PHYSICAL REVIEW LETTERS 137, 151601 (2026)

Symmetric Mass Generation as a Multicritical Point with Enhanced Symmetry
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We explore the phase diagram of a lattice fermion model that exhibits three distinct phases: a massless
fermion phase, a massive fermion phase with spontaneous symmetry breaking induced by a fermion
bilinear condensate, and a massive fermion phase with symmetric mass generation. Using the fermion-bag
Monte Carlo method on large cubical lattices, we find evidence for traditional second-order critical points
separating the first two and the latter two phases. Remarkably, these critical points appear to merge at a
multicritical point with enhanced symmetry when the symmetry breaking parameter is tuned to zero, giving
rise to the recently discovered direct second-order transition between the massless and symmetric massive

fermion phases.
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In continuum quantum field theories, relativistic fer-
mions typically acquire masses through explicit fermion
bilinear terms in the Lagrangian. When such terms are
forbidden by symmetries, fermion masses may still be
generated dynamically through the spontaneous breaking
of those symmetries [1]. Beginning in the late 1980s,
however, it was discovered that massive fermionic phases
can emerge in certain lattice models with strictly massless
fermions (MFs) and without any spontaneous symmetry
breaking (SSB), provided the interactions are sufficiently
strong [2-4]. These symmetric massive fermion phases
were long regarded as lattice artifacts of little relevance to
continuum quantum field theory since the resulting fermion
masses typically reside at the lattice cut-off scale.

This perspective has evolved significantly in recent
years. Evidence for continuous transitions between the
massless fermion phase and the symmetric massive fermion
phase has now been found in both purely fermionic theories
[5-10] and in models that include gauge interactions
[11-13]. At the same time, new insights into anomaly
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cancellation mechanisms that permit symmetric massive
fermion phases have emerged [14-16].

Taken together, these developments suggest the presence
of a new fixed point of the renormalization-group (RG) flow
diagram, enabling a nontraditional mass-generation mecha-
nism—now commonly referred to as the symmetric mass
generation (SMG)—in continuum quantum field theory,
whereby fermions acquire masses without spontaneous
symmetry breaking [17]. A perturbative study of the RG
flows near this new SMG-fixed point using an e-expansion
technique has recently been proposed [18]. The SMG
mechanism has also renewed interest in compositeness-
based approaches to formulating chiral gauge theories on
the lattice [19-25].

When a lattice model exhibits both a MF and a SMG
phase, the existence of an intermediate phase—where fer-
mions acquire masses through the conventional mechanism
of SSB accompanied by a fermion bilinear condensate—
cannot be excluded in two or more spatial dimensions. From
this perspective, a direct second-order transition between the
MF and SMG phases would ordinarily require fine-tuning of
at least two independent parameters, as originally argued in
Ref. [26]. It is therefore surprising that, in a simple Euclidean
lattice model with two flavors of massless staggered fer-
mions, tuning a single local four-fermion coupling U,
appeared to produce such a direct transition [6,7].

The action of the model that was studied is given by

Sl = Z%(ﬁ,ul - ﬁjui +C_l,dj —ledi) - U,Z(l?iu,»(_iid,-),
(ij) i

(1)
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where i and j label sites of a three-dimensional cubic lattice
and (ij) denotes nearest-neighbor pairs. The staggered
fermion fields #;, u;, d;, and d; are Grassmann-valued,
while the phase factors 7;; implement a z-flux through
every plaquette of the lattice. We impose antiperiodic
boundary conditions in all three directions. In the con-
tinuum limit, these staggered fermions describe four
massless flavors of four-component Dirac fermions [27].

An important feature of the model in Eq. (1) is its SU(4)
internal symmetry:

u; u; U U
ﬁi Ijli u; u;
-V , vl ] @
d; d; d; d;
d; d; d; d;

where V is a 4 x 4 matrix in SU(4). Throughout this Letter
we assign each lattice site a parity, with i denoting an even
site and j denoting an odd site. As we show below, this
enlarged SU(4) symmetry plays a crucial role in eliminat-
ing the need to fine-tune two independent couplings in
order to reach the direct second-order transition.

To expose the role of the SU(4) symmetry, we extend
Eq. (1) by introducing an additional interaction Up that
explicitly breaks it. The resulting action is

SZ = S] - UBZ(’Z[MI' il}uj + aidi C_ijdj) (3)
(ij)

For Uz #0, the SU@4) symmetry is reduced to
SU(2) x SU(2) x U,(1). One SU(2) factor acts on the

(u, t) doublet according to

(w)=aa) (o)-aly) @

u; u; u j u j

where G, is a 2 x2 matrix in SU(2). An independent
matrix G, € SU(2) acts analogously on the (d, d) doublet.
The chiral symmetry U, (1) acts in the same way, with
G, = e%and G, = e, As before, i and j denote even and
odd lattice sites, respectively.

Using an extension of the fermion bag algorithm [28],
we map out the phase diagram of Eq. (3) in the (U;, Up)
plane. We find all three expected phases: the MF phase at
small U; and Ug, the SMG phase at large U; and small Ug,
and an intermediate SSB phase separating them, as shown
in Fig. 1. The SSB phase is characterized by spontaneous
breaking of the U, (1) symmetry.

The resulting phase diagram shows that the direct
second-order transition at Up =0, reported in earlier
studies, is a consequence of the enlarged SU(4) symmetry.
Specifically, the point at Up = 0 is naturally interpreted as
a multicritical point at which the critical line separating the
MF and SSB phases meets the critical line separating the
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FIG. 1. Phase diagram of the two-flavor massless staggered
fermion model in three space-time dimensions with two four-
fermion couplings, as defined in Eq. (3). The generic internal
symmetry SU(2) x SU(2) x U, (1) is enhanced to SU(4) along
the Up = 0 axis. The critical point on this axis, which appears as
a direct second-order transition between the MF and SMG
phases, is in fact a multicritical point where the Gross-Neveu
and 3D-XY critical lines merge. In the SSB phase the U, (1)
symmetry is broken spontaneously.

SSB and SMG phases. The former transition is consistent
with the three-dimensional Gross-Neveu U(1) universality
class with Ny =4 flavors of four-component Dirac fer-
mions, while the latter belongs to the three-dimensional
bosonic XY universality class.

The calculations reported here are performed on some of
the largest lattices studied for this class of models. For the
Gross-Neveu transition we simulate cubic lattices with a
linear size up to L = 56, while for the bosonic XY
transition—which is particularly challenging to access in
a microscopic fermionic model—we reach L = 32. Details
of the extended fermion bag Monte Carlo algorithm,
together with the numerical results and finite-size scaling
analyses, are presented in the companion paper [29].

One of the observables that we compute using our
Monte Carlo method to study the phase structure is the
susceptibility involving the u and d fields,

1 -
Xud :ﬁz<ui”idjd'>’ (5)

ij

where (-) denotes the path-integral expectation value
using the action in Eq. (3). By replacing the d fields with
u fields in Eq. (5), or vice versa, we obtain two additional
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FIG. 2. Plots of the critical finite-size scaling function defined in Eq. (6) at the Gross-Neveu transition (left panel) and the 3D-XY
transition (right panel) for Uz = 0.1. The solid lines represent polynomial fits: a fourth-order polynomial for the Gross-Neveu case and a
linear fit for the 3D-XY case. For the Gross-Neveu transition, the critical coupling and critical exponents are treated as fit parameters,
whereas for the 3D-XY transition the critical exponents are fixed to their known values. The Monte Carlo data, shown with error bars,
were obtained for various lattice sizes L and a range of couplings U; in the vicinity of the respective critical points.

susceptibilities, y,, and y,.. It is easy to verify that
Xuw = Xaq- We also find that y,, and y,, are approximately
equal on large lattices except for small U;. Further details
regarding the behavior of these susceptibilities are provided
in Ref. [29].

Most of our detailed calculations related to the two
transitions were performed at U = 0.1 for various values
of U, near the Gross-Neveu critical point UN and the 3D-
XY critical point UXY, as indicated in Fig. 1. We discuss
our results for the two transitions in detail below. Near both
transitions we fit the susceptibility data to the critical
scaling form

x/L*7" = fl(U; = U)LY, (6)

where y denotes either y,, or y,,, with each having its own
universal scaling function f(x), where x = (U; — U§)L'/*.

At the Gross-Neveu transition we set US = U$N and
determine this value together with the corresponding
exponents # and v by performing a combined fit of both
Xuaq and y,,, data to the scaling form Eq. (6), using a fourth-
order polynomial expansion,

F(x) = fo+ f1x + fox? + f33° + fax*, (7)

for each susceptibility. Our results for y,, and the corre-
sponding fit are shown in the left panel of Fig. 2. Statistical
errors in the Monte Carlo data have been computed using
the jackknife method and cross-checked using bootstrap
as well as autocorrelation corrected errors for consistency.

We obtain USN = 0.610(1), v = 1.06(2), and n = 1.00(3).
The polynomial coefficients entering the universal function
in Eq. (7) for y,, and y,, are listed in Table I.

The critical exponents that we obtain agree within errors
with the four-loop e-expansion results [30]. However, this
comparison should be treated with caution, since the
embedding of the symmetries of three-dimensional
Euclidean staggered fermions into those of the continuum
theory is nontrivial (see, for example, Refs. [31,32]). It is
also worth noting that these values lie close to the large-N,
mean-field predictions v = 1 and n = 1 [33]. This Gross-
Neveu transition is additionally relevant in the context of
twisted bilayer graphene; recent Monte Carlo studies on
much smaller lattices report similar exponent values [34].
Other recent theoretical studies also find consistent num-
bers with small variations. Table I of Ref. [35] lists the latest
results from several studies.

The presence of the SMG phase at large values of U,
implies a second phase transition, at which the spontaneous

TABLE 1. First five polynomial coefficients of the universal
critical function in Eq. (7) for both y,, and y,,. The critical
coupling and exponents were included as fit parameters and
found to be USN = 0.610(1), v = 1.06(2), and = 1.00(3). The
data and corresponding fit are shown in the left panel of Fig. 2.

Jo /i f2 E Ja
Yu  0.18(Q2)  0.112)  0.06(1)  0.04(1)  0.014(4)
Yw  0.19(1)  0.11(1)  0.06(1)  0.04(1)  0.0154)
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TABLE II.  First two coefficients of the polynomial expansion
of the universal critical function in Eq. (8) for both y,,; and y,,,.
The exponents v = 0.6715 and n = 0.0380 were fixed to their
known 3D values, but the critical coupling U¥Y = 1.2972(1) was
obtained in the fit. The data and corresponding fit are shown in
the right panel of Fig. 2.

fo S
K 0.1280(2) —0.0258(1)
P 0.1287(2) —0.0257(1)

breaking of the U(1), symmetry in the SSB phase is lost
while the fermions remain massive and therefore decouple
from the critical dynamics. This transition is thus expected
to belong to the 3D-XY universality class. Denoting the
corresponding critical coupling by U = UXY, we deter-
mine its value by performing a combined fit of the y,, and
X data to Eq. (6). In this case, a linear approximation to
the universal scaling function,

f(x) = fo+ fix. (8)

was found to be sufficient. Including higher-order poly-
nomial terms does not improve the fit quality within
statistical uncertainties. In the fit, we fix the critical
exponents to their known 3D-XY values, v = 0.6715
and # = 0.0380 [36]. Our results for y,,, together with
the corresponding fit, are shown in the right panel of Fig. 2,
and the fitted parameter values are listed in Table II.

To establish that the phase diagram of Eq. (3) is indeed
given by Fig. 1, we computed the susceptibilities for
various values of Uy and U; at L =12, L =16, and
L =20. The resulting heat maps are shown in Fig. 3.
Darker colors correspond to smaller susceptibility values,
while lighter colors indicate larger values, with the color
scale displayed alongside each plot. These results are
consistent with the phase structure summarized in Fig. 1.

FIG. 3.
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Based on the results presented here, we find strong
support for the interpretation that the 3D Gross-Neveu and
3D-XY critical lines studied in this Letter merge at a
multicritical point, identified as the SMG critical point
discovered in earlier studies [6,7]. This scenario implies the
existence of at least four distinct fixed points in the RG flow
of the associated Gross-Neveu-Yukawa theories with four
flavors of four-component massless Dirac fermions, one of
which is the SMG fixed point. Our conjectured RG flows
are illustrated in Fig. 4 and closely resemble those proposed
long ago in [26]. The enhanced SU(4) symmetry at the
SMG fixed point plays a crucial role, as it allows the
multicritical point to be accessed by tuning a single
coupling rather than two, thereby facilitating its identifi-
cation in earlier lattice studies in three space-time dimen-
sions [6,7].

Recent perturbative analyses of RG flows near the SMG
fixed point have focused on SU(4)-invariant theories [18].
It should, however, be straightforward to extend these
studies by including symmetry-breaking terms that reduce
the symmetry to SU(2) x SU(2) x U,(1) and allow for
spontaneous breaking of the U, (1) symmetry. Such an
extension would enable a direct test of the RG-flow
structure proposed in Fig. 4.

It would be interesting to investigate whether the
multicriticality identified in our Letter also emerges in
the Hamiltonian formulation of the SMG transition
studied in [10] and in four space-time dimensions. In
the latter case, since Eq. (3) can also be extended to four
space-time dimensions, the intermediate SSB phase is
known to persist even at Ug = 0 [9]. There are prelimi-
nary indications that an SMG fixed point may also exist in
four space-time dimensions when the model is extended
to include Yukawa interactions and two parameters
are fine-tuned [37]. Clarifying this issue and testing the
persistence of any enhanced multicritical structure beyond
three dimensions remains an important direction for

future work.
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Evidence for the phase diagram shown in Fig. 1. Shown are heat maps of the susceptibility y,, at three lattice sizes, illustrating

the structure of the phase diagram. Enhanced susceptibilities indicative of an SSB phase are visible for Uy values as small as Ug = 0.01

at U; = 1.0 (see Ref. [29]).
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FIG. 4. Conjectured RG flows for the three-dimensional fer-
mionic Gross-Neveu-Yukawa models near the SMG fixed point.
Our results indicate four fixed points: the Gaussian fixed point
(massless fermions, massive bosons); a Gross-Neveu fixed point
(interacting massless fermions and bosons, one relevant direc-
tion); an XY fixed point (interacting massless bosons, one
relevant direction); and the new SMG fixed point, which has
two relevant directions but reduces to one when an additional
symmetry is imposed.
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