
Coherence-Induced Deep Thermalization Transition in Random Permutation
Quantum Dynamics

Chang Liu ,1 Matteo Ippoliti ,2 and Wen Wei Ho 1,3,*

1Department of Physics, National University of Singapore, Singapore 117551
2Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA

3Centre for Quantum Technologies, National University of Singapore, Singapore 117543

(Received 15 November 2025; accepted 18 February 2026; published 12 March 2026)

We report a phase transition in the projected ensemble—the collection of postmeasurement wave
functions of a local subsystem obtained by measuring its complement. The transition emerges in systems
undergoing random permutation dynamics, a type of quantum time evolution wherein computational basis
states are shuffled without creating superpositions. It separates a phase exhibiting deep thermalization,
where the projected ensemble is distributed over Hilbert space in a maximally entropic fashion (Haar
random), from a phase where it is minimally entropic (“classical bit-string ensemble”). Crucially, this deep
thermalization transition is invisible to the subsystem’s density matrix, which always exhibits thermal-
ization to infinite temperature across the phase diagram. Through a combination of analytical arguments
and numerical simulations, we show that the transition is tuned by the total amount of coherence injected
by the input state and the measurement basis, and is exhibited robustly across different microscopic models.
Our findings represent a novel form of ergodicity-breaking universality in quantum many-body dynamics,
characterized not by a failure of regular thermalization, but rather by a failure of deep thermalization.
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Introduction—Understanding universal behaviors of
complex quantum systems out of equilibrium is a central
goal of modern physics, with implications in statistical
mechanics [1,2], condensed matter [3–5], high energy
physics [6–8], and quantum information science [9,10].
Recently, a new universal feature was discovered in the
dynamics of quantummany-body systems: the collection of
conditional states of a local subsystem obtained by meas-
uring its environment, known as the projected ensemble
(PE) [11–13], was typically found to approach universal
distributions at late times in dynamics, which satisfy
generalized maximum-entropy principles [14–16]. For
example, in spin systems, one obtains the Haar ensemble
(the uniform distribution over the Hilbert space)
[12,13,17,18] or the Scrooge ensemble (a deformation
thereof) if conservation laws are present [12,14,19,20];
analogous maximally entropic distributions arise also for
systems of Gaussian fermions and bosons [15,21,22]. The
emergence of such universal ergodic ensembles has been
dubbed deep thermalization [11–18,21–28], as it consti-
tutes a stronger, more fine-grained notion of quantum

equilibration going beyond “regular” thermalization of
the reduced density matrix to the Gibbs state. The inception
of deep thermalization has led to a flurry of research
activity, including studies on the timescales of convergence
[17,18], generalizations to open quantum systems [29,30],
connections to computational complexity and cryptography
[28,31], as well as experimental realizations [11].
In this Letter, we uncover a striking exception to the

aforementioned maximum-entropy paradigm within a class
of quantum dynamics. Namely, we report a sharp transition
in the PE separating a phase that exhibits deep thermal-
ization from a phase that robustly fails to do so. The
transition is completely invisible to the reduced density
matrix: both phases always appear thermal at infinite
temperature. Our findings thus represent a novel form of
“deep” ergodicity breaking in quantum many-body sys-
tems, detectable not at the level of local expectation values,
but rather in higher-moment observables.
Concretely, we study random permutation dynamics

(RPD) [Fig. 1(a)], a type of quantum time evolution where
computational basis states are randomly permuted [32–35].
The transition is tuned by the amount of coherence (the
information-theoretic resource of superposition [36–38]) in
the system, which is preserved under RPD and thus
depends only on the choice of input state and final
measurement basis. The high- and low-coherence phases
yield, respectively, the Haar ensemble EHaar, wherein states
are uniformly distributed in Hilbert space, and the
“classical bit-string ensemble” ECl, wherein states are
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distributed uniformly but only over the computational basis
[Fig. 1(b)]; these are respectively the maximum- and
minimum-entropy PEs compatible with an infinite-temper-
ature density matrix. We establish the universality of this
phenomenon across two different microscopic models
theoretically and numerically; in particular, one of the
models allows an analytical determination of the phase
boundary. More generally, we argue the transition occurs
generically for typical scrambling quantum dynamics, as
long as it is coherence preserving. Lastly, we discuss
generalizations of our analysis to transitions of other
resources within the PE, like imaginarity [39,40], magic
[41–43], or non-Gaussianity [44,45], suggesting the pos-
sibility of yet more novel universality classes in quantum
many-body dynamics.
Projected ensemble from random permutation dynamics

—Consider an N-qubit system bipartitioned into A and B
(comprising NA and NB qubits, respectively) with initial
state jΨ0i. This state is acted upon by a randomly chosen
global permutation unitary Uπ, to yield a final state
jΨπi ¼ UπjΨ0i, which we denote as a random permutation
state (RPS). Specifically, Uπ is a unitary that permutes
computational basis states jzi (with z∈ f0; 1gN) for some
uniformly randomly chosen permutation π from the sym-
metric group S2N , i.e., Uπjzi ¼ jπðzÞi. The application of a
single global permutation unitary can be understood as
modeling the late-time behavior of quantum circuits com-
posed of local permutation unitaries [see, e.g., Fig. 1(a)],
and indeed in the End Matter, we show that such a
simplification does not affect the physics to be discussed.
RPD, long studied in the classical literature [46–48], has
recently found applications in the quantum setting. This is
because despite its “classical” action on bit-string states, it

can nevertheless reproduce general aspects of quantum
dynamics like growth of state and operator entanglement
[33,34,49–51], decay of out-of-time order correlators
[35,52], and formation of state designs [53,54] when
evolving from generic initial states.
Our aim is to characterize the limiting form of the PE of a

fixed local subsystemAgenerated froma typicalRPSgiven a
fixed choice of initial state jΨ0i, and measurements of
the complementary region B in various bases. Here B is
interpreted as the “bath,” and assumed much larger than A.
We consider two models: (i) the “tilted-basis model,” with
initial states taken as uniform product states jΨ0i ¼
½cosðθ0=2Þj0i þ eiϕ0 sinðθ0=2Þj1i�⊗N and measurements
also along a uniform local basis but with direction
n̂ ¼ ðsin θm cosϕm; sin θm sinϕm; cos θmÞ. We henceforth
set ϕm ¼ 0 for simplicity; θm thus continuously tunes
the measurement basis from the z- to the x axis. (ii) The
“mixed-basis model,” with initial states jΨ0i ≔
j0i⊗ð1−α0ÞN ⊗ jYþi⊗α0N and jYþi ¼ ð1= ffiffiffi

2
p Þðj0i þ ij1iÞ,

and measurement schemes in which ð1 − αmÞNB
qubits (αmNB qubits) are measured in the z basis
(xbasis). Intensive parametersα0 ∈ f0;…; N − 1g=N; αm ∈
f0;…; NB − 1g=NB tune the amount of superposition (over
jzi) of the initial state and measurement basis, respectively,
which play analogous roles as θ0; θm; thus, the mixed-basis
model can be thought of as a discrete analog of the tilted-
basis model.
Upon measuring, one obtains a bit-string ν∈ f0; 1gNB

with Born probability pðνÞ, together with a postmeasure-
ment pure state jψAðνÞi ¼ ðIA ⊗ hΦνjBÞjΨπi=

ffiffiffiffiffiffiffiffiffi
pðνÞp

on
subsystem A. Each 0(1) bit in ν denotes a measurement
outcome aligned with (against) the particular local meas-
urement basis, while jΦνiB is the product state on B
associated with measurement outcome ν. The PE is defined
as the ensemble of such projected states with probabilities

EPE ≔ fpðνÞ; jψAðνÞig: ð1Þ

Importantly, while the PE completely specifies the reduced
density matrix (RDM) ρA ¼ EψA∼EPE ½jψAihψAj�, it contains
strictly more information, as it describes a distribution over
the Hilbert space HA of A. Deep thermalization is the
emergence of universal ergodic distributions describing the
PE in the thermodynamic limit (NB → ∞, fixing NA)
consistent with generalized maximum entropy principles.
A standard way to quantify the convergence of the PE EPE
to a target distribution E� is to compare the closeness of
their kth moments in the thermodynamic limit, such as

through the trace distance ΔðkÞ
� ≔ 1

2
kρðkÞPE − ρðkÞ� k1, where

ρðkÞð·Þ ≔ EψA∼Eð·Þ ½jψAihψAj⊗k� [12].
Deep thermalization and deep ergodicity breaking in the

tilted-basis model—We begin by analyzing the first
moment of the PE within the tilted-basis model. This is
the RDM ρA, which is independent of the measurement
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FIG. 1. (a) PE formed under random permutation dynamics. A
single global random permutation unitary (dotted box) models the
behavior of a deep quantum circuit made of local random
permutation gates (brickwork circuit). For the tilted-basis model,
input states and measurement basis are uniform product states,
specified by Bloch angles ðθ0;ϕ0Þ and ðθm;ϕmÞ, respectively.
(b) k ¼ 2 trace distances of the PE (forNA ¼ 2) from the classical
bit-string ensemble ECl and Haar ensemble EHaar, generated from
the tilted-basis model with θ0 ¼ ϕ0 ¼ π=4, ϕm ¼ 0, and variable
θm. Different intensities indicate different system sizes N ¼ 16,
18, 20, 22, 24 (lighter to darker). There is a common crossing at
θ�m ≈ 0.193π for both distances across all system sizes, signaling
a singular change of the limiting PE.
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basis direction on B. We can rigorously show that local
RDMs of almost all RPSs in the tilted-basis model are close
to maximally mixed:
Theorem 1—Let jΨπi be an N-qubit RPS in the tilted-

basis model specified by an initial state jΨ0i with
Bloch-sphere angles ðθ0;ϕ0Þ not in fθ0 ¼ 0; θ0 ¼ π;
ðθ0 ¼ ðπ=2Þ;ϕ0 ¼ 0Þg. For any ϵ > 0,

P

�����ρA −
IA
dA

����
1

> ϵ

�
<

ðd−α0 þ d−2β0ÞCþ d−1D
ϵ2

; ð2Þ

where dA ¼ 2NA; d ¼ 2N are the Hilbert-space dimensions
of A and the full system, respectively, 0 < α0, β0 < 1 are
factors determined by ðθ0;ϕ0Þ, and C;D are Oð1Þ in
system-size factors (see Supplemental Material [55] for
details).
The proof [55] involves Weingarten calculus on the

symmetric group [57] and a Markov inequality to bound
fluctuations from the maximally mixed state.
Theorem 1 establishes that locally, the system almost

always exhibits regular thermalization to the featureless
infinite temperature state. We next turn to the higher
moments (k ≥ 2), which can now depend nontrivially on
the choice of measurement basis. As a starting prediction,
we employ the version of the maximum-entropy principle
(MEP) put forth by [16]. It first prescribes that the
exponentially many measurement outcomes ν entering
the PE can be grouped into OðNBÞ equivalence classes
[ν] defined by their Hamming weight (number of one-bits)
[58]; each class yields a density matrix ρ½ν� on average over
RPSs. Then, it posits that the PE for a typical RPS is a
statistical mixture across equivalence classes of the pure-
state unraveling of ρ½ν� with least accessible information
[59] (the maximum amount of classical information
extractable from the quantum-state ensemble); this yields
the so-called “generalized Scrooge ensemble” [14,16]. In
Supplemental Material [55], we present details of the
analyses following the principle. We find that independent
of measurement direction n̂, the generalized Scrooge
ensemble is the Haar ensemble

EHaar ≔ fdψA; jψAig; ð3Þ

with dψA the Haar measure on HA. Thus, according to the
MEP, we should expect that locally, the system is feature-
less not only at the level of the density matrix, but also of
the PE as a whole. Indeed, when measurements are along
the x basis ðθm ¼ π=2Þ, this prediction can be tested
through an explicit computation of the expected PE:
EUπ

½EPE�;¼ EHaar (averaged over RPS for fixed jΨ0i with
θ0;ϕ0 ∉ f0; πg), using Weingarten calculus and combina-
torics of set partitions; see Supplemental Material [55] for
details. While this does not show convergence of EPE to
EHaar for individual RPSs, it is a nontrivial necessary
condition.

However, the MEP is only a guiding principle, and it is
possible that the assumptions underlying its applicability
fail, such that the limiting PE is in actuality not always the
Haar ensemble. Interestingly, we find this is indeed the case
for measurements along the z basis ðθm ¼ 0Þ: a projected
state jψAðνÞi is typically some computational basis state
jzAi with zA ∈ f0; 1gNA :
Theorem 2 (Informal)—Let jψAðνÞi ¼

P
zA czAðνÞjzAi

be the projected state corresponding to some fixed bit-
string outcome ν on RPS jΨπi in the tilted-basis model with
θ0 ∉ f0; π=2; πg and θm ¼ 0 (z-basis measurement). Then
with unit probability over RPSs, only one coefficient czAðνÞ
dominates in the thermodynamic limit.
See [55] for a precise formulation of the Theorem. The

key idea is that the Born weight jczAðνÞj2 depends on the
Hamming weight h of the preimage bit-string π−1ðzA; νÞ:
jczAðνÞj2 ∝ cos2ðN−hÞðθ0=2Þsin2hðθ0=2Þ. For RPSs, these
Hamming weights are asymptotically distributed as inde-
pendently and identically distributed binomial variables in
limit N → ∞. Fluctuations of independent binomials typ-
ically produce an exponentially large separation between
the largest and the next-largest Born weight, so with unit
probability a single coefficient dominates and the post-
measurement state collapses to a single bit-string state
jψAðνÞi → jzAðνÞi. Strictly speaking, Theorem 2 tells us
the average behavior of a projected state over RPSs, but we
expect the same behavior for fixed typical RPSs.
Furthermore, since the statement of Theorem 2 is agnostic
as to which basis state is attained, it strongly suggests a
uniform distribution over the computational basis on A.
This defines the classical bit-string ensemble

ECl ≔ fpðzAÞ ¼ 1=2NA; jzAig; ð4Þ

a discrete ensemble with the least entropy among the
unravelings of ρA ¼ IA=dA, representing a maximal viola-
tion of deep thermalization [14–16,60].
Is this failure of deep thermalization a fine-tuned feature

of computational basis measurements, or does it represent a
robust phase? To probe this, we turn to numerics (see
Supplemental Material [55] for details). We choose initial
Bloch angles ðθ0;ϕ0Þ ¼ ðπ=4; π=4Þ and generate PEs from
RPSs, fixing NA ¼ 2, then compute the second-moment

trace distances Δð2Þ
Cl and Δð2Þ

Haar from the classical bit-string
and Haar ensembles, respectively, varying the measurement
angle θm, see Fig. 1(b). Indeed, convergence to ECl and
EHaar (exponentially fast in system size) is seen for
θm ¼ 0; π, respectively. However, strikingly, we also
observe a critical value θ�m ≈ 0.193π demarcated by cross-
ings of both trace-distance curves over different system
sizes (higher moments show a similar behavior with the
same critical point [55]). Below (above) this value, the PE
appears to converge to ECl (EHaar), strongly indicating that
the absence of deep thermalization survives as a robust
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phase away from the θm ¼ 0 point, separated from a deeply
thermalized phase by a sharp phase transition at θ�m.
Coherence-induced phase transition—What is the

mechanism behind the transition in the PE and the nature
of the accompanying phases? A key observation is that the
apparent limiting ensembles ECl and EHaar are distinguished
by the “amount” of superposition over the computational
basis harbored by their constituent wave functions. This is
captured by the resource-theoretic concept of coherence
[36–38]. As a resource, coherence can be rigorously
quantified by the relative entropy of coherence CrðρÞ ≔
SðρdiagÞ − SðρÞ (with S the von Neumann entropy and ρdiag
the diagonal part of ρ, corresponding to full dephasing),
which is a monotone under “free” incoherent operations
(operations that map diagonal states to themselves). Among
pure states, computational basis states achieve the mini-
mum coherence, CrðjzAiÞ ¼ 0, while Haar random states
are close to maximally coherent, EψA∼HaarðHAÞ½CrðjψAiÞ� ¼PdA

k¼2 1=k [61,62]. Furthermore, RPD and z-basis mea-
surements are incoherent operations while general mea-
surements are not (they can increase coherence). This
suggests that the transition in the PE should be viewed
as one driven by coherence: coherence is injected globally
by the initial state and choice of measurement basis before
being scrambled nonlocally by RPD, which crucially does
not create more superpositions; such coherence may then
either proliferate and be detectable locally in the subsystem
A or not. Further, the picture implies this physics should
generically occur, i.e., be universal, as long as the dynamics
is sufficiently scrambling and coherence preserving:
indeed, the maximal set of such free incoherent unitary
operations is precisely RPD, with the mild extension to
include diagonal phase gates (see [55] for details). It also
further suggests that the appropriate order parameter to
consider is the ensemble-averaged coherence [63]

Cr ≔ EjψAi∼EPE ½CrðjψAiÞ�: ð5Þ
To confirm this physical picture and illustrate it

explicitly, we turn to the mixed-basis model. The key
simplification of this model is that the distributions of
computational-basis amplitudes of the initial state and
measurement basis are all “flat,” allowing us to explicitly
calculate coherence in the projected states through simple
counting of the number of bit strings appearing in its
decomposition (this is unlike the general case where the
shape of the distribution also matters). As we will see, this
yields an analytically predictable phase boundary.
To begin, consider the RPS associated with the mixed-

basis model,

jΨπi ¼ 2−α0N=2
X
z∈ S

ð−1Þf1ðzÞif2ðzÞjzi: ð6Þ

Above, S is the image of the bit strings 0ð1−α0ÞN × f0; 1gα0N
under π; this is a random subset of f0; 1gN of cardinality

jSj ¼ 2α0N . f1ðzÞ, f2ðzÞ are Boolean functions determined
by π, but may be treated as effectively independent
pseudorandom functions. We note Eq. (6) is a generalized
version of so-called random subset-phase states [64],
which have been recently studied in the context of
pseudoentanglement [53,65–67].
Next, we analyze the form of a given projected state.

Assume we obtain the measurement outcome ν ¼ 00 � � � 0.
The associated local postmeasurement state jψAðνÞi is
proportional to

X
z∈ S

ð−1Þf1ðzÞif2ðzÞ
 YNAþð1−αmÞNB

j¼NAþ1

δzj;0

!
jzAðzÞi; ð7Þ

where zAðzÞ ¼ ðz1; � � � ; zNA
Þ is the restriction of the global

bit string z to the subsystem A. The Kroenecker deltas in
Eq. (7) come from imposing compatibility with the z-basis
measurement outcomes on ð1 − αmÞNB qubits; for the
remaining αmNB qubits measured in the x basis, there is
no such constraint. For other measurement outcomes ν, the
projected states have similar forms upon suitably redefining
the “pseudorandom” Boolean functions f1;2ðzÞ and delta
functions.
We now ask about the number lA of nonzero terms that

contribute to the sum in Eq. (7). This can be estimated as
follows: the initial state provides jSj ¼ 2α0N bit strings; this
number gets approximately halved by each Kronecker
delta for a total of ð1 − αmÞNB times, resulting in
lA ∼ 2α0NAþðα0þαm−1ÞNB . Therefore, α0 þ αm ¼ 1 demar-
cates the boundary between two distinct behaviors as
NB → ∞: for α0 þ αm < 1, the expected number of terms
in the sum vanishes. Of course, the Born rule ensures only
nonvanishing states are selected, so in practice lA ∼ 1. As
long as α0N > NA, the PE covers all bit strings zA
uniformly, thus giving the classical bit-string ensemble
ECl. Conversely, for α0 þ αm > 1, lA diverges. Each bit-
string zA acquires many contributions with independent
random coefficients �1;�i. By the central limit theorem,
this sum (upon normalization) converges in distribution to a
complex standard Gaussian random variable, which
describes a Haar random state. This collection of states is
thus the Haar ensemble EHaar. (We note that a complex Haar
random vector arose because of the initial state jYþi which
provides imaginarity [39,40]; if instead itwas real like jX�i ¼
ð1= ffiffiffi

2
p Þðj0i � j1iÞ we would obtain a real Haar random

vector, i.e., EHaar would be the state ensemble invariant
under the real orthogonal group. See [55] for more details.)
To verify these predictions, we numerically evaluate the

ensemble-averaged relative entropy of coherence Cr for the
mixed-basis model with α0 ¼ 0.5 (see [55] for simulations
with other values of α0). Figure 2(a) demonstrates an
unambiguous transition at αm ¼ 0.5, which becomes
sharper with increasing NB; finite-size scaling shown in
Supplemental Material [55] is consistent with a first-order
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transition, which fits well with the analytical derivation
presented above. Further, Fig. 2(b) shows convergences to
the expected limiting ensembles ECl and EHaar flanking the
transition. This thereby provides strong evidence that both
the tilted and mixed-basis models exhibit the same deep
ergodicity-breaking physics, with coherence as the under-
lying driver behind the singular change in their PEs. This
connection can be probed quantitatively: in the End Matter
we explain how one may convert mixed-basis parameters
ðα0; αmÞ to tilted-basis parameters ðθ0; θmÞ of equal coher-
ence (as measured by Cr); thus α0 þ αm ¼ 1 gives a
prediction for the tilted-basis phase boundary. For the data
in Fig. 1(b) this yields θ�0m ≈ 0.181π, reasonably close to the
observed θ�m ≈ 0.193π. However, we do not expect this
connection to be exact, and indeed critical properties in the
two models may be different—seemingly first order (sec-
ond order) for the mixed (tilted) basis model; see [55].
Further study of the critical properties is an interesting
direction for future work.
Lastly, to bolster our argument of universality of coher-

ence-induced deep thermalization phases beyond the micro-
scopic models studied here, we perform in Supplemental
Material [55] an independent analytical calculation of the
ensemble-averaged inverse participation ratio (IPR), a proxy
for coherence, beginning from generic RPSs and under
measurement schemeswith varying IPRs.While based on an
approximation replacing “quench averaging” over measure-
ment outcomeswith “annealed averaging,” it reveals distinct
scalings in the IPR consistent again with the existence of
deeply ergodic and nonergodic phases.
Discussion and outlook—Our work has identified a

novel form of ergodicity-breaking transition in quantum
many-body dynamics, defined not by a failure of
conventional thermalization, but of deep thermalization.
Importantly, this phenomenon is invisible in expectation
values of standard observables, unlike known examples of
ergodicity breaking such as localization [68–74] or many-
body scarring [75–83]. Rather, it is similar to the phe-
nomenon of measurement-induced phase transitions
[10,84–88], where individual quantum trajectories exhibit

transitions not detectable within the average state. From a
quantum information theoretic perspective, our transition
can also be understood as a sharp change in the informa-
tional content of the PE: the accessible information of the
limiting Haar (classical bit-string) ensemble is minimal
(maximal), saturating the subentropy (Holevo) bounds
[59,89,90].
We have further identified the transition as being driven

by coherence, a quantum resource that is preserved by the
dynamics, but is injected through the choice of initial
states and measurement basis and transferred to the local
unmeasured subsystem. This framework readily lends itself
to generalizations based on other information-theoretic
resources, such as imaginarity [39,40], nonstabilizerness
[41–43,91] or non-Gaussianity [44,45]. Do resources
injected by input states and measurements, and scrambled
by “free” dynamics, generally give rise to PE transitions
between a “resourceful” deeply thermalized phase and a
“resourceless” ergodicity-breaking phase? How do such
transitions, which require the constraint of dynamics being
resource-preserving, interplay with conventional symmetry
constraints like energy or charge conservation? Charting
the landscape of resource-induced deep thermalization
transitions, their implications for many-body dynamics,
and possible applications in quantum information science
represent exciting directions for future research.
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End Matter

Appendix A: Local RPD model—In the main text we
analyzed initial states jΨ0i evolved under the application
of a single global random permutation unitary Uπ,
where π ∈ S2N (“global RPDs”). Here, we numerically
confirm that the deep thermalization phase transition
identified in the main text is indeed unaffected upon
considering “local RPDs”—deep circuits made of
random local permutation gates.
Concretely, we consider quantum circuits composed of

local permutation unitaries, each of which acts on a fixed
number of sites r and is stacked in a brickwork pattern up to
some depth t, see, e.g., Fig. 1(a) for r ¼ 3. Technically,
such “r-local” RPDs cannot reproduce exactly the distri-
bution of global permutation unitaries for any r < N even
as t → ∞, since they cannot generate odd permutations
π ∈ S2N . However, for all r ≥ 3, r-local RPDs generate the
whole subgroup of even permutations (the alternating
group) [92], which forms a k design over the global
permutation group for all k ≤ 2N − 2, see [46,93,94].
(The cases r ¼ 1, 2 are special as they only give Pauli
and Clifford gates, respectively.) As the discrepancy
between deep (r ≥ 3)-local RPDs and global RPDs arises
only at exponentially high moments, we expect it to be

unimportant toward the universal deep thermalization
behavior.
To verify this, we numerically simulate three-local RPDs

within the tilted-basis model, choosing initial Bloch angles
ðθ0;ϕ0Þ ¼ ðπ=4; π=4Þ. We construct the PE for a subsys-
tem of size NA ¼ 2 and track its ensemble-averaged
coherence during circuit time evolution. Figure 3(a) shows
that, for both z-basis and x-basis measurements, the
ensemble-averaged coherence converges in time to that
of the corresponding limiting ensembles, with errors
vanishing in the thermodynamic limit. In Fig. 3(b) we plot
the saturation value of the coherence, taken to be values in
times t∈ ½2N; 4N�, versus θm, which reproduces very well
the same deep thermalization phase transition behavior
seen for global RPD in Fig. 1(b).

Appendix B: Estimation of critical point of the tilted-
basis model from the mixed-basis model—Here, we
estimate the critical point of the tilted-basis model by
using our analytical result for the mixed-basis model,
α0 þ αm ¼ 1, and matching the amount of coherence in
the initial states and in the measurement bases of the
two models.

PHYSICAL REVIEW LETTERS 136, 100404 (2026)

100404-7

https://arXiv.org/abs/2312.09206
https://arXiv.org/abs/2312.15285
https://doi.org/10.1016/j.aop.2005.11.014
https://doi.org/10.1016/j.aop.2005.11.014
https://doi.org/10.1103/PhysRevLett.95.206603
https://doi.org/10.1103/PhysRevLett.95.206603
https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/10.1016/j.crhy.2018.03.003
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/PhysRevB.75.155111
https://doi.org/10.1103/PhysRevB.75.155111
https://doi.org/10.1103/PhysRevB.77.064426
https://doi.org/10.1103/PhysRevB.77.064426
https://doi.org/10.1038/nature24622
https://doi.org/10.1103/PhysRevB.98.235156
https://doi.org/10.1103/PhysRevB.98.235156
https://doi.org/10.1038/s41567-018-0137-5
https://doi.org/10.1103/PhysRevLett.122.220603
https://doi.org/10.1103/PhysRevLett.122.040603
https://doi.org/10.1103/PhysRevLett.122.040603
https://doi.org/10.1103/PhysRevLett.122.173401
https://doi.org/10.1103/PhysRevLett.122.173401
https://doi.org/10.1038/s41467-021-24726-0
https://doi.org/10.1038/s41467-021-24726-0
https://doi.org/10.1103/PhysRevResearch.5.023010
https://arXiv.org/abs/2505.05435
https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1103/PhysRevB.101.104301
https://www.mathnet.ru/eng/ppi903
https://www.mathnet.ru/eng/ppi903
https://www.mathnet.ru/eng/ppi903
https://arXiv.org/abs/2510.13950
https://doi.org/10.1109/TCAD.2003.811448
https://doi.org/10.1109/TCAD.2003.811448
https://doi.org/10.1109/TCAD.2003.811448
https://arXiv.org/abs/2406.07478


We convert between model parameters by using the
relative entropy of coherenceCr. For any pure state jΨi, the
latter reduces to the Shannon entropy SðfpzgÞ ≔
−
P

z pz lnpz of its population over the computational
basis,

CrðΨÞ ¼ SðfpzgÞ; ðB1Þ

with pz ¼ jhzjΨij2. Below we denote the initial state by
jΨ0i and the measurement-basis state by jΨmi.

In the tilted-basis model the bit-string distribution is a
sum of independent binomials, so

CrðΨ0Þ ¼ NH2½cos2ðθ0=2Þ�;
CrðΨmÞ ¼ NBH2½cos2ðθm=2Þ�; ðB2Þ

with H2 the binary Shannon entropy
−p lnðpÞ − ð1 − pÞ lnð1 − pÞ, while for the mixed-basis
model

CrðΨ0Þ ¼ α0N ln 2; CrðΨmÞ ¼ αmNB ln 2: ðB3Þ

Equating the coherences of the input and measurement
states between the two models yields α0; αm given θ0; θm;
applying then the threshold condition α0 þ αm ¼ 1 gives

H2½cos2ðθ0=2Þ� þH2½cos2ðθm=2Þ� ¼ ln 2: ðB4Þ

For the parameters used in the main text,
ðθ0;ϕ0Þ ¼ ðπ=4; π=4Þ, solving for θm yields a prediction
θ�0m ≈ 0.181π, which is close to the numerically extracted
transition of θ�m ≈ 0.193π. A discrepancy is to be expected
as the mixed-basis model can be thought of as a simpli-
fication of the tilted-basis amplitude distribution (effec-
tively truncating amplitudes to 0 or 1). Nevertheless, the
fact that these two values match well quantitatively is
indication of the common physics underlying the two
models.
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FIG. 3. (a) Time evolution under three-local RPDs of the
ensemble-averaged coherence in the tilted-basis model, for z-
(x-) basis measurements, shown in the top (bottom) panel. In both
cases, the coherence saturates to that of the classical bit-string
ensemble and Haar ensemble, respectively. (b) Saturation value as
a function of the measurement angle θm. The critical angle θ�m ≈
0.193π of the tilted-basis model from Fig. 1(b) is shown as a
vertical dashed line.
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