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In closed quantum dynamics, energy eigenstates represent physical excitations which, for systems with a
classical limit, localize on quantized orbits in phase space. Such a picture is lacking in open systems:
Liouvillians have distinct right and left eigenstates that decay with time and are difficult to interpret. We
recover a physical correspondence by introducing a gauge-invariant quasiprobability measure combining
right and left eigenstates that interprets a Liouvillian mode as a set of coherences, allowing one to visualize
the modes as quasiprobability distributions in a “doubled” phase space. Using this measure we show that,
remarkably, a damped oscillator retains its quantized “orbits” for a large class of linear and nonlinear loss,
with measurable signatures. A thermal bath broadens these orbits, similar to energy levels, leading to a
characteristic multistage relaxation. This provides an experimentally accessible open-system analog of the
eigenstate-orbit correspondence underlying semiclassical quantization. For quadratic systems, our results
yield dissipative analogs of invariant tori—a central concept in Hamiltonian systems.
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Introduction—In closed quantum systems, the physical
nature of the excited states provides important insights into
the dynamical properties [1–5]. In particular, for integrable
systems with a classical limit, semiclassical quantization
[6–8] shows that these Hamiltonian eigenstates live on
classical energy contours that enclose a quantized area in
phase space. Such a picture was crucial for understanding
classical-quantum correspondence in the early days of
quantum mechanics. By contrast, open quantum systems—
which have garnered widespread recent attention [9–18]—
are described by mixed states (density matrices) that evolve
under a Liouvillian, which is generally not Hermitian. As a
result, there are distinct right and left eigenstates for a given
complex eigenvalue, which do not have any standard
physical interpretation. Furthermore, even for the simplest
systems with a classical limit (e.g., a damped oscillator) the
trajectories in phase space are not closed, so one might
expect that the concept of quantized areas breaks down
altogether for arbitrarily small damping.
Here we show that, in fact, a physical correspondence

exists. First, we introduce a quasiprobability measure

associated with a Liouvillian eigenmode, applicable to
any open quantum system, which reduces to the standard
probability measure in the unitary limit. This allows one to
interpret an eigenmode as a distribution of coherences,
which can be directly visualized in a “doubled” phase space
and governs the return amplitude of generic initial states.
Second, we show that, for an oscillator, area quantization
persists for arbitrary nonlinear damping as long as the
dynamics is isotropic in phase space [Fig. 1(a)]. In this
case, a general mode represents coherence between two
Fock states (circular “orbits”) decaying at a characteristic
rate. Moreover, the orbits get thermally broadened, similar
to energy levels [19], leading to a multistage, nonexpo-
nential relaxation. These predictions are accessible in

(a) (b)

FIG. 1. (a) Quantized “orbits” of a damped oscillator in the
backdrop of classical trajectories. A Liouville eigenmode repre-
sents coherence between two such orbits or the population of an
orbit. (b) For a quadratic system of N oscillators, an appropriately
defined probability distribution localizes on a 2N-torus corre-
sponding to the 2N normal modes (here N ¼ 1).
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existing photonic platforms [20–26]. Third, for quadratic
systems of coupled, driven-damped oscillators, our
approach leads to a formulation of area quantization for
each of the normal modes (invariant tori) [Fig. 1(b)], which
is a key concept of Hamiltonian semiclassics [6].
Setup—Although our measures are applicable to any

completely positive trace-preserving (CPTP) map, for
direct comparisons with the Hamiltonian case we assume
a continuous-time Markovian dynamics of the density
matrix, dρ̂=dt ¼ Lρ̂, where the CPTP condition requires
the Liouvillian L to have the Lindblad form [27,28]

Lρ̂ ¼ −i½Ĥ; ρ̂� þ
X
μ

Ĵμρ̂Ĵ
†
μ −

1

2
ðĴ†μĴμρ̂þ ρ̂Ĵ†μĴμÞ: ð1Þ

Here Ĥ is the Hamiltonian, and Ĵμ are loss processes. For
example, a lossy cavity may be described by Ĵ ¼ ffiffiffi

γ
p

â,
where â is the photon loss operator and γ is the loss rate.
This framework is widely used in quantum optics [29–33]
and, more recently, in many-body physics [12–17].
One can think of L as a linear (super)operator acting on

ρ̂. We consider generic cases whereL is diagonalizable. For
each eigenvalue Λp, it has a right eigenstate R̂p and a left
eigenstate L̂p, which are biorthogonal with respect to the
Hilbert-Schmidt inner product and normalized as
TrðL̂†

pR̂qÞ ¼ δp;q. Expanding an arbitrary initial state ρ̂0
in terms of fR̂pg, one can find its time evolution as
ρ̂ðtÞ ¼ P

p TrðL̂†
pρ̂0ÞeΛptR̂p. For physical scenarios, the

modes are damped with ReΛp ≤ 0. Additionally, for trace
preservation there is a steady state R̂0 with Λ0 ¼ 0.
Two fundamental issues plague the physical interpreta-

tion of these eigenmodes. First, the trace-preserving nature
of L implies that TrðLÂÞ ¼ 0 for any operator Â. With
Â ¼ R̂p this gives ΛpTrðR̂pÞ ¼ 0, which means all of the
nonsteady right eigenstates are traceless and cannot re-
present physical states on their own. This is also true of the
left eigenstates for unital dynamics, i.e., where 1̂ is a steady
state, since TrðÂLR̂0Þ ¼ TrðÂLÞ ¼ 0. Moreover, in
bosonic systems fL̂pg are generally not trace class [34].
Second, one can rescale fR̂p; L̂pg → fcpR̂p; L̂p=c�pg with
arbitrary cp ≠ 0 without affecting the biorthonormality. A
physical quasiprobability measure should be invariant
under such “gauge” transformations [35].
The coherence measure—Before diving into the dissi-

pative case, it is instructive to look at the eigenstates in the
unitary limit, where L ¼ −i½Ĥ; ·�. Here, the right and left
eigenstates are identical (up to the gauge freedom), with
R̂m;n ¼ L̂m;n ¼ jEmihEnj and Λm;n ¼ iðEn − EmÞ, where
ĤjEni ¼ EnjEni. Thus, for m ≠ n, the Liouvillian eigenm-
odes represent coherence between two energy levels which
indeed oscillates as eΛm;nt. For m ¼ n they describe the
conserved populations of these levels. With dissipation,

however, the right and left eigenstates are generally unequal
and not rank-1. Furthermore, the population sector is
massively degenerate in the unitary limit, so adding
dissipation is a singular perturbation.
To examine whether an interpretation in terms of

coherences exists in the dissipative case, it is useful to
associate a mixed state to a pure state describing two copies
of the system using the correspondence jiihjj ↔ jii ⊗
jji≡ ji; jÞ (known as vectorization or Choi isomorphism)
[36,37]. The two Hilbert spaces can be thought of as the
“ket” space and “bra” space of the original system. Then L
translates to a non-Hermitian Hamiltonian in this doubled
space, whose (vectorized) eigenmodes jR̂pÞ and jL̂pÞ are
biorthonormal: ðL̂pjR̂qÞ ¼ δp;q.
A natural gauge-invariant measure for the p th eigen-

mode is the spectral projector, Fp ¼ jR̂pÞðL̂pj, in analogy
with the probability measure jEnihEnj for eigenmodes of
Ĥ. From the biorthonormality it follows that TrFp ¼ 1.
Thus, Fp defines a joint quasiprobability distribution
for the two copies of the system. From completeness
of eigenmodes we also have

P
pFp ¼ 1. For a real-

valued distribution one can take its Hermitian part,
Fþ

p ¼ 1
2
ðFp þ F †

pÞ, which has the same properties. Note
that, in the unitary limit,Fm;n ¼ Fþ

m;n ¼ jEm; EnÞðEm; Enj.
The diagonal elements of Fp in a tensor-product basis

define a “coherence matrix,”

Cpði; jÞ ≔ ði; jjFpji; jÞ ¼ hijL̂pjji�hijR̂pjji: ð2Þ

As Fp has unit trace, Cpði; jÞ gives the weight of the state
ji; ji in the joint distribution. In terms of the original system,
it represents the amount of coherence between two basis
states jii and jji, which add up to one,

P
i;j Cpði; jÞ ¼ 1.

Indeed, starting from ρ̂0 ¼ jiihjj, the coherence evolves as
ρi;jðtÞ≡ ði; jjρ̂ðtÞÞ ¼ P

p Cpði; jÞeΛpt, similar to the return
amplitude ψ iðtÞ ¼

P
n jhijEnij2e−iEnt for unitary dynamics.

From completeness,
P

p Cpði; jÞ ¼ 1, so one can also think
of Cp as a distribution over the eigenmodes. In the unitary
limit, it is simplest in the energy basis, for which
Cm;nði; jÞ ¼ δi;mδj;n.
While Fp is a superoperator acting on doubled space, its

marginals are standard operators that also define useful
quasiprobability measures. In particular, tracing over the
“bra” space gives the marginal distribution of “kets,”P

j Cpði; jÞ ¼ hijR̂pL̂
†
pjii, with the measure K̂p ¼ R̂pL̂

†
p.

Similarly, the marginal distribution of “bras” is given by
B̂p ¼ L̂†

pR̂p. Both these measures and their Hermitian parts
are manifestly gauge invariant and have trace one. In the
unitary limit, they select a particular energy eigenstate:
K̂m;n ¼ jEmihEmj and B̂m;n ¼ jEnihEnj.
These measures are applicable to any open quantum

system, including many-body systems and those without a
classical limit. The existence of “quantized orbits” relies on
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additional semiclassical structure, as we discuss below for
an oscillator, for which the simple distributions in the
unitary limit continue to hold for any isotropic loss. Note
that such oscillator modes arise generally in the approach to
a semiclassical steady state [38–41].
Damped oscillator—Consider an oscillator mode â for

which the eigenstates of Ĥ are the Fock states jni, which
represent quantized orbits in phase space. In particular,
their Husimi distribution [31,42]—defined by the overlap
with a coherent state jαi—is peaked on a circle of radius
jαj ≈ ffiffiffi

n
p

, enclosing an area of 2πn.
The simplest and most common form of damping is

single-particle loss, described by an operator Ĵ ¼ ffiffiffi
γ

p
â in

Eq. (1). The corresponding classical trajectories are found
from the equation of motion for hâi≡ ðxþ ipÞ= ffiffiffi

2
p

under
a mean-field approximation, hâ†mâni ≈ hâi�mhâin [43]. For
one-body loss they spiral to the origin [Fig. 1(a)] with radial
decay ṙ ¼ −ðγ=2Þr.
Crucially, this decay is isotropic due to the weak rota-

tional symmetry [44–46] Ûϕ ¼ eiϕâ
†a, which transforms

the generators as Û†
ϕĤÛϕ ¼ Ĥ and Û†

ϕĴÛϕ ¼ eiϕĴ, leav-
ing L invariant. As a result, L cannot mix different sectors
of the superoperator Uϕ ≔ Û†

ϕð·ÞÛϕ. The eigenstates of Uϕ

are operators jmihnj with eigenvalue eiϕðn−mÞ, so a given
sector corresponds to operators that live on a particular
diagonal, l ¼ m − n, in the Fock basis. Hence, each
diagonal has its own set of right and left eigenstates.
For a harmonic oscillator with Ĥ ¼ ωâ†â, these eigen-

values and eigenstates can be solved analytically [47–50],
with Λk;l ¼ −iωl − γðkþ jlj=2Þ. Here k labels the
different eigenstates for a given diagonal, k ¼ 0; 1; 2;….
Figures 2(a), 2(c), and 2(d) show the spectrum and an
eigenstate pair. The wedge-shaped point spectrum is
characteristic of systems with a stable fixed point in the
classical limit [51].
Importantly, R̂k;l has support over only the first kþ 1

states in the l th diagonal, whereas L̂k;l has support from the
(kþ 1) th state up to infinity. This structure follows from
the unidirectional flow in Fock space—one can only flow
to lower excitations. Hence, R̂k;l is an eigenvector of an
upper triangular rate matrix and has support in the future
“light cone” of jkþ lihkj (for l ≥ 0; see Appendix A for
more details). Conversely, L̂k;l has support in the past “light
cone”; they are right eigenstates of L†.
The above structure leads to a key simplification: the

coherence matrix in Eq. (2) involves element-wise overlap
of R̂k;l and L̂k;l, which is nonzero only for jmihnj, where
l ¼ m − n and k ¼ minðm; nÞ. Furthermore, this overlap
must be 1 as the matrix elements add up to unity. Thus,
even though the right and left eigenstates are very different
from the unitary case, the spectral projector still represents
coherence between two specific Fock states for l ≠ 0
[Fig. 2(b)] and population of a Fock state for l ¼ 0, with
a one-to-one mapping between ðk; lÞ and ðm; nÞ.

This interpretation has measurable consequences:
(1) starting from ρ̂0 ¼ jnihnj (corresponding to k ¼ n,
l ¼ 0), the survival probability falls as ρn;nðtÞ ¼
eΛk;lt ¼ e−nγt. This linearly growing decay rate [52] has
been observed in microwave resonators [20,21]. (2) For
generic initial states, the late-time relaxation of ρm;nðtÞ is
governed by the slowest-decaying mode for which R̂k;l has
support in jmihnj; this is also the mode with Cðm; nÞ ¼ 1.
Hence, ρm;nðtÞ ∼ eΛk;lt, where ðk; lÞ corresponds to ðm; nÞ.
This is shown in Figs. 2(e) and 2(f) and may be tested
experimentally using Wigner tomography in photonic
setups [22–24].
Generality—The selection of a unique pair of Fock states

in the coherence matrix relies only on the isotropy and
unidirectional flow, which holds for a larger class of
nonlinear models. The one-way flow in Fock space occurs
for any number-conserving Hamiltonian and loss operators
of the form Ĵ ¼ P∞

μ;ν¼0 Aμ;νâ†μâν, where Âμ;ν ¼ 0 for
μ > ν. These operators transform under rotation as

(a) (b)

(c) (d)

(f)(e)

FIG. 2. (a) Liouville spectrum of a harmonic oscillator with
frequency ω and damping γ. The imaginary parts are set by the
phase winding l, corresponding to the l th diagonal in the Fock
basis. (b) An eigenmode (for l ≠ 0) represents coherence between
two Fock states m and n. (c),(d) Corresponding right and left
eigenstates overlap only at ðm; nÞ. (e) Populations of different
Fock states after starting from jn ¼ 3i with γ ¼ 0.5, each
governed by a specific eigenvalue circled in (a) with the same
color. (f) Coherence between Fock states j1i and j2i after starting
from the coherent state jα ¼ 2i with ω ¼ 1, γ ¼ 0.5. The
asymptotic decay (dashed line) is governed by the corresponding
eigenmode circled in black in (a).
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Û†
ϕâ

†μâνÛϕ ¼ eiϕðν−μÞâ†μâν. Hence, isotropy requires each
term in Ĵ to have the same “charge” q ≔ ν − μ. This still
includes dephasing (q ¼ 0) and q-body loss (q > 0) with
arbitrary state-dependent rates.
For instance, take the widely studied Kerr oscillator,

Ĥ ¼ ωâ†âþ κâ†â†â â, with one- and two-body loss:
Ĵ1 ¼ ffiffiffiffiffi

γ1
p

â; Ĵ2 ¼ ffiffiffiffiffi
γ2

p
â2 [53–58]. The classical trajectories

are again spirals but with radial decay ṙ ¼ −ðγ1=2Þr − γ2r3,
which gives power-law relaxation for γ1 → 0. For the
quantum problem, the support structure of the eigenstates
are exactly the same as before, and they pick the same
circular orbits in phase space. However, their decay rates
are different: the k th Fock state decays with the eigenvalue
Λk;0 ¼ −γ1k − γ2kðk − 1Þ (see Appendix A for the full
spectrum). In line with the classical relaxation, orbits
farther from the origin lose population much faster, and
the decay rates (jReΛk;lj) do not depend on ω or κ.
Note that one can apply a Bogoliubov transformation or

squeezing [59] to make the energy contours elliptical. If the
loss operators are also transformed, the Liouvillian spec-
trum is unaltered, and the arguments regarding the structure
of eigenmodes work the same way in terms of the squeezed
Fock states [60], which are peaked on the elliptical orbits
with the same quantized area.
Thermal broadening—The unidirectional flow in Fock

space is lost in the presence of a thermal bath with finite
inverse temperature β, which produces a competition of
particle injection and loss, described by Ĵþ ¼ ffiffiffiffiffi

γþ
p

â† and
Ĵ− ¼ ffiffiffiffiffi

γ−
p

â with γþ=γ− ¼ e−βω [30]. Classical trajectories
continue to spiral inward with the radial decay rate
γ ¼ γ− − γþ. However, the quantum dynamics is modified
by the injection. This effect is seen most clearly for a
harmonic oscillator by writing L as a quadratic form of the
“ket” and “bra” oscillator modes: aK ρ̂ ≔ â ρ̂ and
aBρ̂ ≔ ρ̂â†, which are bosonic superoperators. For γþ ¼ 0,
L ¼ −iωða†KaK − a†BaBÞ þ γðaKaB − 1

2
a†KaK − 1

2
a†BaBÞ

[see Eq. (1)], which is diagonalized as

L ¼ S½−ðγ=2þ iωÞa†KaK − ðγ=2 − iωÞa†BaB�S−1; ð3Þ

with S ¼ e−aKaB . Thus, aK and aB are also the normal
(master) modes [34] up to a similarity transformation, and
the eigenstates of L are characterized by their excitation
quanta: jR̂nK;nBÞ ¼ SjnK; nBÞ, ðL̂nK;nB j ¼ ðnK; nBjS−1, and
ΛnK;nB ¼ −iωðnK − nBÞ − ½γ=2�ðnK þ nBÞ. Indeed, such an
eigenmode represents coherence between the Fock states
jnKi and jnBi of the original oscillator: CnK;nBði; jÞ ¼
δi;nKδj;nB (see Appendix B). For γþ > 0, L is still quadratic

and diagonalizes as Eq. (3) but with S ¼ e−aKaBenTa
†
Ka

†
B ,

where nT is the thermal occupation, nT ≔ 1=ðeβω − 1Þ.
Because of the isotropy, the right and left eigenstates are
again confined to a given diagonal, l ¼ nK − nB, but they
now overlap over a range of states. The resulting

distribution has a closed-form expression in terms of
Meixner polynomials (see Appendix C). As shown in
Fig. 3(a), it is positive semidefinite and significant over
a window of energy levels ðj−; jþÞ. For n ≫ l, the mean
and standard deviations are j̄ ≈ n= tanhðβω=2Þ and
σj ≈ n=½ ffiffiffi

2
p

sinhðβω=2Þ�. Both scale as ðβωÞ−1 for a hot
bath (βω ≪ 1), whereas for a cold bath, j̄ ¼ nþOðηÞ and
σj ¼ Oð ffiffiffi

η
p Þ, where η ≔ e−βω. Hence, the effect of weak

thermal fluctuations is to broaden each quantized orbit,
similar to spectral broadening of Hamiltonian systems [19],
although the “line shapes” are not Lorentzian. The broad-
ening leads to a multistage, nonexponential decay of a Fock
state with signatures of j̄ and j− [Fig. 3(b)] (for more
details, see Appendix C), which may be observed in lossy
resonators via existing techniques [20,21,25,26].
Super-Husimi function—The distribution in the basis of

coherent states defines a complex-valued Husimi function,
CpðαK; αBÞ ¼ ðαK; αBjFpjαK; αBÞ, in the doubled phase
space. Using properties of coherent states, one can show
that (see Appendix D) (i) the marginal distribution of the
absolute values rK ≔ jαKj and rB ≔ jαBj is given by
ApðrK; rBÞ ¼

P
i;j Cpði; jÞQiðrKÞQjðrBÞ, where Qn is the

Husimi function of a Fock state jni, which is peaked on a circle
of radius r ≈

ffiffiffi
n

p
. Hence, the quantized orbits are weighted by

the coherence matrix in the Fock basis. (ii) If the dynamics is
isotropic,CpðαK; αBÞ depends only on rK, rB, and the relative
phase φ ¼ arg α�KαB, allowing for three-dimensional visuali-
zation. While more general operator bases may be constructed
in the doubled phase space [61], the coherent-state basis used
here directly links Fp to the quantized orbits.
For a linearly damped harmonic oscillator the radial

marginal factorizes, AnK;nBðrK; rBÞ ¼ QnK ðrKÞQnBðrBÞ,
and the marginal distributions of αK and αB are simply
QnK ðrKÞ and QnBðrBÞ, respectively. Interestingly, the
full distribution—which can be found in closed form—is
not peaked at rK ≈ ffiffiffiffiffiffi

nK
p

and rB ≈ ffiffiffiffiffiffi
nB

p
; instead, for

nK ¼ nB ¼ n ≫ 1, the peaks are at r⋆K ¼ r⋆B ≈ ½nð1þ
1=

ffiffiffi
2

p Þ�1=2 and φ⋆ ≈�0.13π [Fig. 4(a)] (see Appendix D
for more details). There is no contradiction, however, as C
is nonzero everywhere and highly oscillatory at the peaks.

(a) (b)

FIG. 3. (a) Thermal broadening of the eigenmode with m ¼
n ¼ 100 in the distribution over Fock states jji at different
inverse temperatures β. (b) Instantaneous decay rate of the return
probability of the Fock state jn ¼ 8i for βω ¼ 2, γ ¼ 1.
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The Husimi function connects to the dynamics via the
return amplitude ζ ≔ ðαK; αBjρ̂Þ ¼

P
p CpðαK; αBÞeΛpt.

Thus, it is useful to consider the distribution over eigen-
modes for a given pair of coherent states. For
αK ¼ αB ¼ reiθ, this is indeed peaked at n⋆K ¼ n⋆B ≈ r2

[Fig. 4(b)]. Conversely, for φ ¼ π, the peak is at n⋆K≈
r2K þ rKrB, n⋆B ≈ r2B þ rKrB [Fig. 4(c)]. Additionally, the
distribution is positive definite for φ ¼ π, so the dominant
eigenmode governs the Loschmidt echo, jζj2 ∼ e−γðrKþrBÞ2t.
In general, the initial decay rate of ζ is set by the first
moments of nK and nB, which gives jζj2 ∼ e−γjαK−αBj2t (see
Appendix D). This means, in particular, that starting from a
cat state of jαi and j − αi, the coherence hαjρ̂j − αi falls as
e−2γjαj2t, whereas the populations h�αjρ̂j � αi decay quad-
ratically, as shown in Fig. 4(d).
Analogous doubled-phase-space representations may be

constructed for spin systems and even for fermions by
extending standard phase-space distributions [62–68].
Left-right Husimi and invariant tori—For quadratic L,

one can construct a different probability distribution where
each of the normal modes localizes on a quantized orbit. As
in Eq. (3), such a Liouvillian can be written in terms
of the normal modes a1, a2 (not necessarily aK, aB) as
L ¼ Sðλ1a†1a1 þ λ2a

†
2a2ÞS−1 ¼ λ1b01b1 þ λ2b02b2, where

bj ≔ SajS−1 and b0j ≔ Sa†jS
−1 are pseudo-boson modes

[69–72] that satisfy ½bi; b0j� ¼ δi;j. They have two sets of
coherent states corresponding to the two types of annihi-
lation operators, bj and b0†j : bjjα1; α2ÞR ¼ αjjα1; α2ÞR and

b0†j jα1; α2ÞL ¼ αjjα1; α2ÞL. These are simply related to the
coherent states of aj as jα1; α2ÞR ¼ Sjα1; α2Þ and

Lðα1; α2j ¼ ðα1; α2jS−1. Hence, the “left-right” Husimi
function Lðα1; α2jF n1;n2 jα1; α2ÞR ∝ Qn1ðjα1jÞQn2ðjα2jÞ
localizes on a torus of radii ≈ ffiffiffiffiffi

n1
p

and
ffiffiffiffiffi
n2

p
[Fig. 1(b)],

which is the surface with a given number of excitation
quanta of the normal modes, embedded in the “energy
surface” with E ¼ λ1n1 þ λ2n2. This construction readily
extends to arbitrary quadratic Liouvillians of N coupled
oscillators for which L ¼ P

2N
i¼1 λib

0
ibi [34]. Here, the left-

right Husimi function localizes on a 2N-torus. This gives a
generalization of semiclassical quantization for separable
systems [6] to the dissipative setting and complements
time-domain studies of dissipative trajectories in multi-
mode systems [73].
Conclusion—We have introduced a generally applicable

quasiprobability measure that interprets a Liouvillian
eigenmode as a distribution of coherences. This extends
the concept of biorthogonal quasiprobabilities, previously
explored for non-Hermitian Hamiltonians [74], to Liouville
space. We have shown that dissipation does not necessarily
erase semiclassical quantization. For an isotropic damped
oscillator, each mode selects quantized orbits that are
broadened in the presence of thermal noise, with measur-
able dynamical signatures. Additionally, quadratic open
systems support dissipative analogs of invariant tori. As
Lindblad dynamics is equivalent to a generalized Fokker-
Planck evolution in phase space [30,31,68,75,76], our
measure is also applicable to eigenstates of such a differ-
ential operator, which is of wider interest [77–83].
The coherence measure is averaged over all eigenmodes

in the return amplitude; it would be interesting to explore
whether the features of a given eigenmode—e.g., the peaks
at nonzero φ in Fig. 4(a)—can be isolated experimentally.
Future studies can also examine the fate of the invariant tori
under nonquadratic or integrability-breaking perturbations,
which may lead to parallels of the Einstein-Brillouin-Keller
quantization [6,7]. It would also be useful to understand the
coherence structure when there is no classical limit, e.g.,
free fermions [84], or when the classical limit features other
attractors, e.g., a limit cycle [51] or a node with
anisotropy [85].
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End Matter

Appendix A: Rate matrix and eigenvalues—For a
damped oscillator with Hamiltonian Ĥ ¼ ωâ†âþ
κâ†â†â â and Lindblad operators Ĵ1¼ ffiffiffiffiffi

γ1
p

â; Ĵ2¼ ffiffiffiffiffi
γ2

p
â2,

the density matrix elements in the Fock basis are

governed by a rate equation, ρ̇ðlÞs ¼ P
s0 Γ

ðlÞ
s;s0ρ

ðlÞ
s0 , where

ρðlÞs ≔ ρsþl;s, l, s ≥ 0, and the only nonzero transition
rates are

ΓðlÞ
s;s ¼ −il½ωþ κð2sþ l − 1Þ� − γ1ðsþ l=2Þ

− γ2½sðs − 1Þ þ ðl=2Þð2sþ l − 1Þ�; ðA1Þ

ΓðlÞ
s;sþ1 ¼ γ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þðsþ lþ 1Þ

p
; ðA2Þ

ΓðlÞ
s;sþ2 ¼ γ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þðsþ lþ 1Þðsþ 2Þðsþ lþ 2Þ

p
: ðA3Þ

As the rate matrix ΓðlÞ is upper triangular, its eigen-
values are simply given by the diagonal entries [87],

Λk;l ¼ ΓðlÞ
k;k. The corresponding right eigenvector can be

found using back substitution and has support over only
the first kþ 1 elements. Conversely, the left eigenvector
is found using forward substitution and has no support
over the first k elements. In the linear case of
κ ¼ γ2 ¼ 0, these have been worked out explicitly in

Refs. [47–50]. In particular, the left eigenstate has the
simple form L̂k;l ∝ ðâ†Þkþlâk.

Appendix B: Coherence matrix from normal modes—
The Liouvillian of a linearly damped harmonic oscillator
is diagonalized in terms of the normal modes aK and aB
via the similarity transformation S ¼ e−aKaB , as given in
Eq. (3). To see this, we use the Baker-Hausdorff lemma
[88] eABe−A ¼ Aþ ½A; B� þ ½A; ½A; B��=2!þ � � � to obtain
the pseudo-boson modes [69–72],

b1 ≔ SaKS−1 ¼ aK; b01 ≔ Sa†KS
−1 ¼ a†K − aB; ðB1Þ

b2 ≔ SaBS−1 ¼ aB; b02 ≔ Sa†BS
−1 ¼ a†B − aK: ðB2Þ

Substituting these into Eq. (3) yields the expected
Liouvillian. The eigenstates of aK and aB are simply
dyads of Fock states of the original oscillator since

aKjnK; nBÞ ↔ âjnKihnBj ↔
ffiffiffiffiffiffi
nK

p jnK − 1; nBÞ; ðB3Þ

aBjnK; nBÞ ↔ jnKihnBjâ† ↔
ffiffiffiffiffiffi
nB

p jnK; nB − 1Þ: ðB4Þ

The corresponding eigenstates of L are given by (up to
the gauge freedom)

PHYSICAL REVIEW LETTERS 137, 200404 (2026)

200404-8

https://doi.org/10.1088/1751-8121/abf79b
https://doi.org/10.1088/1751-8121/abf79b
https://doi.org/10.1103/PhysRevE.51.74
https://doi.org/10.1007/s10955-020-02535-x
https://doi.org/10.1007/s10955-020-02535-x
https://doi.org/10.1007/s00220-003-0805-9
https://doi.org/10.1007/s00220-003-0805-9
https://doi.org/10.1017/s1474748011000028
https://doi.org/10.1017/s1474748011000028
https://doi.org/10.1112/S0024609302001248
https://doi.org/10.1112/S0024609302001248
https://doi.org/10.1088/1367-2630/10/4/043026
https://doi.org/10.1088/1367-2630/10/4/043026
https://doi.org/10.1103/PhysRevLett.60.1836
https://doi.org/10.5281/zenodo.21363660
https://doi.org/10.1007/s003659900066
https://doi.org/10.2140/pjm.1955.5.1033
https://arXiv.org/abs/0811.2624
https://doi.org/10.1007/s11075-008-9159-x


jR̂nK;nBÞ ¼ SjnK; nBÞ ¼
X∞
q¼0

ð−1Þq
q!

aqKa
q
BjnK; nBÞ

¼
XminðnK;nBÞ

q¼0

ð−1Þq
q!

ðnKÞqðnBÞqjnK − q; nB − qÞ;

ðB5Þ

jL̂nK;nBÞ ¼ ðS−1Þ†jnK; nBÞ ¼
X∞
q¼0

1

q!
a†qK a†qB jnK; nBÞ

¼
X∞
q¼0

1

q!
ðnKÞqðnBÞqjnK þ q; nB þ qÞ; ðB6Þ

where ðnÞq ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!=ðn − qÞ!p

and ðnÞq ≔ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ qÞ!=n!p
.

The only dyad common to both eigenstates is jnK; nBÞ,

so the coherence matrix in Eq. (2) simplifies to

CnK;nBði; jÞ ¼ ði; jjR̂nK;nBÞði; jjL̂nK;nBÞ� ¼ δi;nKδj;nB : ðB7Þ

Appendix C: Thermal distribution—As discussed in the
main text, for a thermal bath L has the same diagonal
form with S¼e−aKaBenTa

†
Ka

†
B , where nT ≔1=ðeβω−1Þ,

corresponding to the modified pseudo-boson modes,

b1 ¼ ð1þ nTÞaK − nTa
†
B; b01 ¼ a†K − aB; ðC1Þ

b2 ¼ ð1þ nTÞaB − nTa
†
K; b02 ¼ a†B − aK: ðC2Þ

As S preserves the number difference l ¼ nK − nB, both
R̂nK;nB and L̂nK;nB live on the l th diagonal in the Fock
basis. For l ≥ 0, R̂ has the matrix elements,

ðjþ l; jjR̂nþl;nÞ ¼
X∞
p;q¼0

ð−1Þq
q!

npT
p!

ðjþ l; jjðaKaBÞqða†Ka†BÞpjnþ l; nÞ

¼
X∞
p;q¼0

ð−1Þq
q!

npT
p!

ðnþ pÞ!ðnþ pþ lÞ!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ lÞ!n!ðjþ lÞ!j!p δnþp;jþq

¼ ð−1ÞnnjT
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ lÞ!ðjþ lÞ!p

ð1þ nTÞnþjþlþ1l!
ffiffiffiffiffiffiffiffi
n!j!

p 2F1ð−n;−j; lþ 1;−1=nTÞ; ðC3Þ

where 2F1 is Gauss’ hypergeometric function. The last line requires the use of linear transformation identities of 2F1 [89].
Similarly, L̂ has the matrix elements

ðjþ l; jjL̂nþl;nÞ ¼ ð−nTÞn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ lÞ!ðjþ lÞ!p

l!
ffiffiffiffiffiffiffiffi
n!j!

p 2F1ð−n;−j; lþ 1;−1=nTÞ: ðC4Þ

One can also write these in terms of the Meixner polynomials [90]Mnðx; μ; cÞ using the relation
Mnðx; μ; cÞ ¼ 2F1ð−n;−x; μ; 1 − 1=cÞ. Combining Eqs. (C3) and (C4) yields the coherence distribution

Cnþl;nðjþ l; jÞ ¼ e−βωðnþjÞ

ð1þ nTÞlþ1

�
nþ l
l

��
jþ l
l

�
½Mnðj; lþ 1; e−βωÞ�2: ðC5Þ

Note that this is symmetric under exchange of n and j.
Using orthogonality and recurrence relations of the Meix-
ner polynomials [90] one can find the mean j̄ and standard
deviation σj as

j̄ ¼ n
tanhðβω=2Þ þ nTðlþ 1Þ;

σj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 þ ð2nþ 1Þðlþ 1Þ

p
2 sinhðβω=2Þ : ðC6Þ

Furthermore, the “turning points” j� in Fig. 3(a) can be
estimated from large-n asymptotics [91],

j− ≈ n tanhðβω=4Þ; jþ ≈ n cothðβω=4Þ: ðC7Þ

The return probability of a Fock state jni is given by
ρn;nðtÞ ¼

P
j Cj;jðn; nÞe−jγt. Using Weisner’s bilinear gen-

erating function for hypergeometric polynomials [92],

ρn;nðtÞ ∝
ðe−γt − e−βωÞn
ð1 − e−γt−βωÞnþ1

Pn

�
cosh βωþ cosh γt − 2

cosh βω − cosh γt

�
;

ðC8Þ

where the proportionality constant is 1 − e−βω and Pn is a
Legendre polynomial. For n ≫ 1 the decay is dominated by
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the bulk of the distribution between j− and jþ, where
Cn;nðj; jÞ has an arcsine envelope [93], yielding

ρn;nðtÞ ≈
Z

jþ

j−

e−jγtdj

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðj − j−Þðjþ − jÞp ¼ e−j̄γtI0ðγdtÞ; ðC9Þ

where γd ≔ ðjþ − j−Þγ=2 and I0 is a modified Bessel
function of the first kind. From the properties of I0 [89],
ρn;n ≈ e−j̄γt for γdt ≪ 1 and ρn;n ≈ e−j−γt=

ffiffiffiffiffiffiffiffiffiffiffi
2πγdt

p
for

γdt ≫ 1. Thus,
ffiffi
t

p
ρn;nðtÞ exhibits a peak at γt ¼ Oð1=nÞ

followed by an exponential decay at a rate j−γ (Fig. 5).
Additionally, as shown in Fig. 3(b), the instantaneous decay
rate of ρn;n exhibits a shoulder close to j−.

Appendix D: Properties of the super-Husimi function—
We have defined the super-Husimi function for an eigen-
mode p as CpðαK; αBÞ ≔ ðαK; αBjFpjαK; αBÞ. Inserting
completeness of the Fock states gives

CpðαK; αBÞ ¼
X
i;j;i0;j0

ðαK; αBji; jÞði; jjFpji0; j0Þði0; j0jαK; αBÞ

¼ e−jαK j2−jαBj2
X
i;j;i0;j0

ði; jjFpji0; j0Þ

×
ðα�KÞiαjBαi0Kðα�BÞj0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

i!j!i0!j0!
p : ðD1Þ

Two results follow from this expansion. First, with αK ¼
rKeiϕK and αB ¼ rBeiϕB , the radial marginal reduces to

ApðrK; rBÞ ≔
Z

dϕK

Z
dϕBCpðαK; αBÞ

¼
X
i;j

Cpði; jÞQiðrKÞQjðrBÞ; ðD2Þ

where QnðrÞ ≔ 2πe−r
2

r2n=n!. Second, if the dynamics is
isotropic, the right and left eigenstates belong to the
same diagonal in Fock space, i.e., i − j ¼ i0 − j0 in
Eq. (D1), so the super-Husimi function depends only on

the relative phase φ ¼ ϕK − ϕB, not on ϕK and ϕB
separately.
For a linearly damped harmonic oscillator, CpðαK; αBÞ

can be found in closed form. From Eq. (B5),

ðαK; αBjR̂nK;nBÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nK!nB!

p
e−

jαK j2þjαB j2
2

×
Xnmin

q¼0

ð−1Þqðα�KÞnK−qαnB−qB

q!ðnK − qÞ!ðnB − qÞ! ; ðD3Þ

where nmin ≔ minðnK; nBÞ. Conversely, using the fact that
jαK; αBÞ is a joint eigenstate of aK and aB,

ðL̂nK;nB jαK; αBÞ ¼ ðnK; nBjeaKaB jαK; αBÞ
¼ eαKα

�
B−

jαK j2þjαB j2
2 αnKK ðα�BÞnB=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nK!nB!

p
:

ðD4Þ

Hence, the super-Husimi function is given by

CnK;nBðαK; αBÞ ¼ erKrBe
iφ−r2K−r

2
B

Xnmin

q¼0

ð−1Þqr2nK−qK r2nB−qB eiqφ

q!ðnK − qÞ!ðnB − qÞ! :

ðD5Þ

For nK ≥ nB it can be written more compactly as

Cnþl;nðαK; αBÞ ¼
eαKα

�
B jαKj2lð−αKα�BÞn

ejαK j2þjαBj2ðnþ lÞ! LðlÞ
n ðα�KαBÞ; ðD6Þ

where LðlÞ
n is a generalized Laguerre polynomial. For large

n the peaks of this distribution can be found using

asymptotic expansions of LðlÞ
n [94]. For l ¼ 0 they occur

at rK ¼ rB ¼ ffiffiffiffiffiffi
nρ

p
, where ρ ¼ Oð1Þ. From Eq. (D6),

1

n
ln jCn;nj ¼ ρðcosφ − 2Þ þ ln ρþ 1

n
ln jLð0Þ

n ðnρe−iφÞj
ðD7Þ

up to a constant. Using the asymptotic form [94]

lim
n→∞

1

n
ln jLð0Þ

n ½2nð1þ cosh zÞ�j ¼ Reð1þ zþ e−zÞ: ðD8Þ

∀ ReðzÞ > 0 gives the peaks at ρ⋆ ¼ 1þ 1=
ffiffiffi
2

p
≈ 1.71

and φ⋆ ¼ � cos−1ð ffiffiffi
2

p
− 1=2Þ ≈�0.13π, as shown in

Fig. 4(a).
The return amplitude of a dyad jαKihαBj is given by

ζðtÞ ¼ P
nK;nB CnK;nBðαK; αBÞeΛnK ;nB

t. Substituting the
eigenvalues ΛnK;nB from Eq. (3), one can write

ζðtÞ ¼ Gðe−ðγ=2þiωÞt; e−ðγ=2−iωÞtÞ; ðD9Þ

(a) (b)

FIG. 5. Return probability of jn ¼ 10i for βω ¼ 2, γ ¼ 1,
comparing exact [Eq. (C8)] and large-n [Eq. (C9)] predictions.
(a) ρn;nðtÞ, with the early-time decay e−j̄t (dashed). (b)

ffiffi
t

p
ρn;nðtÞ,

with the late-time decay ∝ e−j−t (dashed). The gray line at t ¼
1=ð2j̄Þ indicates where ffiffi

t
p

ρn;nðtÞ peaks for βω≳ 1.
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where Gðu; vÞ ≔ P
nK;nB CnK;nBu

nKvnB is the generating
function. The dependence on αK and αB is implicit.
Using the expression for CnK;nB from Eq. (D5) gives

Gðu; vÞ ¼ eð1−uvÞαKα�B−ð1−uÞjαK j2−ð1−vÞjαBj2 : ðD10Þ

From Eqs. (D9) and (D10), we find ζ̇ð0Þ ¼ −½ðγ=2Þ þ
iω�nK − ½ðγ=2Þ − iω�nB, where nK and nB are the first
moments,

nK ¼ ∂uGðu; vÞju¼v¼1 ¼ jαKj2 − αKα
�
B; ðD11Þ

nB ¼ ∂vGðu; vÞju¼v¼1 ¼ jαBj2 − αKα
�
B: ðD12Þ

Hence, the initial decay rate of the Loschmidt echo is

−∂t ln jζj2jt¼0 ¼ −2Reζ̇ð0Þ ¼ γjαK − αBj2: ðD13Þ

Although this rate and the first moments vanish for
αK ¼ αB ¼ reiθ, the distribution is not peaked at
nK ¼ nB ¼ 0. Instead, fromEq. (D6), it is highly oscillatory

with a magnitude jCnþl;nj ∝ unþljLðlÞ
n ðuÞj=ðnþ lÞ!, where

u ≔ r2. For u < 4nþ 2lþ 2, the Laguerre polynomial

oscillates with the envelope [89] EðlÞ
n ðuÞ ¼ eu=2ðn=uÞl=2

ðπ2nuÞ−1=4, which gives a peak of jCnþl;nj at l⋆ ¼ 0; n⋆ ≈
u for u ≫ 1, as seen in Fig. 4(b). On the other hand, for
φ ¼ 0 the distribution is positive semidefinite [see
Eq. (D5)], so the peaks coincide with the first moments at
n⋆K ≈ r2K þ rKrB and n⋆B ≈ r2B þ rKrB for u ≫ 1 [Fig. 4(c)].
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