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Conventional methods to measure the dispersion relations of collective spin excitations involve probing
bulk samples with particles such as neutrons, photons, or electrons, which carry a well-defined momentum.
Open-ended finite-size spin chains, on the contrary, do not have a well-defined momentum due to the lack
of translation symmetry, and their spin excitations are measured with an eminently local probe, using
inelastic electron tunneling spectroscopy (IETS) with a scanning tunneling microscope (STM). Here, we
discuss under what conditions STM-IETS spectra can be Fourier-transformed to yield dispersion relations
in these systems. We relate the success of this approach to the degree to which spin excitations form
standing waves. We show that STM-IETS can reveal the energy dispersion of magnons in ferromagnets and
triplons in valence bond crystals, but not that of spinons, the spin excitations in Heisenberg spin-1=2 chains.
We compare our theoretical predictions with state-of-the-art measurements on nanographene chains that
realize the relevant spin Hamiltonians.
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Understanding the elementary excitations of spin systems
is crucial for exploring their dynamics and many-body
interactions. In ferromagnetic systems, collective excita-
tions typically take the form of magnons [1–7], which play a
crucial role in spintronics [8,9]. In antiferromagnetic sys-
tems, however, a range of distinct excitations may arise. For
instance, in a one-dimensional spin-1=2 Heisenberg model,
physical excitations form a continuum in the energy-
momentum plane due to the excitation of spinon pairs
[1,10–18]. Alternatively, in gapped systems like the alter-
nating-exchange Heisenberg model, triplons, triplet excita-
tions over a valence-bond crystal state, have a well-defined
EðkÞ dispersion curve [1,19–24]. Both of these excitations
emerge over a ground state that lacks long range order, and
entangles a macroscopic number of spins [13,25].
The excitations of artificial spin chains, made on surfaces

both with atomic [26–30] and molecular [31–37] spins, can
be measured with inelastic electron tunneling spectroscopy
(IETS) using a scanning tunneling microscope (STM). The
effect of impurities, magnetic or otherwise, has also been

studied using this technique [38,39]. With this method,
electrons that tunnel from the tip to the substrate may
transfer part of their energy to the spin system, producing
magnetic excitations. A promising platform to study quan-
tum magnetism are nanographenes, which, via STM-IETS
characterization, have recently been found to realize inter-
esting spin Hamiltonians. Notable examples include the
spin-1 Haldane Hamiltonian in [3]-triangulene chains [31],
the spin-1=2 bond-alternating Heisenberg model in chains
of Clar’s goblets [32], and the spin-1=2 antiferromagnetic
Heisenberg model in chains of different molecules [33–36].
Traditional methods for determining dispersion relations

in condensed matter, such as inelastic neutron scattering
[40,41], Brillouin scattering [42,43] and angle-resolved
photoemission spectroscopy [44,45], rely on particles (neu-
trons, photons, or electrons) with a well-defined momentum
exciting a target system. This allows for the experimental
mapping of an energy vs momentum dispersion relation
with these techniques. Contrarily to these approaches, in
STM measurements the tunneling electrons do not have a
well-defined in-plane momentum, which makes it impos-
sible to directly extract a momentum-resolved energy
dispersion. To circumvent this, spatially resolved STM data
have been combined with Fourier analysis to map the
energy dispersion of surface electrons [46–54]. This tech-
nique is often referred to as quasiparticle interference [49]
and it probes the charged excitations of the system. Similar
approaches have been used to obtain information about
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coupling matrix elements between phonons and electrons in
superconductors [55–57].
Here, motivated by recent experiments [32,36,37], we

address the question of whether the Fourier transform of
the inelastic part of the STM conductance, which has been
used to probe the energies of collective modes such as
vibrations and spin excitations, can be used to obtain their
energy dispersion. In our case, at odds with Refs. [46–54],
this possibility is not straightforward, because, as we
show below, the quantum states of collective modes in
finite-size systems are not-always standing waves, i.e.,
linear combinations of two traveling modes with well-
defined momentum.
In the following, we establish a theoretical framework to

derive momentum-resolved energy dispersion from IETS
measurements performed on spin chains with open boun-
dary conditions (OBC), schematically represented in Fig. 1.
We show that the feasibility of this approach hinges on how
close the chain states are to standing waves formed from the
solutions of the associated periodic boundary condition
(PBC) system, whose eigenstates are traveling waves with
well-defined momentum.
One of the key quantities obtained experimentally from

IETS is the second derivative of the tunneling current with
respect to the applied bias (d2I=dV2). From second order

perturbation theory, one finds the following expression for
the site-dependent d2I=dV2 in the limit where the ground
state (GS) is unique and the excitation gap is much larger
than the thermal energy [58–60],

d2I
dV2

ðlÞ ∝
X

M

WMðlÞFðeV − EM þ EGSÞ; ð1Þ

where l ¼ 0; 1;…; L − 1 labels the sites of the spin chain,
the sum overM runs over the states of the system, FðxÞ is a
thermally broadened odd delta function, eV is the applied
bias energy, and EM − EGS is the energy of theM excitation
of the system. The key quantity in this expression is the spin
spectral weight

WMðlÞ ¼
X

a¼x;y;z

jhGSjSaðlÞjMij2;

with SaðlÞ the Sa spin operator acting on site l, which
determines the probability of exciting a given state jMi
when the STM tip is placed over the lth site of the chain; this
quantity controls the height of the steps in the dI=dV maps
across the spin chains, and in that sense provides a real
space modulation of theM excitation. For simplicity, herein
we consider the case of homogeneous spin chains, so that L
denotes simultaneously the number of spins and unit cells;
for dimerized chains, the index l should run over the unit
cells, and an additional index to distinguish between sites
within a unit cell must be introduced. Based on Eq. (1), the
goal of this Letter can be phrased as whether the Fourier
transform WMðkÞ ¼

P
L−1
l¼0 e−iklWMðlÞ permits us to infer

the mapping of the excitations in reciprocal space, and to
retrieve an energy dispersion formula EðkÞ.
Through a unitary transformation, we can express the

states of a chain (OBC) as linear combination of the
eigenstates obtained for the equivalent Hamiltonian in a
ring (PBC). As mentioned above, one crucial property of the
PBC states is that, due to their translational invariance, we
can label them with a given momentum k. The value of k is
obtained from the diagonalization of the translation oper-
ator, defined as CL ¼ Q

L−2
l¼0 ½1=2þ 2SðlÞ · Sðlþ 1Þ� for

spin-1=2 systems, and can take the values 2πn=L where
n ¼ 0; 1;…; L − 1. For the dimerized chain, the values of
momenta are obtained from the diagonalization of C2

L since
there are two spins per unit cell. Using this decomposition
of OBC states in terms of PBC states to computeWMðkÞ, we
find in general (with details given in [61]),

WMðkÞ ¼
X

λ1;λ2;λ3;λ4

cMðkλ1Þc�Mðkλ2Þc�GSðkλ3ÞcGSðkλ4Þ

× δk;kλ1−kλ3þkλ4−kλ2
wλ3;λ4
λ1;λ2

; ð2Þ

with wλ3;λ4
λ1;λ2

¼ P
a¼x;y;zhλ3jSað0Þjλ1ihλ2jSað0Þjλ4i. Here, jλi

labels the eigenstates of the Hamiltonian with PBC, which

Standing wave

FIG. 1. Schematic description of the method proposed to extract
the momentum-resolved energy dispersion of spin excitations.
Through the use of STM-IETS, it is possible to obtain d2I=dV2

plots as a function of the applied bias at every site of the spin
chain. If the spin excitations probabilities behave (at least
approximately) as standing waves, the Fourier transform of the
d2I=dV2 allows us to recover their energy dispersion.
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have a well-defined momentum kλ. The coefficients
cMðkλÞ are the overlap between the OBC state jMi
and the PBC state jλi. The Fourier transform of the
second derivative of the current relative to the bias is simply
given by d2I=dV2ðkÞ ¼ P

M WMðkÞFðeV − EM þ EGSÞ.
Thus, we find that, in general, one can expect contributions
to d2I=dV2ðkÞ at every possible momentum k ¼ kλ1−
kλ3 þ kλ4 − kλ2 , with an intensity controlled by the overlap
coefficients and the transitions’ spectral weight.
To gain insight, let us consider that the OBC and PBC

ground states are identical (which we shall see is the case
for a ferromagnet), and that any given jMi state is
composed of a superposition of only two PBC states,
j�i with symmetric momenta �kM, i.e., the OBC state is a
standing wave made of PBC traveling modes. Taking into
account these two assumptions and inserting them in
Eq. (2) one finds

jWMðkÞj ¼
1

2
ðδk;0jw̃þþ þ w̃−−j

þ δk;2kM jw̃þ−j þ δk;−2kM jw̃−þjÞ; ð3Þ

with w̃λ1;λ2 ¼
P

a¼x;y;zhGSjSað0Þjλ1ihλ2jSað0ÞjGSi. From
this expression, we see that when producing a 2D map of
energy vs momentum of the jd2I=dV2ðkÞj, we expect
peaks at the OBC energies EOBC

M − EOBC
GS and momenta

k ¼ 0;�2kM. The excitation energy associated to a tran-
sition from the ground state to the standing waveM state in
OBC and PBC approach each other with a 1=L depend-
ence, such that, in the thermodynamic limit (L ≫ 1), one
finds EOBC

M − EOBC
GS ≈ EPBC

M − EPBC
GS [61]. Thus, under the

considered assumptions, by experimentally obtaining the
site-resolved differential conductance of OBC spin chains,
we can approximately recover the momentum-resolved
energy dispersion of the magnetic excitations of the system
with PBC, with two caveats: (i) the momentum is doubled
for approximately the same energy, and (ii) signal at k ¼ 0
is always present.
As we stray away from the simplifying assumptions, and

the standing wave picture is no longer valid, it is not granted
that the Fourier transform (FT) of d2I=dV2 can be used to
determine the energy dispersion. In order to assess the
validity of the method, we consider three kinds of spin-1=2
systems: (i) a ferromagnetic spin chain, (ii) a dimerized
antiferromagnetic spin chain, and (iii) an antiferromagnetic
spin chain without dimerization. The last two cases will be
studied together as wemove from one system to the other by
controlling the dimerization strength.
Owning to its simplicity, the ferromagnetic Heisenberg

Hamiltonian can be treated fully analytically for a specific
Sz sector as we show in [61]. Here, we will focus on
numerical results found for the case with L ¼ 6 spin-1=2.
In the following discussion, all energies are given in units
of the ferromagnetic exchange, and the momenta are given

in units of the inverse unit cell length. In Fig. 2(a) we
display the eigenstates of the PBC Hamiltonian, in the
Sz ¼ L=2 − 1 sector (corresponding to one magnon exci-
tations), each labeled according to its momentum as found
from the diagonalization of the CL¼6 translation operator.
Superimposed with this is the magnon energy dispersion as
found from linear spin wave theory, EðkÞ ¼ 1 − cos k [1],
which perfectly matches the energies found from the
diagonalization of the PBC Hamiltonian. Even though
we focused our analysis of the standing wave character on
the Sz ¼ L=2 − 1 sector, when the d2I=dV2 is computed,
all Sz sectors are taken into account.
In Fig. 2(b) we show the decomposition of the six

eigenstates of the spin Hamiltonian with OBC in terms of
the PBC eigenstates, and their respective energies. From
this figure, we see that the OBC and PBC ground states are
identical (expected for a ferromagnet). As for the excited
states, we find that the even-numbered ones are standing
waves (marked by a star symbol), while the odd-numbered
ones mix more than two PBC states.
In Fig. 2(c) we show d2I=dV2ðkÞ as a contour plot in the

ðeV; kÞ plane. As expected, a constant signal at k ¼ 0
appears at every OBC energy (with a replica shifted by 2π).
Furthermore, we find peaks at energies E ¼ 1=2 and
E ¼ 3=2 with momenta k ¼ 2π=3 and k ¼ 4π=3, respec-
tively, as expected from the standing wave character of these
states (formed from PBC states with momenta k ¼ π=3
and k ¼ 2π=3, respectively). For the peaks at E ¼ 0.1 and
E ¼ 1.8 the only signal appears at k ¼ π=3 and k ¼ 5π=3.
This comes about due to an interference between the
different PBC states that form the respective OBC states
[61]; these features, also found in the analytical treatment
[61], are hard to predict a priori as these states are not

(a) (b) (c)

State

State

State

State

State

State

FIG. 2. (a) Energies (in units of the exchange) of an L ¼ 6
ferromagnetic Heisenberg spin-1=2 ring, in the Sz ¼ L=2 − 1
sector. Each state is labeled according to the eigenvalue of CL¼6

(in units of the inverse length of the unit cell). The dashed line is
the magnon energy dispersion. (b) Absolute squared value of the
overlap between the eigenstates of the Hamiltonian with PBC and
OBC. States marked with a star symbol are standing waves.
(c) Color map of jd2I=dV2ðkÞj, obtained for the OBC chain, as a
function of momentum and applied bias. The dashed lines are
given by EðkÞ ¼ 1 − cosðk=2Þ and a replica shifted by 2π.
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standing waves. In the center of the Brillouin zone, k ¼ π,
no signal is found; this is a property of the Fourier transform
of a signal that is symmetric relatively to the inversion
center of the chain [61]. Overlaid with the d2I=dV2ðkÞ color
map is the energy dispersion of magnons with k → k=2
(together with a replica shifted by 2π); we see that the
method we propose perfectly traces the theoretical curves
for the magnon dispersion. Hence, exploiting the atomic
precision of STM-IETS, we can experimentally obtain the
momentum-resolved energy dispersion of magnons in
ferromagnetic spin chains (this becomes even clearer for
larger chains as we show in [61]).
Consider now an antiferromagnetic spin-1=2 Heisen-

berg model, where we allow for the alternation of ex-
change between first neighbors. We characterize this
alternation through the dimerization parameter d ¼
ðJ1 − J2Þ=ðJ1 þ J2Þ, where J1 ¼ 1þ d and J2 ¼ 1 − d
are the exchange values in consecutive bonds; we vary d
from 0 to 1. In Figs. 3(a) and 3(c) we show the eigenvalues
of the Hamiltonian with PBC and L ¼ 6, in the Sz ¼ 1
sector, with the states labeled according to their momentum
k, for the cases of d ¼ 0.5 and d ¼ 0, respectively. Notice

that, because the number of unit cells for d ≠ 0 is half
of the one for d ¼ 0 when the total number of spins is
the same, the number of distinct k is also reduced by a factor
of 2. In Fig. 3(a), the dashed line is given by EðkÞ ¼
ð1þ dÞ − ð1 − dÞ=2 cos k and represents the expected
energy dispersion of triplons in this system [62]. In
Fig. 3(c) the dashed lines mark the lower and upper bounds
of the spinon continuum, given by EðkÞ ¼ π=2j sin kj and
EðkÞ ¼ πj sinðk=2Þj, respectively [16].
In Figs. 3(b) and 3(d) we depict the decomposition of the

first OBC states with Sz ¼ 1 in terms of the PBC states in
the same Sz sector. These figures reveal that the excited
states are closer to the standing wave picture for d ¼ 0.5
and have a more mixed character when d ¼ 0, with several
PBC states with different momentum contributing to the
formation of the OBC states. It is worth noting that this
mixed character remains robust even as the chain length
increases [61].
To further understand the role of the dimerization (d) in

the decomposition of OBC states in terms of their PBC
counterparts, we compute the overlap between the OBC and
PBC ground states (both being singlets) as well as the
inverse participation ratio (IPR) of the OBC excited states,
as a function of d. We define the IPR for the OBC stateM asP

λ jcMðkλÞj4. We note that, contrarily to its more common
definition, this IPR does not quantify the spatial dispersion
of a given state. Regarding the ground states, we observe
that their overlap increases with increasing dimerization. As
for the IPR, it approaches 1 with increasing d for the first
excited state (implying that we approach a one to one
correspondence between OBC and PBC for the first excited
state, i.e., a standing wave with k ¼ 0), and gets closer to
1=2 for the following two excited states (indicating that
these states approach a standing wave formed by two
traveling waves with symmetric momenta). Based on both
of these remarks, we expect that the method we propose
works better to map the excitations of a dimerized chain,
while its applicability to the homogeneous case is dubious.
To verify this hypothesis, we perform an exact diago-

nalization of the alternating-exchange Heisenberg antifer-
romagnetic model for d ¼ 0.24 and d ¼ 0 (relevant to
comparewith experiments [32,35,61]) and compute the site-
dependent d2I=dV2 and its Fourier transform. In the
dimerized case an additional step is needed, where the
sum of the two d2I=dV2 in each unit cell is taken so as to
obtain a unit-cell specific measurement. The results for the
two cases are depicted in Fig. 4. For d ¼ 0.24, and
considering an effective temperature of 5 K in the simu-
lation [Fig. 4(a)] the triplon energy dispersion is easy to
identify, as can be seen by the similar features shared
between the d2I=dV2ðkÞ color map and the theoretical
triplon dispersion line (with k → k=2). As the effective
temperature in the simulation increase from 5 to 15 K
[Fig. 4(b)], the color map features broaden but continue to
follow the trend set by the theoretical line. A direct

(a)

(c) (d) (f)

(b) (e)

State

State

State

State

State

State

State

State

FIG. 3. Energies (in units of the exchange) of an L ¼ 6 spin-
1=2 bond alternating antiferromagnetic Heisenberg ring, in the
Sz ¼ 1 sector, for d ¼ 0.5 (a), and d ¼ 0 (c). The momentum of
each state is obtained from the eigenvalues of CL¼6 (in units of
the inverse length of the unit cell), and the circle’s opacity is
proportional to its spin spectral weight. The dashed lines in (a)
and (c) are the triplon [62] and spinon [16] energy dispersions,
respectively. Absolute square value of the overlap between the
eigenstates of the Hamiltonian with PBC and OBC for d ¼ 0.5
(b) and d ¼ 0 (d). Absolute square value of the overlap between
the OBC and PBC ground states (e) and IPR for the first three
OBC excited states (f) as a function of the dimerization.
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comparison between the simulation at Teff ¼ 15 K and the
experimental data [panel (c)] reveals clear agreement. This
additional broadening originates from the lock-in voltage
and the screening effects due to the metallic Au(111)
substrate on the spin system [63]. To more easily identify
the energy dispersion from the experimental data the line-
width can be lowered, for example, by introducing an
insulating layer between the spin chain and the substrate, as
well as increasing the size of the chain to have more k points
in the Fourier transform. We estimate that for effective
temperatures of 1 K, excitations should be resolvable for
chains with up to 30 spins. As before, peaks at 0 and 2π are
visible for all energies, and no signal is found for k ¼ π.
When we remove the dimerization (d ¼ 0) in Fig. 4(d), it is
no longer true that the features in the color map are well
captured by the theoretical bounds for the spinon con-
tinuum. Even though some features are shared between
the two datasets, other very prominent ones do not match
the expected theoretical result. This is also found in the
experimental results depicted in Fig. 4(e), which agree well
with the simulation shown in panel (d), but do not match the
spinon theory lines. Thus, as expected from our previous
discussion, when applied to the dimerized chain, the method
we propose allows us to map the momentum dependent
energy dispersion of triplons using STM, but it does not
work in the undimerized case.
In summary, we have established the theory to assess

under which circumstances the Fourier transform of the
d2I=dV2 can be used to extract the dispersion relation of
excitations in spin chains. We found that the crucial
condition for the method to work is that the spin excitations
behave (at least approximately) as standing waves.
Furthermore, we showed that this method works perfectly
to study magnons in a 1D ferromagnetic Heisenberg model,
and is also suitable to probe triplons in the bond-alternating
antiferromagnetic Heisenberg spin-1=2model. At odds with
this, it fails to map spinons when the exchange alternation

vanishes. Our theory predictions were backed by exper-
imental results obtained from nanographene chains, which
have recently been found to realize the desired spin
Hamiltonians. Based on the mapping of the ferromagnetic
problem to a bosonic one, the proposed method could also
be applied to map the energy dispersion of phonons in
molecular chains [64,65].
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