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We develop a consistent partially off-shell framework for evaluating higher-derivative actions of five-
dimensional N' =1 gauged supergravity with Abelian vector multiplets on AdSs. Using the super-
conformal formalism, we show that the resulting holographic expression reproduces the trial a-anomaly
coefficient of the dual conformal field theory, identifying the supergravity equations of motion with a
maximization. We present an exact correspondence between Chern-Simons couplings and the anomaly
polynomial of the boundary theory. We illustrate our proposal by applying it to all known two- and four-
derivative actions, including the “off-diagonal” invariants never before considered in the gauged
supergravity literature. Finally, we argue that all invariants beyond four derivative yield no genuinely
new contributions to asymptotically AdSs; BPS backgrounds, but instead reduce to linear combinations of

the established two- and four-derivative actions.
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Introduction—The AdS/CFT correspondence is one of
the major developments in modern theoretical physics,
providing a nonperturbative definition of certain quantum
gravity theories in terms of conformal field theories and
yielding powerful insights into black-hole physics, strongly
coupled gauge dynamics, and even condensed-matter
systems. Most of our understanding of AdS/CFT relies
on the leading large-N and two-derivative supergravity
approximations, where genuine stringy and quantum-grav-
ity effects are suppressed. Recent progress in exact
AdSs/CFT, [1-10] has highlighted the need for results
beyond these approximations. On the CFT side, major
advances have been made by using supersymmetric locali-
zation; see Refs. [11,12]. On the gravity side, by contrast, a
systematic understanding of higher-derivative (HD) cor-
rections is still lacking. This is essential for performing new
precision tests in holography and for probing the structure
of quantum gravity.

In this Letter, we initiate a systematic study of HD
corrections in matter-coupled gauged five-dimensional
supergravity relevant to holography. The superconformal
(or off shell) formalism [13] provides a convenient
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framework for constructing supersymmetry-invariant terms
with various derivative orders, though distinct invariants
typically involve different auxiliary fields and may yield
linearly dependent on-shell actions. Building on advances
in superconformal tensor calculus and superspace tech-
niques—see, €.g., Refs. [7,14-34] for the 5D case as well as
the reviews [35-39] and references therein—we organize
all invariants according to their on-shell Chern-Simons
(CS) terms. These CS couplings are dual to the 't Hooft
anomalies in the 4D superconformal field theory (SCFT)
[40-43], with the structure of the CS terms holographically
encoding the anomaly coefficients. This underpins the
perturbative behavior of all supersymmetric partition func-
tions of the dual theory.

Concretely, after integrating out the needed auxiliary
fields [44], only two types of CS terms appear in the
supergravity Lagrangian

1
Les = ﬁ(k”,(v’ A dv! A doK =3k 0" A Ry, AR,
(1)

where ¢’ are the Abelian gauge fields in the vector
multiplets, and R, is the Riemann curvature two-form.
The coefficients k; ;i and k; will be directly related to the
cubic and linear 't Hooft anomalies of the dual SCFT,
respectively. These on-shell CS terms, involving only
physical fields, can originate from different off-shell
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invariants in 5D gauged supergravity, where we have
integrated out only a small subset of all auxiliary fields
and kept the rest of the action off shell. Thus our partially
off-shell approach circumvents the complexity of solving
all auxiliary equations of motion while retaining direct
holographic relevance.

Guided by the CS-term classification, we consider the
AdSs background with radius [/, written in global coor-
dinates with R x S? boundary. The conditions imposed by
maximal supersymmetry uniquely determine all back-
ground fields except for the vector-multiplet scalars W7,
which remain unspecified constants. Evaluating the super-
gravity action on this background using the minimal
holographic renormalization scheme—without imposing
the remaining scalar equations of motion—yields

_7p

W) =%

(Pkp g WIW/ WK - 18k, W), (2)
where the (Wick-rotated) time direction is periodically
identified with period f. The resulting expression depends
only on the effective CS coefficients, not on the detailed
couplings of the underlying off-shell invariants. The fully
on-shell AdSs action follows from extremizing (2) under
the supersymmetric constraint lg;, W/ = %

aloff shell
AdSs _ on shell ,_ joff shell (1}
ow! T 0, IAd55 = IAd55 (W) (3)
w=w

where W is the extremized value of W. This procedure is
the gravitational analog of a maximization [45-47], which
in field theory determines the exact superconformal R
symmetry by maximizing the trial ¢ anomaly over all
possible R-symmetry mixings. This principle is crucial in
distinguishing genuine SCFTs from generic supersymmet-
ric field theories, where the R symmetry is not fixed
dynamically. In this holographic context, we thus interpret
the off-shell AdSs action as the trial a anomaly, while the
scalar equations of motion play the role of the a-maximi-
zation conditions. Moreover, the constraint appears as the
field equation of a certain auxiliary field. Implementing a
maximization using off-shell supergravity allows us to go
beyond the N — oo limit, thus differing from the literature
where discussions were mainly based on the on-shell two-
derivative theory [48]. We believe that the present Letter
can serve as a blueprint for evaluating arbitrary super-
symmetric backgrounds in higher-derivative supergravity
and, in this way, obtaining holographic predictions at
finite N.

4D  anomaly polynomial and (holographic) a
maximization—To set the stage for our supergravity analy-
sis, we briefly review key aspects of the holographically
dual field theory, following the conventions of [9]. We
consider a 4D N =1 SCFT with (n+ 1) global U(1)
currents generated by @; Without imposing any

normalization, their commutation relations with a super-
charge Q are [53]

[Ql, Q] =-rQ, (4)

where r; are rational constants. This is not the standard
superconformal form, where one distinguishes the U(1)g
generator R from the remaining flavor symmetries F;,
[R.Q=-Q.  [F,Q]=0, (5)
with @ normalized conventionally. The generators R and F;
are therefore specific linear combinations of the original
Q;. We parametrize the R symmetry through a trial
combination
R(s) =s'0Qy, rs' =1, (6)
with the constraint on the s’ following from (5).
We define the cubic and linear 't Hooft anomaly
coefficients for the global charges Q; as

Apsk = Tr(0,0,0k), Ay =TrQy, (7)

which for many holographic theories of D3 branes and
wrapped M5 branes are known exactly in the gauge group
rank N, see e.g., Refs. [54,55]. From these, one constructs
the anomaly polynomial

A
Ayp = LK

() A (T, ®
which encodes the variation of the partition function under
background gauge transformations of the global sym-
metries, with field strengths f := da’. Here, A,p is a six
form defined on an extension ) of the four-dimensional
manifold M, = dAdSs. In local coordinates,

f[

1
=5 pi(TYVs) = == Raup AR, (9)

Cl(fl) 8r

where R, is the Riemann curvature two form on ).
When the R symmetry is not manifest, it can be uniquely
determined by maximizing the trial a-anomaly coefficient,

a“(s) = 33—2 (A jxs's! sk — Aysh), (10)

whose extremization, subject to (6), yields

da"t

W :0, a = (IH(S),

R=R"(s). (1)

§=S8

This procedure, known as a maximization [45-47], is
the exact field-theoretic counterpart of the gravitational
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extremization principle (3). The correspondence follows
from the holographic relation at the conformal boundary,

dLcs(v) = Agp(a), (12)

where we have implicitly extended the left-hand side on
Y. The holographic dictionary dictates proportionality
between the bulk gauge fields and boundary global
symmetries, [~'v! =af, as well as g, =r; see
Refs. [9,56,57], with the latter equality fixed by matching
with the R-symmetry charge of the bulk Killing spinor (see
next section). This yields the holographic identification
between the CS and anomaly coefficients,

1 1
1JK :WAIJK’ ky = 18201

A, (13)
It was also shown in [9], to first order in the four-derivative
expansion, that the on-shell action of global AdSs satisfies

3p
Jon shell _ ~77 ,
AdSs = ¢

(14)
where [ is the AdS radius and g the Euclidean time period,
using minimal holographic renormalization. Our analysis
extends this result to the exact trial a,

U

gw) = 27

(5), (15)
where the parameters s’ are proportional to the vacuum
expectation values of the vector multiplet scalars W' in the
AdS background, 2W’ = 35!, such that the gravitational
constraint [g;W! = 3 maps to (6).

Multiplets and invariants—We now introduce 5D N = 1
superconformal invariants, focusing on a novel class of
actions, termed “off diagonal” in [26]. To keep the
discussion concise, we present only the primary fields of
the composite multiplets that describe these invariants. The
corresponding descendant components, along with their
full superspace formulation, will appear in [58].

Fundamental multiplets: In five dimensional off shell
supergravity, the standard Weyl multiplet [18] gauges the
superconformal algebra F?(4) and contains 32 + 32 off-
shell components. The independent gauge fields are the
vielbein ef, gravitino y},, SU(2); gauge field ¢, and
dilatation gauge field b,. The spin connection ??,
S-supersymmetry connection ¢/, and special conformal
connection fj are composite, determined by standard
curvature constraints. The multiplet further includes the
matter fields: a real antisymmetric tensor W, a fermion
x\, and a real auxiliary scalar D.

An Abelian vector multiplet, denoted henceforth by W,
consists of a scalar field W [59], a gaugino 1/, a gauge
vector v, with covariant field strength F,,, and a SU(2)

TABLEI The contribution to the Chern-Simons coefficients in
(1) from different off-shell invariants. Cj;x, g7, a1, Br.v1-1,
a', d,;x denote the various coupling constants of the correspond-
ing supersymmetric actions, discussed in due course. The g;’s
play the role of the Fayet-Iliopoulos parameters that decide which
linear combination of Abelian vectors is identified as U(1)g
symmetry.

Invariant 1987 ¢ k; References
20 theory 3C, 0 [14-22,25,61]
RF —12gd;x) a" 0 [26,58]
Weyl? 8a(19,9x) a; [7,23]

log —4619:9x) 0 [7,28]

R? 12y 1919k, 0 [24,28]
RF3 =12n9(:9:9x) 0 [26,58]

F* 0 0 [26,58]

triplet of auxiliary fields X”/. The linear multiplet, denoted
by G, contains an SU(2) triplet of scalars G/, a fermion ¢/,
a vector H%, Hodge dual of a covariant four-form field
strength, and an auxiliary scalar F.

The BF action: In the superconformal tensor
calculus, the BF action principle serves as a cornerstone
for constructing general supergravity-matter couplings
(see Refs. [16-20,22,25] for the 5D case). This relies on
forming a suitable product between a linear multiplet (G)
and an Abelian vector multiplet (W), Sgg = f dPxe Ly,

Lgr(W,G) :== —(WF + X;;G" 4+ v,H"),  (16)

where we neglected the fermions.

Given (n + 1) Abelian vector multiplets W/, one can
construct (n 4 1) composite linear multiplets G; [25]
whose lowest components are

G} = Cr g @WXIK —pd()%), (17)

with symmetric constants Cp;x = C(jyk). The remaining

components of the multiplet, Q’[‘i , Hf, and F, are obtained

by taking successive Q-supersymmetry variations of Q;j .
Conversely, given a linear multiplet, one can construct a
composite vector multiplet with the scalar field

1

W= 2 FG <Gy giG, (18)

1

with G =

the multiplet, A}, F,,, and X", are obtained by taking
successive Q-supersymmetry variations of W. The explicit
construction of the two-derivative supergravity theory,
including the substitution of the composite multiplets into
the BF action is presented in Sec. A of Supplemental

1GUG,; # 0. The remaining components of
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Material [60]. Here, we simply note that, as a result of
substituting the composite multiplets (17) into the BF
action (16), the coefficient of the Chern-Simons term is
found to be proportional to C;;x of Eq. (17).

All off-shell superconformal invariants considered in our
analysis—including the two- and four-derivative terms—
are listed in Table I together with their associated refer-
ences. For the purposes of this Letter, we briefly outline the
construction of the curvature-squared and off-diagonal
invariants coupled to (n 4 1) vector multiplets.

The three curvature-square invariants: Here, we
present the primary fields corresponding to the composite
multiplets that generate the three curvature-squared invar-
iants—namely, the Weyl-squared, Ricci-squared, and scalar
curvature-squared terms:

T g ab i 2561 i
ey = =3 W Wiy = W, + == 1"
Iy 31 ..
Gy 1= =55 ATV log (o, W),
Gl = GU[W] = 2WX¥/ - i3z, (19)
and corresponding actions Lgg(a; W', Gweyr )

Ler(BiW!, Grog), Ler(yiW', Gr2), respectively. Note that
the definition of the matter-coupled log invariant, for which
we refer the reader to [25,28] for its technical construction,
allows for additional arbitrary coefficients o; in the action,
which drop out of the final results. The explicit oft-shell
Chern-Simons terms corresponding to the four-derivative
invariants are listed in Sec. B of Supplemental Material [60].

Off-diagonal invariants: We now turn to a wider class
of off-diagonal invariants, obtained by coupling the
composite vector multiplets W and W,4 (see below) to
the composite linear multiplets Gy, GWeyl’ Giog> and Gpe.
These interactions generate terms beyond the curvature-
squared invariants associated with (19). While a subset was
identified in [26], here we provide a classification of such
invariants relevant to higher-derivative deformations in
supergravity. The number of derivatives that these actions
carry off shell is most directly seen by examining the BF
action (16), together with Table II, which summarizes the
composite-multiplet components.

A two-derivative [62] supersymmetric completion of the
RF term arises from coupling the composite W to the linear
multiplet G; within the BF action (16),

Ly = Lep(W,da'G)). (20)

where, in (17), C;;x are replaced by d;j;x (another set of
arbitrary coefficients).

A four-derivative supersymmetric completion of the
RF? term arises by coupling the composite vector W
and linear G2 multiplets within the BF action (16),

TABLEII. The derivative structure (over fundamental fields) of
the bosonic components of the composite linear and vector
multiplets used here. Combining each row on the left with a
row on the right in a BF action produces a different off-diagonal
invariant.

Linear Gl H¢ F
G, 00 20 20
Weyl? 20 40 40
log 20 40 40
R? 20 40 40
Vector w v, X'
w 00 00 20
F* 20 20 40

Lpps =nLgp(W,Gr2). (21)

In analogy to these constructions, we are able to generate
a couple of new superconformal invariants, replacing Gy
above by Gjog OF Gyyeyp2, Which will be discussed at length
in [58]. Here, we finish with a supersymmetric completion
of the F* term arising from a composite vector multiplet
with the primary scalar field [26],

4 1 1 i al
Wi = G ~Er - 3G° <G G/'F +2iGi ;9" ¢l
+ iG;j(p?(paj> 16G5 Gz]leG1 @* 4’(17 (22)

coupled to another set of composites G,
‘CF4 = Cllj ‘EBF(W{4’ Q]), (23)

resulting in a four-derivative invariant. Combining the F*
multiplet with the other linear multiplets results in new
invariants, also to be discussed in [58].

On-shell Chern-Simons terms: The explicit off-shell
Chern-Simons terms for the four-derivative invariants are
collected in Sec. B of Supplemental Material [60]. Unlike
the two-derivative case, the Chern-Simons term at the four-
derivative level often appears through the auxiliary field

" To extract the correct Chern-Simons coefficient, one

must substitute ¢}/ using the leading two-derivative equa-
tion of motion of ¢f; and H“,

¢d =—gls,  H,=0. (24)
The resulting coefficients of the Chern-Simons terms for all
invariants are summarized in Table I. Importantly, Eq. (24)
also gives the Killing spinor R-symmetry charge that we
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used previously in the holographic dictionary, via the
covariant derivative Dﬂei = a,,ei + gb,l;je FIR R

Partially off-shell AdSs action—We now describe the
maximally supersymmetric AdSs background, which pro-
vides the setting for evaluating the invariants constructed
above. The final results for each invariant, summarized in
(2) using the table of Chern-Simons coefficients, have
already been anticipated. We therefore omit intermediate
details, which will be presented in [58] comprehensively.
Here, we focus on the conditions satisfied by the relevant
multiplet components under maximal supersymmetry,
without imposing any equations of motion.

Since the U(1),; symmetry—gauged by a linear combi-
nation of the Abelian vectors—embeds into the original
SU(2), symmetry along an arbitrary direction, we intro-
duce a unit tensor s” satisfying s> = 1 ss;; = 1. We will
choose s”/ = §'/. Maximal supersymmetry then constrains
all SU(2), tensors in the theory to align with this direction,
i.e., X"/ and G" are proportional to §/. For the metric, we
take AdSs in the global coordinates,

r_z S31

2 d 2
ds? = _<1 —|—;—2>dt2 + "L Rds, (25)
12

where ds§3 is the metric on S? with unit radius, such that the

Ricci scalar is given by R = 2072 [63]. We further find
that all other Weyl multiplet components vanish, notably
including the auxiliary scalar field, D = 0. For the linear
multiplet, maximal supersymmetry, together with the stan-
dard gauge fixing choice G = 1, sets

G =45,

@y =0, F=const. (26)

Similarly, for a vector multiplet we find

. . 1 .
Wl =const, A/=0, F! =0 XV ZEFWlé’/.

(27)

All remaining multiplets, being composite, follow by an
insertion of the identities above in their definition.

In order to truly evaluate the resulting actions, we need
the additional input of the field equation of the auxiliary
field F, which only gets a two-derivative contribution:

giving an important constraint on the corresponding linear
combination of vector multiplet scalars, since the AdS scale
[ needs to be taken into account in the holographic
dictionary. This is the origin of the constrained extremiza-
tion in (2), where the field F can be regarded as the
holographic dual of the Lagrange multiplier enforcing (6).

With the above identifications, we have been able to
explicitly evaluate the AdSs background on each of
the Lagrangians we constructed, see more details in
Supplemental Material [60]. In turn we need to discuss
the holographic renormalization scheme that renders the
corresponding actions finite. Importantly, by virtue of
the supersymmetry preserved by the boundary geometry
[64-66], in this case, R x S3, all the possible finite
counterterms or logarithmic divergences vanish, render-
ing our results unambiguous [58]. The holographically
renormalized action can be simply computed in the
following way,

Iy = thsugra(M) + GctSGH<aM) + GctSCt(aM>’ (29)

with  S,era(M) the original supergravity action with

asymptotically AdSs background as in (25). The
Gibbons-Hawking action is given by
Sep(OM) = — / dxv/=IK, (30)
oM

where h;; is the induced metric on the boundary, and K =
hYK;; is the trace of the extrinsic curvature. The final
counterterm is given by

S (0M) = / 0Md4x\/—_h (—E + M) . (31

14

with R(h) the scalar curvature of the induced metric A,
which renders the full answer finite.

Note that we have allowed an arbitrary overall normali-
zation of the original action. The constant o, should then
be chosen accordingly, such that the full answer is indeed
finite. We consequently recover the partially off-shell
results as advertised in the introduction.

Outlook—Building on the relation between the anomaly
polynomial and the superconformal invariants established
above, we conclude with an observation that merits further
exploration. For holographic 4D SCFTs at large N, one
expects that all supersymmetric partition functions (or
large-N protected observables) are completely determined
by the 't Hooft anomaly coefficients of the R-symmetry and
flavor symmetries. Holographically, this suggests that the
(partially) off-shell action for any supersymmetric asymp-
totically locally AdS5 background is entirely determined by
the Chern-Simons coefficients listed in Table I. Moreover,
while higher-derivative invariants involving six or more
derivatives can, in principle, be constructed within the
present formalism (see Refs. [25,58]), these (up to inte-
gration by parts) cannot generate additional on-shell Chern-
Simons terms beyond those in (1). We thus expect all such
higher-order invariants, when evaluated on asymptotically
AdSs BPS backgrounds, to reduce to linear combinations
of the two-derivative and Weyl? actions, which already
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exhaust the possible freedom in the coefficients k;;x and
k;. This conclusion applies to all other invariants consid-
ered here, and will be extended to include a more complete
set of invariants and building blocks in [58]. Here, we
limited ourselves to consider systems of Abelian vector
multiplets. However, the extension including off-shell
non-Abelian vector multiplets is straightforward—see,
e.g., Ref. [36]. By employing the formalism of [25,30],
it would also naturally be very interesting to include in our
analysis gauged hypermultiplets for a complete off-shell
description.

To conclude, it is worth mentioning that an ambitious
goal is being pursued within the framework of supergravity
localization, initiated in [67] in the even-dimensional case.
When applied to the present five-dimensional setting, see
Refs. [68-70], the current implementations appear to
require that equations of motion be imposed from the
outset. This requirement prevents the direct evaluation of
arbitrary higher-derivative actions of the type considered
here. An important direction for future work would there-
fore be to better understand how these two approaches
might be reconciled in the fully off-shell framework we
have employed here.
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