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Recent lattice evidence may suggest the chiral phase transition in QCD is second order for Nf ≥ 2

massless flavors. We constrain conformal field theory (CFT) descriptions of a critical line in temperature T
and imaginary baryon chemical potential θB ¼ iμB=T. An ’t Hooft anomaly at general θB constrains the
transition even at θB ¼ 0, leaving only three minimal scenarios. The best-motivated scenario for Nf ≥ 3,
and perhaps also Nf ¼ 2, is beyond Ginzburg-Landau, featuring a conformal manifold of θB-dependent
universality classes with an exactly marginal operator related to baryon density.
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Introduction—Understanding the phase diagram of
quantum chromodynamics (QCD) as a function of temper-
ature T and baryon chemical potential μB is a central
challenge in high-energy physics, with implications for
heavy-ion collisions, astrophysics, and the early Universe.
At μB ¼ 0, increasing T restores the spontaneously broken
approximate chiral symmetry through a crossover at
T ∼ 155 MeV [1,2]. If Nf quarks are massless, chiral
symmetry becomes exact, and the crossover becomes a
genuine phase transition. The standard approach to this
nonperturbative phase transition appeals to Landau univer-
sality. A Ginzburg-Landau analysis based on the chiral
condensate Φ ¼ ψ̄LψR [3] suggests a generic first-order
transition for Nf ≥ 3, and a second-order transition for
Nf ¼ 2, in the Oð4Þ Wilson-Fisher universality class.
Early lattice QCD simulations seemed to agree with this

prediction [4–11], but recent improved simulations [12–21]
do not support first-order chiral transitions in the chiral
limit for any Nf from Nf ¼ 2 up to the onset of the
conformal window, at μB ¼ 0, and along a line to imagi-
nary μB. These simulations can, thus, be interpreted as
suggesting that the chiral transition is either second order or
perhaps very weakly first order for all Nf. Both of these
scenarios would need an explanation beyond the original
Ginzburg-Landau analysis.

Various theoretical interpretations of the recent lattice
results have been proposed [22–26], but compelling sol-
utions remain elusive. Here we systematically constrain the
3D conformal field theories (CFTs) that can appear on a
natural critical line of chiral transitions in the θB-T phase
diagram, with real θB ¼ iμB=T. We find only three minimal
scenarios compatible with the ’t Hooft anomaly [27–29],
high-T perturbative calculations [30], and low-T QCD
phenomenology, shown in Fig. 1.
In both the Landau (left) and Landau-DQCP (middle)

scenarios, the critical line flows to a single Ginzburg-
Landau CFT for generic θB, but the Landau-DQCP
scenario also requires an analog of a condensed-matter
deconfined quantum critical point (DQCP) [31–33] to
appear at θB ¼ π. In the conformal-manifold scenario
(right), the critical line is a continuum of distinct
beyond-Landau 3D CFTs. The Landau and Landau-
DQCP scenarios require a natural fixed point in the
Ginzburg-Landau description of Ref. [3] that has not been
found despite extensive searches for Nf ≥ 3 and, thus, are
disfavored for generic Nf. In contrast, we find that the
conformal manifold scenario is not excluded by existing
constraints, and the existence of a suitable 3D CFT is
supported by a (2þ ϵ)D expansion and existing conformal
bootstrap bounds for Nf ≥ 2. So the answer to the title’s
question could be yes.
Symmetry and anomaly—We work in Euclidean signa-

ture throughout. Massless QCD, a 4D SUðNcÞ gauge
theory for Nc ≥ 3 with Nf massless fundamental Dirac
fermions, has continuous global symmetry,

G ¼ Uð1ÞB × SUðNfÞL × SUðNfÞR
ZNf

; ð1Þ
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where ZNf
sets ðe2πiNc=Nf ; e−2πi=Nf1Nf

; e−2πi=Nf1Nf
Þ to the

identity. Here, Uð1ÞB ¼ Uð1ÞV=ZNc
is the baryon sym-

metry, while SUðNfÞL × SUðNfÞR is the chiral symmetry.
TheUð1ÞA symmetry of the classical theory is destroyed by
the axial anomaly, and so it is not part of G. The discrete
global symmetry acts nontrivially on G and is generated by
charge conjugation C and geometric reflections, including
time reversal.
The symmetry G has an ’t Hooft anomaly [34]. Turning

on background gauge fields AB, AL, and AR for Uð1ÞB,
SUðNfÞL, and SUðNfÞR, respectively, leads to an anoma-
lous background gauge variation. Mathematically, this can
be described by a 5D invertible field theory [35] (see
Refs. [36–40]), with partition function,

I5DðAB; AL; ARÞ ¼ J Nc
5DðALÞJ −Nc

5D ðARÞ

× exp

�
i

8π2

Z
5D

ABtrðF2
L − F2

RÞ
�
; ð2Þ

where FL;R is the field strength of AL;R. For Nf ≥ 3,
J 5DðAÞ is the 5D Chern-Simons partition function [41],
while for Nf ¼ 2 it is the 5D spin topological invariant
associated with the Witten anomaly [42,43].
As a renormalization group (RG) invariant, the ’t Hooft

anomaly [Eq. (2)] ensures massless excitations [44,45], but
their nature and interactions depend on Nc and Nf. Below
the conformal window (very roughly Nf ≲ 8

3
Nc [46–51]),

the continuous symmetry G is spontaneously broken to

H ¼ Uð1ÞB × SUðNfÞV
ZNf

; ð3Þ

while the discrete symmetries remain intact. The gapless IR
physics is described via a nonlinear scalar field,

UðxÞ∈G=H ≃ SUðNfÞ: ð4Þ

In this phase, J NcðALÞJ −NcðARÞ in Eq. (2) is matched by
the Wess-Zumino-Witten action [52] for Nf ≥ 3 and by
the discrete spin θ-angle [52] for Nf ¼ 2. The AB term is
matched by identifying the Skyrme current {from
π3½SUðNfÞ� ¼ Z} with the baryon current [53].
Circle compactification—We now put massless QCD on

R3 × S1 with circumference β. An S1-homogeneous gauge
field splits into a gauge field on R3 and a holonomy scalar
field on R3. In particular, the Uð1ÞB holonomy gives a 2π-
periodic scalar field θB [54]. For constant θB, the circle
compactification has two Hamiltonian interpretations, and
all physical observables, including the free energy density,

fβðθBÞ≡ − lim
V→∞

1

βV
lnZβðθBÞ; ð5Þ

must be simultaneously interpretable in both pictures:
(1) (Thermal) Hamiltonian evolution along S1 yields a
grand canonical ensemble onR3 with temperature T ¼ 1=β
and baryonic chemical potential μB ¼ −iTθB. Then
−fβðθBÞ is the thermal pressure. (2) (Quantum)
Hamiltonian evolution along R yields a zero-temperature
quantum system on R2 × S1 with circumference β and a
baryonic Aharonov-Bohm phase eiθB . Then, fβðθBÞ is the
Casimir energy density. Therefore, with real θB ≠ 0, we
lose reflection positivity reflecting S1 but preserve reflec-
tion positivity reflecting an R ⊂ R3. The imaginary baryon
density at zero Matsubara frequency,

ρBðxÞ≡ i
β

Z
β

0

dτj0Bðx; τÞ; ð6Þ

is anti-Hermitian in the thermal picture but is Hermitian in
the quantum picture.

FIG. 1. Minimal phase diagrams of massless QCD consistent with a natural second-order line of chiral phase transitions. The gray
vertical line represents Roberge-Weiss phase transitions of first order, while Tc is the chiral phase transition temperature at θB ¼ 0. Left:
Landau scenario, where TRW is the Roberge-Weiss Ising critical point. Middle: Landau-DQCP scenario, where the Roberge-Weiss line
terminates at a beyond-Landau critical point (pink dot) analogous to a DQCP. Right: Conformal-manifold scenario, where the rainbow
line represents a continuous family of CFTs. The conformal-manifold scenario is plausible for all Nf ≥ 2, while the Landau and the
Landau-DQCP scenarios are only possible for Nf ¼ 2 due to the absence of candidate Ginzburg-Landau CFTs for Nf > 2.
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The quantum picture is convenient for describing 3D
infrared (IR) effective theories at length scales l ≫ β.
These theories are unitary 3D quantum field theories
(QFTs) for any real θB, and ρB flows to a Hermitian
operator thereof. When the 3D effective theory becomes
scale invariant at a critical point, unitarity is expected to
enhance scale invariance to full conformal invariance; see,
e.g., Refs. [55–60].
Upon S1 compactification, the 5D invertible theory

[Eq. (2)] reduces to the 4D invertible theory,

I4DðθB; AL; ARÞ ¼ exp

�
i

8π2

Z
4D

θBtrðF2
L − F2

RÞ
�
: ð7Þ

It is well defined on closed 4D oriented manifolds but is not
invariant under θB → θB þ 2π if the 4D manifold has a 3D
boundary. Hence, with S1-homogeneous AL;R, the partition
function of S1-compactified massless QCD satisfies
[27–29]

ZβðθB þ 2π; AL; ARÞ
¼ ZβðθB; AL; ARÞJ 3DðALÞJ −1

3DðARÞ; ð8Þ

where J 3DðAÞ is the 3D Chern-Simons partition function,

J 3DðAÞ ¼ exp

�
i
4π

Z
3D

tr

�
AdA − i

2

3
A3

��
: ð9Þ

This is a mixed anomaly between SUðNfÞL;R and a 2π-
periodic coupling [61–66], or a “(−1)-form Uð1Þ sym-
metry” [67–70].
Upon S1 compactification, the discrete symmetry is

generated by C, the S1-reflection S, and R-reflections R
for R ⊂ R3. They act on S1-homogeneous 3D background
fields as

θBðxÞ⟶C
− θBðxÞ; AL;RðxÞ⟶C

− A�
R;LðxÞ;

θBðxÞ⟶S − θBðxÞ; AL;RðxÞ⟶S AR;LðxÞ;
θBðxÞ⟶R θBðx̄Þ; AL;RðxÞ⟶R ĀR;Lðx̄Þ; ð10Þ

where the bars indicate an R reflection. C, S, and R
exchange L and R. When Nf ¼ 2, CS can be undone
by SUðNfÞL;R.
A constant θB ≠ 0; π preserves only the subgroup

generated by CS and R, whereas S, C, SR, and CR are
restored at θB ¼ π by the 2π periodicity of θB. Therefore, at
θB ¼ π, Eq. (8) gives a mixed anomaly between SUðNfÞL;R
and ðZ2ÞSR [27–29]. Equivalently, this is an anomaly of
SUðNfÞL;R⋊ðZ2ÞCR or of ½SUðNfÞL × SUðNfÞR�⋊ðZ2ÞS
or ⋊ðZ2ÞC. The 4D invertible theory [Eq. (7)] captures this
because, at θB ¼ π, Eq. (7) can be defined on unorientable
manifolds or with twists that exchange L and R.

Low-T and high-T phases—Although it does not guar-
antee gapless modes, the 3D anomaly [Eq. (7)] excludes
θB-uniform trivially gapped phases, as well as a trivially
gapped phase at θB ¼ π. The 3D IR physics at length scales
l ≫ β must see θB and the symmetry,

SUðNfÞL × SUðNfÞR
ZNf

�⋊ðZ2Þ3C;S;R; θB ¼ 0; π

⋊ðZ2Þ2CS;R; θB ≠ 0; π
; ð11Þ

where discrete symmetry needs to quotient out ðZ2ÞCS for
Nf ¼ 2. The operator ρB of Eq. (6) is neutral under the
second line of Eq. (11) but is charged under the first. In
contrast, the 3D baryon symmetry Uð1ÞB and chiral
holonomies θL;R need not appear in the IR.
At sufficiently low T, the symmetry G is expected to

remain broken to H just as at T ¼ 0, and the IR physics is
described by the 3D reduction of the nonlinear scalar field
UðxÞ of Eq. (4). The 3D symmetry [Eq. (11)] acts on it by
UðxÞ → LUR−1 for L;R∈ SUðNfÞ and

UðxÞ⟶C
UTðxÞ; UðxÞ⟶S U†ðxÞ; UðxÞ⟶R U†ðx̄Þ: ð12Þ

When Nf ¼ 2, CS is absorbed into SUð2ÞL;R. The low-T
3D IR effective QFT is given by [27,71]

Z
DU exp

�
−

1

g2

Z
d3xtr∂aU∂

aU† þ i
Z

θB
trðU†dUÞ3

24π2

�
:

ð13Þ

To verify anomaly matching in Eq. (13), one can turn on
background gauge fields AL;R and study their interplay with
the Skyrme threeform [27,52,71]. In this low-T gapless
phase, varying θB does not induce phase transitions since
baryons are heavy.
At sufficiently high T, perturbative evaluations of some

quantities are trustworthy; see, e.g., Refs. [72,73]. They
imply that chiral symmetry is restored and there is a mass
gap for all θB [30]. Roberge and Weiss [30] pointed out a
first-order phase transition at θB ¼ π. This is associated
with discrete symmetry breaking at θB ¼ π,

ðZ2Þ3C;S;R → ðZ2Þ2CS;R; ð14Þ

which needs to quotient out ðZ2ÞCS for Nf ¼ 2. The order
operator is ρB with

hρBi ¼
∂fβðθBÞ
∂θB

: ð15Þ

In this high-T gapped phase, continuous chiral symmetry
flows to an emergent twoformUð1Þ symmetry [74], and the
3D anomaly [Eq. (7)] is matched via symmetry trans-
mutation [75]; we explain this high-T IR effective theory in
Supplemental Material [76] [Sec. S1].
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In summary, chiral symmetry is spontaneously broken in
the low-T phase and restored in the high-T phase, while the
discrete symmetry at θB ¼ π is spontaneously broken [77]
in the high-T phase and restored in the low-T phase. This
complementarity of symmetry realizations is a fingerprint
of mixed anomalies.
Consistent phase diagrams—The low-T and high-T

phases are separated by a critical line θB ↦ TcðθBÞ.
Motivated by recent lattice results [13–21], we postulate
that this line generically consists of natural second-order
points with emergent scale invariance. The IR physics of
such a natural critical point is a 3D unitary CFT whose
neutral sector under the symmetry [Eq. (11)] has precisely
one relevant primary scalar operator OE to which the T
perturbation flows. The operator ρB also flows to OE at
θB ≠ 0; π, or at θB ¼ 0; π if spontaneous symmetry break-
ing [Eq. (14)] occurs.
The ’t Hooft anomaly [Eq. (7)] prohibits the critical line

from flowing to a single CFT for all θB. First, to produce
the behavior [Eq. (8)], the IR physics must change as we
smoothly vary θB to θB þ 2π. Second, it must differ at θB ¼
0 and π since θB ¼ π has an additional mixed anomaly
between SUðNfÞL;R and discrete symmetries, which are
absent at θB ¼ 0. Therefore, the IR physics must change
from θB ¼ 0 to θB ¼ π, either abruptly or gradually. Abrupt
changes correspond to phase transitions at special θB, like
in the high-T phase. Gradual changes, as in the low-T
phase, correspond to smooth variations of the CFT data
along the critical line.
If the changes in the IR physics are abrupt, a neighbor-

hood of θB ¼ 0 on the critical line only cares about the
breaking G → H and should fit the Landau paradigm, i.e.,
be described by a natural fixed point of the Ginzburg-
Landau model of Ref. [3]. Minimally, it suffices to have one
phase transition at θB ¼ π and a Ginzburg-Landau descrip-
tion for the rest of the critical line. If the transition at θB ¼ π
is first-order (Landau scenario, Fig. 1, left), discrete
symmetry breaking [Eq. (14)] with hρBi ≠ 0 occurs at
θB ¼ π. There must then be a window at θB ¼ π where
chiral and discrete symmetries are broken, with an Ising
transition at its lower edge [78]. If instead the transition at
θB ¼ π is second order (Landau-DQCP scenario, Fig. 1,
middle), it must be a beyond-Landau critical point analo-
gous to condensed-matter DQCPs [31–33]. The operator ρB
flows to a relevant (or marginally relevant) operator at
this DQCP.
If the changes in the IR physics are gradual, the CFT data

instead vary smoothly with θB on the critical line (con-
formal-manifold scenario, Fig. 1, right). This scenario
requires a conformal manifold—a continuum of distinct
CFTs—generated by an exactly marginal operatorOB [81].
The operator ρB flows to OB at θB ¼ 0; π and to a linear
combination of OB and OE at θB ≠ 0; π. The presence of
OB makes this scenario intrinsically beyond Ginzburg-
Landau.

One can imagine more complicated scenarios with phase
transitions away from θB ¼ π, but they generically require
unnatural multicritical points. In any case, the three
scenarios above are the minimal ones under the assumption
of a second-order critical line.
Landau scenarios—The Landau and Landau-DQCP

scenarios posit that the critical line at θB ≠ π is described
[83] by a natural fixed point of the 3D linear sigma model
of Ref. [3]:

Z
DΦ exp

n
−
Z

d3x
h
tr∂aΦ∂

aΦ†þμtrΦΦ†

þλ1ðtrΦΦ†Þ2þλ2trðΦΦ†Þ2−λ3ðdetΦþ c:c:Þ
io

; ð16Þ

where ΦðxÞ ∼ ψ̄LψR is an Nf-by-Nf complex matrix field,
with the symmetry [Eq. (11)] acting on ΦðxÞ in the same
way as UðxÞ. The question is whether this model hits a
natural critical point as μ varies [84].
When Nf ¼ 2, the model [Eq. (16)] at mean-field level

undergoes anOð4Þ second-order transition at μ ¼ jλ3j. This
critical point survives fluctuations, and flows [92] to the
Oð4Þ Wilson-Fisher universality class [3,93]. Hence, the
Landau and Landau-DQCP scenarios are both in principle
plausible for Nf ¼ 2.
At mean-field level, the λ3 term drives the transition first

order for Nf ¼ 3 but allows an Oð2N2
fÞ second-order

transition at μ ¼ 0 for Nf ≥ 4. Unfortunately, beyond
mean-field level, extensive searches have found no stable
fixed points in the model [Eq. (16)] for all Nf ≥ 3

[3,22,24,93–97]. We, thus, consider the Landau and
Landau-DQCP scenarios to be disfavored for Nf ≥ 3.
Conformal manifold—The only option not yet disfa-

vored for Nf ≥ 3 is the conformal-manifold scenario,
which might work for Nf ¼ 2 as well. We denote the
CFT at θB on the critical line by SUðNfÞθB. We obtain a
nonconformal field theory by adding the deformation,

μ

Z
d3xOE; ð17Þ

to the SUðNfÞθB CFT. This SUðNfÞθB field theory must
describe the 3D IR physics of finite-T massless QCD for all
T. It should flow to a gapped phase for μ > 0 and a Nambu-
Goldstone phase for μ < 0.
Whether the SUðNfÞθB CFT exists is a nontrivial ques-

tion since nonsupersymmetric conformal manifolds are rare
in 3D [98–103]. We now argue for the existence of the
SUðNfÞ0 CFT that generates the conformal manifold via
OB deformations.
If we can arbitrarily “contract” the μ < 0 RG flow into its

IR end by smoothly deforming the SUðNfÞ0 field theory,
we can study a deformed version of the SUðNfÞ0 CFT via
loop expansions around the Gaussian IR fixed point.
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The IR tail of the μ < 0 RG flow is described by the 3D
SUðNfÞ principal chiral model (PCM) of Eq. (13).
Conveniently, loop expansions in the (2þ ϵ)D SUðNfÞ
PCM with arbitrarily small ϵ > 0 are known to exhibit an
arbitrarily short RG flow from an interacting ultraviolet
(UV) fixed point to the Gaussian IR fixed point [104]. It is
tempting to view this UV fixed point as a weakly coupled
avatar of the SUðNfÞ0 CFT.
The ð2þ ϵÞD UV fixed point should contain the avatar

of the exactly marginal operator OB. The key observation
[105–108] is that a d-dimensional QFTwith d∈Rþ is like
an infinite-dimensional QFT since it is formally an analytic
continuation of a family of n-dimensional QFTs for all
n∈Zþ. The ð2þ ϵÞD SUðNfÞ PCM, thus, sees the top-
ology of the SUðNfÞ target space in all finite dimensions,
including π3½SUðNfÞ� ¼ Z. As a result, at the ð2þ ϵÞD
UV fixed point, the closed Skyrme threeform has protected
scaling dimension exactly 3 and generates a short con-
formal multiplet [107]. The ð2þ ϵÞD Skyrme threeform is,
thus, a promising avatar for OB.
A large-N analysis [107] indicates that, if the 3D SUð2Þ0

CFT exists, it might be close to the 3D Oð4ÞWilson-Fisher
CFT, so existing lattice measurements [109] might not
distinguish them. The idea that fixed points in 2þ ϵ and
4 − ϵ dimensions could have different extrapolations to 3D
has recently been highlighted by De Cesare and Rychkov
[107,108].
To see whether the ð2þ ϵÞD UV fixed point extrapolates

to ϵ ¼ 1, we study the scaling dimensions of OE and the
lowest-dimension primary scalar OU in the Nf ⊗ Nf

representation using the three-loop results of Refs. [110–
112] and the four-loop results of Ref. [113]:

ΔE ¼ 2 −
1

2
ϵ2 −

1

4
ϵ3 −

�
5

16
þ 9ζ3
4N2

f

�
ϵ4 þOðϵ5Þ; ð18aÞ

ΔU ¼
�
1 −

1

N2
f

��
ϵ −

1

2
ϵ2 þ 1

2
ϵ3
�
þOðϵ4Þ; ð18bÞ

where ζ3 is Apéry’s constant. We estimateΔE andΔU in the
3D SUðNfÞ0 CFT using Padé-Borel resummation. We
summarize our 3D estimates with small Nf in Table I,
which are consistent with unitarity ΔE;ΔU ≥ 1

2
and rel-

evance ΔE;ΔU < 3.
We present our resummation procedure in Supplemental

Material [76] [Sec. S4]. We estimate the resummation
uncertainties by imaginary parts of the Borel singularities
and variations under different Padè approximants. The
alternating truncated series ΔU has a sizably smaller
resummation error bar than ΔE because the Borel singu-
larities in the Padè approximants associated with ΔU are
away from the Borel integral contour. In any ϵ expansion,
there is no reliable way to estimate the systematic errors in
an extrapolation to ϵ ¼ 1 from a realistic number of

expansion terms, so our results should only be viewed
as suggestive.
There are also some conformal bootstrap [114] studies

for 3D CFTs with symmetry ½SUðNfÞL × SUðNfÞR�=ZNf
.

For Nf ¼ 2, Ref. [115] found an island with 1.64≲ ΔE ≲
1.68 and 0.517≲ ΔU ≲ 0.521. For Nf ¼ 3, Ref. [116]
found a rough kink at ΔU ¼ 0.62� 0.01. We view the
apparent agreement at Nf ¼ 2 and Nf ¼ 3 between our
(2þ ϵ)D estimates and the bootstrap estimates as
encouraging.
Gathering all the evidence, we consider it promising to

conjecture [117] the existence of 3D SUðNfÞθB CFTs,
though further tests are needed. Assuming that these CFTs
exist, it is natural to further conjecture that QCD flows to
these CFTs at the chiral transition and, thus, realizes the
conformal-manifold scenario in the chiral limit from Nf ¼
2 to the lower edge of the conformal window.
Outlook—Recent lattice results [13–21] on the QCD

chiral transition motivated us to consider that QCD flows to
a natural second-order critical line for all Nf below the
conformal window. We found that only three scenarios
(Fig. 1) are consistent with this possibility. Lattice QCD
simulations should distinguish them by measuring the
leading IR behaviors of ρB at θB ¼ 0; π on the critical
line, in Table II.
The conformal-manifold scenario is the only option not

disfavored for Nf ≥ 3 by current evidence. However, it
requires the existence of the SUðNfÞθB universality class,
which is an open question of independent interest.
Demonstrating it will require improved conformal boot-
strap bounds on 3D CFTs with the symmetry [Eq. (11)] and
further development of the (2þ ϵ)D expansion. Lattice
Monte Carlo simulations of the 3D SUðNfÞ PCM using
Lüscher’s admissibility method [120–123] (see also
Ref. [124]) might be valuable.
While we assume a second-order critical line, a weakly

first-order transition is not excluded by Refs. [13–21].

TABLE I. Estimates for ΔE and ΔU in the 3D SUðNfÞ0 CFT
obtained from Padé-Borel resummations of the known ð2þ ϵÞD
expansions.

Nf 2 3 4 5

ΔE 1.94� 0.56 1.76� 0.67 1.64� 0.71 1.56� 0.72

ΔU 0.54� 0.02 0.64� 0.02 0.67� 0.02 0.69� 0.02

TABLE II. The leading IR behaviors of the operator ρB at
θB ¼ 0; π on the critical line.

θB Landau Landau-DQCP Conformal manifold

0 Irrelevant Irrelevant Exactly marginal

π hρBi ≠ 0 Relevant Exactly marginal
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If such transitions are controlled by nearby nonunitary
complex CFTs [125,126], such as the ð2þ ϵÞD fixed
points, much of our discussion would carry over.

Acknowledgments—We are very grateful to Jorge
DaSilva Golan, Thomas Dumitrescu, Amey Gaikwad,
Evgenii Ievlev, Theodore Jacobson, David B. Kaplan,
Joseph Kapusta, Zohar Komargodski, Yacine Mehtar-
Tani, Swagato Mukherjee, Peter Petreczky, Owe
Philipsen, Jiaxin Qiao, Srimoyee Sen, Laurence Yaffe,
and Yuan Xin for very helpful discussions. OpenAI’s
Codex 5.4, Anthropic’s Claude Opus 4.6, and Refine.ink
were helpful in proofreading the manuscript. A. C. and
S. C. are supported by Simons Foundation Award
No. 994302, as part of the Simons Collaboration on
Confinement and QCD Strings. R. D. P. is supported by
the U.S. Department of Energy under Contract No. DE-
SC0012704 and by the Alexander von Humboldt
Foundation. Our collaboration began at the meeting for
the Simons Collaboration on “Confinement and QCD
Strings,” Nov. 10–12, 2025.

Data availability—There are no publicly available
research data or software supporting this manuscript.
Requests for further information or data should be sent
to the authors.

[1] A. Bazavov et al. (HotQCD Collaboration), Chiral cross-
over in QCD at zero and non-zero chemical potentials,
Phys. Lett. B 795, 15 (2019).

[2] S. Borsanyi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz,
P. Parotto, A. Pasztor, C. Ratti, and K. K. Szabo, QCD
crossover at finite chemical potential from lattice simu-
lations, Phys. Rev. Lett. 125, 052001 (2020).

[3] R. D. Pisarski and F. Wilczek, Remarks on the chiral phase
transition in chromodynamics, Phys. Rev. D 29, 338
(1984).

[4] F. R. Brown, F. P. Butler, H. Chen, N. H. Christ, Z.-h.
Dong, W. Schaffer, L. I. Unger, and A. Vaccarino, On the
existence of a phase transition for QCD with three light
quarks, Phys. Rev. Lett. 65, 2491 (1990).

[5] F. Karsch and E. Laermann, Susceptibilities, the specific
heat and a cumulant in two flavor QCD, Phys. Rev. D 50,
6954 (1994).

[6] Y. Iwasaki, K. Kanaya, S. Sakai, and T. Yoshie, Chiral
phase transition in lattice QCD with Wilson quarks, Z.
Phys. C 71, 337 (1996).

[7] S. Aoki et al. (JLQCD Collaboration), Scaling study of
the two flavor chiral phase transition with the Kogut-
Susskind quark action in lattice QCD, Phys. Rev. D 57,
3910 (1998).

[8] F. Karsch, E. Laermann, and C. Schmidt, The chiral
critical point in three-flavor QCD, Phys. Lett. B 520, 41
(2001).

[9] X. Liao, Study of 3 flavor QCD finite temperature phase
transition with staggered fermions, Nucl. Phys. B, Proc.
Suppl. 106, 426 (2002).

[10] P. de Forcrand and O. Philipsen, The QCD phase diagram
for three degenerate flavors and small baryon density,
Nucl. Phys. B673, 170 (2003).

[11] X.-Y. Jin, Y. Kuramashi, Y. Nakamura, S. Takeda, and A.
Ukawa, Critical endpoint of the finite temperature phase
transition for three flavor QCD, Phys. Rev. D 91, 014508
(2015).

[12] Y. Kuramashi, Y. Nakamura, H. Ohno, and S. Takeda,
Nature of the phase transition for finite temperature
Nf ¼ 3 QCD with nonperturbatively OðaÞ improved
Wilson fermions at Nt ¼ 12, Phys. Rev. D 101,
054509 (2020).

[13] F. Cuteri, O. Philipsen, and A. Sciarra, On the order of the
QCD chiral phase transition for different numbers of quark
flavours, J. High Energy Phys. 11 (2021) 141.

[14] L. Dini, P. Hegde, F. Karsch, A. Lahiri, C. Schmidt, and S.
Sharma, Chiral phase transition in three-flavor QCD from
lattice QCD, Phys. Rev. D 105, 034510 (2022).

[15] Y. Nakamura, Y. Aoki, S. Hashimoto, I. Kanamori, T.
Kaneko, and Y. Zhang, Finite temperature phase transition
for three flavor QCD with Möbius-domain wall fermions,
Proc. Sci. LATTICE2021 (2022) 080.

[16] Y. Zhang, Y. Aoki, S. Hashimoto, I. Kanamori, T. Kaneko,
and Y. Nakamura, Finite temperature QCD phase transition
with 3 flavors of mobius domain wall fermions, Proc. Sci.
LATTICE2022 (2023) 197 [arXiv:2212.10021].

[17] Y. Zhang, Y. Aoki, S. Hashimoto, I. Kanamori, T. Kaneko,
and Y. Nakamura, Exploring the QCD phase diagram with
three flavors of Möbius domain wall fermions, Proc. Sci.
LATTICE2023 (2024) 203 [arXiv:2401.05066].

[18] Y. Zhang, Y. Aoki, S. Hashimoto, I. Kanamori, T. Kaneko,
and Y. Nakamura, Three flavor QCD phase transition with
mobius domain wall fermions, Proc. Sci. LATTICE2024
(2025) 193 [arXiv:2501.15494].

[19] J. P. Klinger, R. Kaiser, and O. Philipsen, The order of
the chiral phase transition in massless many-flavour
lattice QCD, Proc. Sci. LATTICE2024 (2025) 172
[arXiv:2501.19251].

[20] A. D’Ambrosio, M. Fromm, R. Kaiser, and O. Philipsen,
On the nature of the QCD chiral phase transition with
imaginary chemical potential, arXiv:2512.15418.

[21] J. P. Klinger, R. Kaiser, O. Philipsen, and J. Schaible, On
the phase structure of massless many-flavour QCD with
staggered fermions, arXiv:2603.20099.

[22] G. Fejos, Second-order chiral phase transition in three-
flavor quantum chromodynamics?, Phys. Rev. D 105,
L071506 (2022).

[23] J. Bernhardt and C. S. Fischer, QCD phase transitions in
the light quark chiral limit, Phys. Rev. D 108, 114018
(2023).

[24] G. Fejos and T. Hatsuda, Order of the SUðNfÞ × SUðNfÞ
chiral transition via the functional renormalization group,
Phys. Rev. D 110, 016021 (2024).

[25] F. Giacosa, G. Kovács, P. Kovács, R. D. Pisarski, and F.
Rennecke, Anomalous U(1)A couplings and the Columbia
plot, Phys. Rev. D 111, 016014 (2025).

[26] R. D. Pisarski and F. Rennecke, Conjectures about the
chiral phase transition in QCD from anomalous multi-
instanton interactions, Phys. Rev. Lett. 132, 251903
(2024).

PHYSICAL REVIEW LETTERS 137, 061903 (2026)

061903-6

https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1103/PhysRevLett.125.052001
https://doi.org/10.1103/PhysRevD.29.338
https://doi.org/10.1103/PhysRevD.29.338
https://doi.org/10.1103/PhysRevLett.65.2491
https://doi.org/10.1103/PhysRevD.50.6954
https://doi.org/10.1103/PhysRevD.50.6954
https://doi.org/10.1007/s002880050179
https://doi.org/10.1007/s002880050179
https://doi.org/10.1103/PhysRevD.57.3910
https://doi.org/10.1103/PhysRevD.57.3910
https://doi.org/10.1016/S0370-2693(01)01114-5
https://doi.org/10.1016/S0370-2693(01)01114-5
https://doi.org/10.1016/S0920-5632(01)01735-2
https://doi.org/10.1016/S0920-5632(01)01735-2
https://doi.org/10.1016/j.nuclphysb.2003.09.005
https://doi.org/10.1103/PhysRevD.91.014508
https://doi.org/10.1103/PhysRevD.91.014508
https://doi.org/10.1103/PhysRevD.101.054509
https://doi.org/10.1103/PhysRevD.101.054509
https://doi.org/10.1007/JHEP11(2021)141
https://doi.org/10.1103/PhysRevD.105.034510
https://doi.org/10.22323/1.396.0080
https://doi.org/10.22323/1.430.0197
https://doi.org/10.22323/1.430.0197
https://arXiv.org/abs/2212.10021
https://doi.org/10.22323/1.453.0203
https://doi.org/10.22323/1.453.0203
https://arXiv.org/abs/2401.05066
https://doi.org/10.22323/1.466.0193
https://doi.org/10.22323/1.466.0193
https://arXiv.org/abs/2501.15494
https://doi.org/10.22323/1.466.0172
https://arXiv.org/abs/2501.19251
https://arXiv.org/abs/2512.15418
https://arXiv.org/abs/2603.20099
https://doi.org/10.1103/PhysRevD.105.L071506
https://doi.org/10.1103/PhysRevD.105.L071506
https://doi.org/10.1103/PhysRevD.108.114018
https://doi.org/10.1103/PhysRevD.108.114018
https://doi.org/10.1103/PhysRevD.110.016021
https://doi.org/10.1103/PhysRevD.111.016014
https://doi.org/10.1103/PhysRevLett.132.251903
https://doi.org/10.1103/PhysRevLett.132.251903


[27] K. Yonekura, Anomaly matching in QCD thermal phase
transition, J. High Energy Phys. 05 (2019) 062.

[28] H. Nishimura and Y. Tanizaki, High-temperature domain
walls of QCD with imaginary chemical potentials, J. High
Energy Phys. 06 (2019) 040.

[29] S. K. Kobayashi, T. Yokokura, and K. Yonekura, The QCD
phase diagram in the space of imaginary chemical potential
via ’t Hooft anomalies, J. High Energy Phys. 08 (2023)
132.

[30] A. Roberge and N. Weiss, Gauge theories with imaginary
chemical potential and the phases of QCD, Nucl. Phys.
B275, 734 (1986).

[31] T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and
M. P. A. Fisher, Deconfined quantum critical points, Sci-
ence 303, 1490 (2004).

[32] T. Senthil, L. Balents, S. Sachdev, A. Vishwanath, and
M. P. A. Fisher, Quantum criticality beyond the Landau-
Ginzburg-Wilson paradigm, Phys. Rev. B 70, 144407
(2004).

[33] T. Senthil, Deconfined quantum critical points: A review,
arXiv:2306.12638.

[34] G. ’t Hooft, Naturalness, chiral symmetry, and spontaneous
chiral symmetry breaking, in Recent Developments in
Gauge Theories. Proceedings, Nato Advanced Study In-
stitute, Cargese, France, 1979(Springer US, Boston MA,
1980), Vol. 59, pp. 135–157, 10.1007/978-1-4684-7571-
5_9.

[35] An invertible field theory evaluates to a pure phase on
closed manifolds and has an anomalous variation on
boundaries, encoding the ’t Hooft anomaly of the theory
living there.

[36] D. S. Freed, Anomalies and invertible field theories, Proc.
Symp. Pure Math. 88, 25 (2014).

[37] A. Kapustin and R. Thorngren, Anomalies of discrete
symmetries in three dimensions and group cohomology,
Phys. Rev. Lett. 112, 231602 (2014).

[38] E. Witten, Fermion path integrals and topological phases,
Rev. Mod. Phys. 88, 035001 (2016).

[39] K. Yonekura, Dai-Freed theorem and topological phases of
matter, J. High Energy Phys. 09 (2016) 022.

[40] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden,
D. S. W. Gould, A. Platschorre, and H. Tillim, Lectures on
generalized symmetries, Phys. Rep. 1051, 1 (2024).

[41] J. Wess and B. Zumino, Consequences of anomalous ward
identities, Phys. Lett. 37B, 95 (1971).

[42] E. Witten, An SU(2) Anomaly, Phys. Lett. 117B, 324
(1982).

[43] J. Wang, X.-G. Wen, and E. Witten, A new SU(2) anomaly,
J. Math. Phys. (N.Y.) 60, 052301 (2019).

[44] Y. Frishman, A. Schwimmer, T. Banks, and S.
Yankielowicz, The axial anomaly and the bound state
spectrum in confining theories, Nucl. Phys. B177, 157
(1981).

[45] S. R. Coleman and B. Grossman, ’t hooft’s consistency
condition as a consequence of analyticity and unitarity,
Nucl. Phys. B203, 205 (1982).

[46] T. Appelquist et al. (Lattice Strong Dynamics Collabora-
tion), Nonperturbative investigations of SU(3) gauge
theory with eight dynamical flavors, Phys. Rev. D 99,
014509 (2019).

[47] J. Kuti, Z. Fodor, K. Holland, and C. H. Wong, From ten-
flavor tests of the β-function to αs at the Z-pole, Proc. Sci.
LATTICE2021 (2022) 321 [arXiv:2203.15847].

[48] J. Ingoldby (Lattice Strong Dynamics Collaboration),
Hidden Conformal Symmetry from Eight Flavors, Proc.
Sci. LATTICE2023 (2024) 091 [arXiv:2401.00267].

[49] A. Hasenfratz, E. T. Neil, Y. Shamir, B. Svetitsky, and O.
Witzel, Infrared fixed point of the SU(3) gauge theory with
Nf ¼ 10 flavors, Phys. Rev. D 108, L071503 (2023).

[50] A. Hasenfratz and C. T. Peterson, Infrared fixed point in
the massless twelve-flavor SU(3) gauge-fermion system,
Phys. Rev. D 109, 114507 (2024).

[51] G. Bergner, Prospects for lattice field theory beyond the
standard model, Proc. Sci. LATTICE2024 (2025) 007.

[52] E. Witten, Global aspects of current algebra, Nucl. Phys.
B223, 422 (1983).

[53] E. Witten, Current algebra, baryons, and quark confine-
ment, Nucl. Phys. B223, 433 (1983).

[54] What directly shows up in the QCD Lagrangian is Uð1ÞV
instead of Uð1ÞB. Thus, in the path integral, we have
to define θB via θB ¼ θVNc. Then the shift θB ∼ θB þ 2π
is generated by an improper SUðNcÞ gauge transfor-
mation g that satisfies gðx; τ þ βÞ ¼ gðx; τÞe2πi=Nc for
τ∈ S1 [30].

[55] J. Polchinski, Scale and conformal invariance in quantum
field theory, Nucl. Phys. B303, 226 (1988).

[56] S. El-Showk, Y. Nakayama, and S. Rychkov, What
Maxwell theory in D <> 4 teaches us about scale and
conformal invariance, Nucl. Phys. B848, 578 (2011).

[57] Y. Nakayama, Scale invariance vs conformal invariance,
Phys. Rep. 569, 1 (2015).

[58] B. Delamotte, M. Tissier, and N. Wschebor, Scale invari-
ance implies conformal invariance for the three-dimen-
sional Ising model, Phys. Rev. E 93, 012144 (2016).

[59] M. F. Paulos, S. Rychkov, B. C. van Rees, and B. Zan,
Conformal invariance in the long-range Ising model, Nucl.
Phys. B902, 246 (2016).

[60] S. Meneses, J. Penedones, S. Rychkov, J. M. Viana Parente
Lopes, and P. Yvernay, A structural test for the conformal
invariance of the critical 3D Ising model, J. High Energy
Phys. 04 (2018) 115.

[61] Y. Kikuchi and Y. Tanizaki, Global inconsistency, ’t Hooft
anomaly, and level crossing in quantum mechanics, Prog.
Theor. Exp. Phys. 2017, 113B05 (2017).

[62] C. Córdova, D. S. Freed, H. T. Lam, and N. Seiberg,
Anomalies in the space of coupling constants and their
dynamical applications I, SciPost Phys. 8, 001 (2020).

[63] C. Córdova, D. S. Freed, H. T. Lam, and N. Seiberg,
Anomalies in the space of coupling constants and
their dynamical applications II, SciPost Phys. 8, 002
(2020).

[64] B. Heidenreich, J. McNamara, M. Montero, M. Reece, T.
Rudelius, and I. Valenzuela, Non-invertible global sym-
metries and completeness of the spectrum, J. High Energy
Phys. 09 (2021) 203.

[65] E. García-Valdecasas, M. Reece, and M. Suzuki, Monop-
ole breaking of Chern-Weil symmetries, SciPost Phys. 18,
162 (2025).

[66] X. Yu, Gauging in parameter space: A top-down perspec-
tive, Phys. Rev. D 112, 025020 (2025).

PHYSICAL REVIEW LETTERS 137, 061903 (2026)

061903-7

https://doi.org/10.1007/JHEP05(2019)062
https://doi.org/10.1007/JHEP06(2019)040
https://doi.org/10.1007/JHEP06(2019)040
https://doi.org/10.1007/JHEP08(2023)132
https://doi.org/10.1007/JHEP08(2023)132
https://doi.org/10.1016/0550-3213(86)90582-1
https://doi.org/10.1016/0550-3213(86)90582-1
https://doi.org/10.1126/science.1091806
https://doi.org/10.1126/science.1091806
https://doi.org/10.1103/PhysRevB.70.144407
https://doi.org/10.1103/PhysRevB.70.144407
https://arXiv.org/abs/2306.12638
https://doi.org/10.1007/978-1-4684-7571-5_9
https://doi.org/10.1007/978-1-4684-7571-5_9
https://doi.org/10.1090/pspum/088/01462
https://doi.org/10.1090/pspum/088/01462
https://doi.org/10.1103/PhysRevLett.112.231602
https://doi.org/10.1103/RevModPhys.88.035001
https://doi.org/10.1007/JHEP09(2016)022
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.1016/0370-2693(71)90582-X
https://doi.org/10.1016/0370-2693(82)90728-6
https://doi.org/10.1016/0370-2693(82)90728-6
https://doi.org/10.1063/1.5082852
https://doi.org/10.1016/0550-3213(81)90268-6
https://doi.org/10.1016/0550-3213(81)90268-6
https://doi.org/10.1016/0550-3213(82)90028-1
https://doi.org/10.1103/PhysRevD.99.014509
https://doi.org/10.1103/PhysRevD.99.014509
https://doi.org/10.22323/1.396.0321
https://doi.org/10.22323/1.396.0321
https://arXiv.org/abs/2203.15847
https://doi.org/10.22323/1.453.0091
https://doi.org/10.22323/1.453.0091
https://arXiv.org/abs/2401.00267
https://doi.org/10.1103/PhysRevD.108.L071503
https://doi.org/10.1103/PhysRevD.109.114507
https://doi.org/10.22323/1.466.0007
https://doi.org/10.1016/0550-3213(83)90063-9
https://doi.org/10.1016/0550-3213(83)90063-9
https://doi.org/10.1016/0550-3213(83)90064-0
https://doi.org/10.1016/0550-3213(88)90179-4
https://doi.org/10.1016/j.nuclphysb.2011.03.008
https://doi.org/10.1016/j.physrep.2014.12.003
https://doi.org/10.1103/PhysRevE.93.012144
https://doi.org/10.1016/j.nuclphysb.2015.10.018
https://doi.org/10.1016/j.nuclphysb.2015.10.018
https://doi.org/10.1007/JHEP04(2018)115
https://doi.org/10.1007/JHEP04(2018)115
https://doi.org/10.1093/ptep/ptx148
https://doi.org/10.1093/ptep/ptx148
https://doi.org/10.21468/SciPostPhys.8.1.001
https://doi.org/10.21468/SciPostPhys.8.1.002
https://doi.org/10.21468/SciPostPhys.8.1.002
https://doi.org/10.1007/JHEP09(2021)203
https://doi.org/10.1007/JHEP09(2021)203
https://doi.org/10.21468/SciPostPhys.18.5.162
https://doi.org/10.21468/SciPostPhys.18.5.162
https://doi.org/10.1103/638n-qwnm


[67] M. Najjar, L. Santilli, and Y.-N. Wang, (−1)-form sym-
metries from M-theory and SymTFTs, J. High Energy
Phys. 03 (2024) 134.

[68] D. Aloni, E. Garcia-Valdecasas, M. Reece, and M. Suzuki,
Spontaneously broken (−1)-form Uð1Þ symmetries, Sci-
Post Phys. 17, 031 (2024).

[69] L. Lin, D. Robbins, and S. Roy, Decomposition and (non-
invertible) (−1)-form symmetries from the symmetry
topological field theory, J. High Energy Phys. 09 (2025)
131.

[70] D. Robbins and S. Roy, (−1)-form symmetries and
anomaly shifting from symmetry topological field theory,
Phys. Rev. D 112, 105020 (2025).

[71] C. Xu and A.W.W. Ludwig, Nonperturbative effects of
topological Θ-term on principal chiral nonlinear sigma
models in (2þ 1) dimensions, Phys. Rev. Lett. 110,
200405 (2013).

[72] D. J. Gross, R. D. Pisarski, and L. G. Yaffe, QCD and
instantons at finite temperature, Rev. Mod. Phys. 53, 43
(1981).

[73] J. I. Kapusta and C. Gale, Finite-Temperature Field
Theory: Principles and Applications (Cambridge Mono-
graphs on Mathematical Physics), 2nd ed. (Cambridge
University Press, Cambridge, England, 2011).

[74] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett,
Generalized global symmetries, J. High Energy Phys. 02
(2014) 172.

[75] N. Seiberg and S. Seifnashri, Symmetry transmutation and
anomaly matching, J. High Energy Phys. 09 (2025) 014.

[76] See Supplemental Material at http://link.aps.org/suppleme
ntal/10.1103/nvtc-jw59 for the discussion on the 3D IR
effective theory for the high-T gapped phase (Sec. S1), the
comments on the possibility of a second-order phase
transitions at θ ¼ π (Sec. S2), the comments on the
possibility of emergent Uð1ÞA symmetry at the phase
transition (Sec. S3), and the calculation details of the
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