ
2 ðt�Þ, resulting a singularity in the SRE.

In the low-temperature limit, it is possible that MðpÞ
2 ðtÞ >

N ln 2 for arbitrary times t, due to the extensive magic
resources due to imaginary-time evolution.
The Sachdev-Ye-Kitaev model—To further demonstrate

the validity of Eq. (8) in microscopic Hamiltonians without
introducingHaar integrals, we study the dynamics of the SRE
in the SYKmodel [80–83]. Themodel describesN randomly
interacting Majorana fermion modes with Hamiltonian

H ¼
X

i1<i2<���<iq
i
qðq−1Þ

2 Ji1i2���iqψ i1ψ i2 � � �ψ iq ; ð9Þ

where the random couplings Ji1i2���iq are independent

Gaussian variables with

Ji1i2���iq ¼ 0; J2i1i2���iq ¼ ðq − 1Þ!J2=Nq−1: ð10Þ

The SYK model is chaotic for q ≥ 4, exhibiting random-
matrix behavior [56] and an emergent holography
[81,82,92]. It also serves as a concrete solvable model for
non-Fermi liquids [83]. Numerical studies of the SRE
dynamics in the SYK model have been performed using
exact diagonalization for finite N in Refs. [24–27].
We study the SRE dynamics of the SYK model in TFD

states at N → ∞ by employing the path-integral represen-
tation of ZSRE ¼ ZðβÞ4PvL;vR

cvL;vR
ðtÞ4, as illustrated in

Fig. 1. Four copies of the Majorana fermion fields ψ ðαÞ
j ,

with α∈ f1; 2; 3; 4g, arise from the four replicas of the
density matrix (different colors in Fig. 1). The original
definition of the SRE requires extensive operator insertions.
Following the construction in Ref. [40], this can be
equivalently formulated by introducing auxiliary Ising
spins [87], which leads to [93]

ZSRE ¼
X
σL=R;j

�Y
j

Sð12;34Þ
j;it ½σL;j�Sð12;34Þ

j;β=2 ½σR;j�
	

0

; ð11Þ

where σL=R;j ¼ �1 are 2N Ising variables. Sð12;34Þ
j;θ ½σ� is the

fermionic SWAP (fSWAP) operation (with complex time
θ ¼ τ þ it) that imposes

ψ ð1Þ
j ðθþÞ ¼ −σψ ð2Þ

j ðθ−Þ; ψ ð2Þ
j ðθþÞ ¼ σψ ð1Þ

j ðθ−Þ; ð12Þ

FIG. 1. Illustration of two independent approaches to relate the
SRE to the SFF at early times, as elaborated in the main text. In
method ①, we focus on cv;vðtÞ and approximate it by averaging
over v. The early-time regime before saturation is dominated by
the contribution from the SFF. In method ②, we focus on SYK-
like models and assume that the Z2 symmetry is preserved. In the
long-time limit, saddles that break this symmetry can emerge.
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and similarly for ðψ ð3Þ
j ;ψ ð4Þ

j Þ. We highlight that the effective
spin model now exhibits a global Z2 symmetry

ðσL=R;j;ψ ð2Þ
j ;ψ ð4Þ

j Þ → −ðσL=R;j;ψ ð2Þ
j ;ψ ð4Þ

j Þ, which plays an
central role in later discussions.
Because of the presence of two fSWAP operators for each

pair of replicas, the upper branch (denoted as u) of one
replica becomes connected to the lower branch (denoted as
l) of the other replica, with an additional phase σL=R;j
acquired when passing through the connection point, as
illustrated in Fig. 1. Therefore, it is convenient to define

ψ ½1�
j ðθÞ≡

(
ψ ð1Þ
j ðθÞ θ∈ u ðReθ < β=2Þ;

ψ ð2Þ
j ðθÞ θ∈ l ðReθ > β=2Þ;

ð13Þ

and similarly for other replicas. Then, ψ ½α�
j with different α

becomes disconnected. For the SYKmodel, this implies that

the two-point function G½αγ�ðθ1; θ2Þ ¼ hψ ½α�
j ðθ1Þψ ½γ�

j ðθ2Þi ¼
δαγGðθ1; θ2Þ is diagonal in αγ [94]. As derived in
Supplemental Material [87], Green’s function satisfies the
saddle-point equations:

Σðθ1; θ2Þ ¼ J2fðθ1Þfðθ2ÞGðθ1; θ2Þq−1;

Gðθ1; θ2Þ ¼
P

σgσðθ1; θ2Þ½det gσ�−2P
σ½det gσ�−2

: ð14Þ

Here, we have introduced fðθÞ ¼ 1; i;−iwhen θ lies on the
branch with imaginary, forward, or backward evolution,
respectively [87,95]. The function gσ ¼ ð∂τ − ΣÞ−1σ denotes
Green’s function evaluated with σL ¼ σR ¼ σ for a repre-
sentative site, where the u and l branches are joined with a
phase σ at both ends. The SRE can then be computed using
the saddle-point solutions [87].
We are now ready to demonstrate the relation between

the SRE and the SFF in the SYK model. First, we assume
that the Z2 symmetry is unbroken. As a result, both
Gðθ1; θ2Þ and Σðθ1; θ2Þ are nonzero only if θ1 and θ2 both
lie on either the u or the l branch. The self-consistent
equation can be equivalently written as

Σðθ1; θ2Þ ¼ J2Pðθ1; θ2Þfðθ1Þfðθ2Þgσðθ1; θ2Þq−1: ð15Þ

Here, Pðθ1; θ2Þ ¼ 1 if θ1 and θ2 both lie on the u or the l
branch and vanishes otherwise. It also guarantees that the
saddle-point solution of Σðθ1; θ2Þ is independent of σ. On
the other hand, the same saddle-point equation shows up
when evaluating

Z̃ ¼ hEPRσ je−
�
β
2
−it
�
H ⊗ e−

�
β
2
þit
�
H̃jEPRσi: ð16Þ

This inner product is again defined for a system containing
2N Majorana fermions, ψ j and ξj. The vector σ is an
N-dimensional vector that specifies the EPR state via
ðψ j þ iσjξjÞjEPRσi ¼ 0. The Hamiltonian H is given by

Eq. (9), while H̃ is obtained from H by (1) replacing ψ j

with ξj and (2) replacing Ji1i2���iq with independently

sampled couplings J̃i1i2���iq . In particular, the presence of
independent couplings guarantees the appearance of
Pðθ1; θ2Þ in the saddle-point equations. Since the partition
function of the SRE contains four replicas, we expect
ZSRE ∝ Z̃4, up to factors that are independent of βJ and tJ.
Finally, because Z̃ is independent of σ, we can perform a
summation over all σ. Noting that the states jEPRσi with
different σ form a complete basis, we find

Z̃∝ tr



e−
�
β
2
−it
�
H
�
×tr



e−
�
β
2
þit
�
H̃
�
¼SFFβ=2ðtÞ

����
slope

: ð17Þ

This relation between Z̃ and the SFF holds only when the
SFF is dominated by the disconnected solution between the
forward- and backward-evolution branches. This precisely
corresponds to the self-averaged slope regime [57]. Using
Eq. (17), we conclude that the relation proposed in Eq. (7)
becomes exact for the symmetric saddle of the SRE and the
slope regime of the SFF.
The discussion in the previous section indicates that the

symmetric saddle is eventually replaced by a saddle exhib-
iting spontaneous symmetry breaking (SSB), which pre-
vents the growth of the SRE beyond its upper bound. Here,
we focus exclusively on the regime deep in the symmetry-
breaking phase, where only σ ¼ 1 contributes in Eq. (14)
due to det g1 ≪ det g−1. As a result, we can approximate
Gðθ1; θ2Þ ≈ g1ðθ1; θ2Þ, and the saddle-point equation
reduces to that of the conventional Keldysh contour, ZðβÞ ≈
tr½eiHte−iHte−βH� [96]. Accounting for the four replicas, we
then obtain ZSRE ¼ ZðβÞ4, which yields M2ðtÞ ≈ N ln 2.
Combined with the symmetric saddle, this yields the
behavior in Eq. (8). Finally, we emphasize that, although
the above discussion is illustrated using the original SYK
model, the same conclusions apply to a large class of
generalizations such as randomly coupled SYK models
[97–100] or higher-dimensional SYK models [101,102].
Numerics—We now present results for the SRE obtained

by numerically solving the saddle-point equations for
q ¼ 4. Similar methods have previously been applied to
the study of the Rényi entropy of density matrices [91,95].
As shown in Figs. 2(a)–2(c), there exist multiple saddle-
point solutions, which are plotted together with the order
parameter hσi for the Z2 symmetry, defined as

hσi ¼
X
σ

σ½det gσ�−2=
X
σ

½det gσ�−2: ð18Þ

The saddle-point solution with hσi ¼ 0 is symmetric, while
the solution with hσi ≠ 0 exhibits SSB. We have also
numerically verified that the symmetric solution satisfies
Eq. (7) to machine precision by independently computing
the SFF in the slope regime.
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At high temperatures, βJ ¼ 1, the early-time SRE is
dominated by the symmetric saddle, while the dynamical
transition to the saddle with SSB occurs at t�J ≈ 4.8. The
symmetry-breaking saddle is nearly fully polarized, leading
to an almost maximal SRE. To further quantify the late-time
behavior, we fit the numerical results on the SSB saddle
using M2=N ¼ ln 2 − a0e−b0Jt. The resulting fit, shown by
the black dashed lines, matches the numerical datawith high
accuracy. When the temperature decreases, there are impor-
tant modifications. First, the initial value M2ð0Þ increases
due to the imaginary-time evolution. The Eq. (7) predicts
M2ð0Þ ¼ 2N ln 2 − 4Sð2Þðβ=2Þ, where Sð2ÞðβÞ is the second
Rényi entropy of the thermal density matrix. For the SYK
model, Sð2Þð∞Þ ¼ 0.2324 [82]. As a result, we always have
M2ð0Þ < N ln 2. Second, the growth of the symmetric
solution becomes significantly slower and does not exhibit
a transition to the SSB saddle at finite t for βJ ≳ 2.We expect
that this behavior stems from the soft reparametrization
mode in the SYK model, which similarly slows entangle-
ment dynamics [84,103]. These reparametrization modes
are governed by the Schwarzian action [82],which admits an
exact partition functionZschðβÞ ∝ β−3=2 expð2π2C=βJÞwith
C ∝ N [104]. In the slope regime, the SFF can be obtained
by the analytical continuation of Zsch, which leads to

MðpÞ
2 ðtÞ ¼ M2ð0Þ þ

32π2C
βJ

4t2

β2 þ 4t2
þ 6 ln

�
β2 þ 4t2

β2

�
:

ð19Þ

The saddle-point analysis reproduces only the first two
terms, which are extensive in N. Consequently, we obtain
M2ð∞Þ −M2ð0Þ ¼ ð32π2C=βJÞ, which decreases as βJ
increases, consistent with the numerical observations.
Further numerical evidence for the relevance of soft modes
is provided in SupplementalMaterial [87].Motivated by this
analysis, we further fit the numerical results for the sym-
metric saddle using M2=N ¼ a0 þ ðb0=c0 þ J2t2Þ. The
resulting fits, shown by the red dashed lines, match the
numerical data at long times with good accuracy even for
βJ ¼ 1. The analysis also indicates that, at exponential long
times before the dip time, t ∼ eN ≲ tdip, the last term in

Eq. (19) yieldsMðpÞ
2 ðtÞ > N ln 2, at which point a transition

to the symmetry-breaking saddle occurs. Finally, we present
a phase diagram for the SRE in Fig. 2(d), where the phase
boundary is determined by fitting the numerical data
with βJ ¼ a0 þ ðb0=c0 þ J2t2�Þ.
Discussions—In this Letter, we establish a connection

between the SRE dynamics of TFD states and the SFF
through both a general argument and a concrete study of the
SYK model. Our results reveal a dynamical transition
between an early-time regime, captured by the slope regime
of the SFF, and a late-time regime with a nearly maximal
SRE. In the SYK model, these distinct regimes are
described by different saddle points in the path-integral
representation, where an emergent Z2 symmetry plays a
pivotal role. At low temperatures, soft reparametrization
modes delay this transition to exponentially long times. Our
findings provide a universal link between spectral statistics
and the emergence of classical simulation hardness, shed-
ding new light on the growth of quantum complexity and
resources.
In Supplemental Material [87], we provide additional

results that highlight the generality of the relation between
the SRE and the SFF, including exact diagonalization
studies of quantum spin models with and without spatial
locality, as well as a generalization of the relation to
arbitrary stabilizer initial states in generic systems in the
short-time limit. There are many interesting directions for
future research. For example, performing larger-scale
numerical studies of many-body systems is of particular
interest. One promising candidate, closely related to holog-
raphy, is the hyperbolic Ising model [105,106], which
shares the maximally chaotic features of the SYK model.
Investigating how magic resources are connected to other
measures of quantum chaos, such as out-of-time-order
correlators [81,107] and Krylov complexity [108–110],
may uncover richer structures and provide a more unified
perspective on chaotic quantum dynamics. We leave these
directions for future work.
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