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Nonequilibrium equations of state can provide an effective thermodynamiclike description of far-from-
equilibrium systems. We experimentally construct such an equation for a direct energy cascade in a
turbulent two-dimensional Bose gas. Our homogeneous gas is continuously driven on a large length scale
and, with matching dissipation on a small length scale, exhibits a nonthermal but stationary power-law
momentum distribution. Our equation of state links the cascade amplitude with the underlying scale-
invariant energy flux, and can, for different drive strengths, gas densities, and interaction strengths, be
recast into a universal power-law form using scalings consistent with the Gross-Pitaevskii model.
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The framework of thermodynamics provides an effective
description of many-particle systems at or near equilibrium,
encapsulating complex microscopic behavior with a small
number of macroscopic state variables that are related by a
system-dependent equation of state (EOS) [1–5]. There is a
lot of interest, and also progress, in transposing these ideas
to far-from-equilibrium systems that may not attain even
local thermodynamic equilibrium, including active matter
[6–8], glasses [9], plasmas [10], and turbulence [11–17].
Driven turbulent cascades exhibit stationary far-from-

equilibrium states, which are natural candidates for a
thermodynamiclike characterization. They feature scale-
invariant transport of conserved quantities, such as energy
[18–20] or enstrophy [21], between an injection scale, kI
(where k is a wave number), and a dissipation scale, kD. In
the inertial range, between kI and kD, spectra of system-
dependent quantities such as energy or wave action
generically exhibit power laws with universal exponents
[19–25] that are insensitive to microscopic details of the
system. The state of the system (in this k range) is then
specified by the amplitude of the (statistically averaged)
power-law spectrum. However, it is in general an open
question as to what this spectrum amplitude depends on.
Famously, for a Kolmogorov direct energy cascade (from

large to small length scales, i.e., with kI < kD) in incom-
pressible fluids [19,20], one can predict the amplitude of
the energy spectrum (up to the Kolmogorov constant [26])
using dimensional analysis; this analysis dictates that the

spectrum amplitude depends only on the underlying energy
flux, and gives the amplitude-flux relation. However,
dimensional analysis is insufficient for a compressible
fluid (with finite chemical potential), such as a weakly
interacting Bose gas. Nevertheless, for a direct energy
cascade in a 3D Bose gas, it was experimentally established
that the amplitude of the power-law momentum distribution
(wave-action spectrum) can be uniquely related to the
underlying energy flux in a way that does not depend on the
details of the energy injection or dissipation or the system’s
history [16]. The emergence of such a reduced macroscopic
description makes the amplitude-flux relation analogous to
an equilibrium EOS [16,27–29], but with intrinsically
nonequilibrium state variables; see Fig. 1. Understanding
and predicting the form of such amplitude-flux relations is
an area of active theoretical research [27–32].
In this Letter, we experimentally establish a nonequili-

brium EOS for a direct energy cascade in a homogeneous
two-dimensional (2D) Bose gas [33], which in a turbulent

FIG. 1. The equation of state (EOS) for an equilibrium system
(left), and an analogous description for a flux-carrying turbulent
system in a steady state, with matching injection and dissipation
rate ϵ (right). For an equilibrium system, coupled to a reservoir,
state variables such as pressure, p, are functions of the reservoir
temperature T. For a flux-carrying turbulent system, the ampli-
tude, n0, of the emergent power-law spectrum is a function of the
underlying flux ϵ.
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steady state exhibits a power-law momentum distribution
nk with a universal exponent γ and an amplitude n0. Using
scalings consistent with the Gross-Pitaevskii model, we
show that our measurements for different drive strengths,
gas densities, and strengths of the interparticle interactions
can be recast into a dimensionless power-law EOS that
universally links n0 to the cascade energy flux ϵ. Our
measured ϵ satisfies the zeroth law of turbulence [34–36]
and, by quenching the drive strength, we verify that the
steady-state n0 satisfies the same EOS independently of the
system’s history.
We start with a quasipure homogeneous 2D condensate of

39Katoms in the jF ¼ 1; mF ¼ −1i hyperfine state, confined
to the x-y plane by a harmonic trap with frequency
ωz ¼ 2π × 1.2 kHz, andwithin the plane by a square optical
box trap of side length L ¼ 30 μm and depth UD ¼ kB ×
175 nK [37]. For a 2D gas, the interaction strength is given
by the dimensionless g̃ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8πmωz=ℏ
p

[38,39], wherem is
the atom mass and a is the s-wave scattering length, which
we tune using a Feshbach resonance at 33.6 G [40].
For our variable atom number, N ¼ ð20–36Þ × 103, corre-
sponding to density n ¼ N=L2 ¼ ð22–40Þ μm−2, and
g̃ ¼ ð0.02–0.08Þ, the characteristic interaction energy per
particle is ζ ¼ ℏ2g̃n=m ¼ kB × ð6.6–42Þ nK.
We continuously inject energy into the gas by resonantly

driving a lowest-energy phonon mode, with wave number
kL¼π=L≈0.1μm−1 and angular frequency ωB¼

ffiffiffiffiffiffiffiffiffi

ζ=m
p

kL,
using a spatially uniform time-periodic force along one of the
box axes [33,37,41]; for our differentmeasurements, wevary
the force amplitude F0 in the range ð0.7–12Þζ=L. This
injection is anisotropic, but the steady-state momentum
distribution nk shows an emergent statistical isotropy for
k≳ kξ, where kξ ¼

ffiffiffiffiffi

g̃n
p ¼ ð0.7–1.8Þ μm−1 is the inverse

healing length [33]. From a theoretical point of view
[27,28,32], kξ is the effective injection scale, kI, for a
statistically isotropic cascade, and the condensate acts as a
particle reservoir [42]. The continuous energy dissipation
occurs in the form of a small particle-loss rate due to atoms
escaping the trap at kD ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2mUD
p

=ℏ [36,43]; for our full
trap depth, kD ≈ 5.3 μm−1, but note that for some measure-
ments we also reduce kD.
In Fig. 2(a), for one set of system parameters, we show

the azimuthally averaged nk for a steady-state turbulent
cloud (see also Refs. [33,44]); we measure nk using matter-
wave focusing [45,46], average over experimental repeti-
tions, and normalize it such that

R

nk2πk dk ¼ 1. For
kξ ≲ k≲ kD, we observe a power law nk ∝ n0k−γ, with γ ¼
2.6 (dashed line). In the theory of weak-wave turbulence,
the Kolmogorov-Zakharov analytical solution for a direct
energy cascade in a Bose gas predicts (for k≳ kξ) a power
law nk with γ ¼ d, where d is the system dimensionality
[22,25]. However, this solution is not valid for d ¼ 2

because nk ∝ k−2 coincides with the equilibrium
(Rayleigh-Jeans) distribution and carries no flux. In various
theories [22,47–49], this results in logarithmic corrections
that make nk steeper than k−2. These corrections are scale-
dependent, but over a finite experimental k range the
spectrum is fitted well by a power law with an exponent
larger than 2 (see also Refs. [16,32]).
In Fig. 2(b), we show our measurement of the corre-

sponding energy flux ϵ, deduced from the scale-invariant
particle flux Π [36], which is directly seen in the rate at
which atoms leave the trap at kD [36,44]; normalizing per
particle, Π ¼ −Ṅ=N. We measure Π for various kD (by
reducing the trap depth) and, in agreement with the zeroth
law of turbulence [34,35], observe Π ∝ 1=k2D (solid line),

FIG. 2. Turbulent steady state and the underlying energy flux. (a) An example of a steady-state momentum distribution nkðkÞ for our
turbulent 2D gas, held in a square box trap of side length L ¼ 30 μm and driven on a large length scale (∼L) by a time-periodic force.
Between the inverse healing length kξ and the dissipation scale kD, set by our trap depth, nk exhibits a power-law spectrum, ∝ n0k−γ ,
with γ ¼ 2.6 (dashed line). Here, the gas has density n ¼ 25 μm−2 and dimensionless interaction strength g̃ ¼ 0.04, and the force
amplitude is F0 ¼ 1.6ζ=L, where ζ ¼ ℏ2g̃n=m. (b) The corresponding energy flux ϵ. The steady-state particle flux Π is measured
through atom loss for various kD. In agreement with the zeroth law of turbulence, we observeΠ ∝ 1=k2D (solid line), and thus deduce the
kD-independent ϵ ¼ Πℏ2k2D=ð2mÞ (inset). Note that nk, Π, and ϵ are normalized per particle, and the spectrum in (a) was measured with
the largest kD value in (b).
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which corresponds to a kD-independent ϵ ¼ Πℏ2k2D=ð2mÞ
(see inset).
In Fig. 3, we summarize our measurements for various g̃,

n, and ϵ, and construct a universal EOS. Note that here we
always measure nk for our largest kD and that, for fixed g̃
and n, we vary ϵ using F0 as the experimental control
parameter. The emergent ϵ is monotonic in F0, but their
relationship is in general complicated, and to construct the
universal EOS, one needs to relate n0 to the measured ϵ
rather than the externally imposed F0 [16].
In Fig. 3(a) we show that we always observe γ consistent

with 2.7(1) (see also Ref. [33]), without any systematic
dependence on g̃, n, or ϵ. From here on, we define a
dimensionless n0 ¼ k2−γξ hkγnki [16] with fixed γ ¼ 2.7 and
always take the average hkγnki for k in the range
ð2–4Þ μm−1.
In Fig. 3(b), we show all our measurements of n0ðϵÞ for

different g̃ and n, and in Fig. 3(c) we show that they all
collapse onto a single universal curvewhenwe plot n0 versus
the dimensionless energy flux ℏϵ=ζ2, using a normalization
of ϵ that is natural within the Gross-Pitaevskii model [16].
This universal EOS is captured well by a power-law fit, n0 ∝
ðℏϵ=ζ2Þb (solid line), with b ¼ 0.47ð5Þ.
Finally, for n0 and ϵ to be analogous to equilibrium state

variables, their relationship should be independent of the
history of the system. To verify this, we performed an
experiment where we prepared a steady turbulent state and
then changed F0 (from 2ζ=L to 6ζ=L), confirming that the
steady-state n0 before and after this change satisfy the same
EOS; these two measurements are included in Fig. 3, and
are highlighted in the inset of Fig. 3(c).
Theoretically, the problem of the functional form of the

EOS in 2D is still quite open. Some of the theories with

flux-carrying nk predict b ¼ 1=3 [22,49], based on four-
wave interactions (often assumed to dominate for k≳ kξ)
[22]. Others predict b ¼ 1=2 [47,48] (see also Ref. [28]),
which is physically associated with a significance of
(effective) three-wave interactions in a Bose gas. The latter
prediction agrees with our experiments, but this could be
fortuitous. For example, beyond weak-wave turbulence
effects, such as vortex excitations, could also play a role, as
seen in numerical studies of 3D Bose gases [27,50].
Our results provide benchmarks for theories of quantum-

gas turbulence [22,24,25,27–32] and contribute to establish-
ing a general framework of nonequilibrium thermodynamics
[6–10,16]. In the future, it would be interesting to extend
studies of far-from-equilibrium EOS to inverse cascades
[29,51], and to systems with fermionic statistics or long-
range interactions. Going beyond the statistically averaged
nk, which is directly related to the first-order correlation
function, it would be interesting to explore higher-order
correlations in the steady state, e.g., using off-resonant light
scattering [52] as a probe of second-order correlations.

Acknowledgments—This work was supported by ERC
[UniFlat], EPSRC [Grant No. EP/Y01510X/1], and STFC
[Grants No. ST/T006056/1 and No. ST/Y004469/1]. Z. H.
acknowledges support from the Royal Society Wolfson
Fellowship.

Data availability—The data that support the findings of
this article are openly available [53].

[1] P. M. Chaikin and T. C. Lubensky, Principles of Condensed
Matter Physics (Cambridge University Press, Cambridge,
England, 1995).

FIG. 3. The universal EOS. Here, we generalize our measurements of the steady-state nk to various g̃, n, and ϵ. (a) The cascade
exponent γ. Our data show no systematic variation and are consistent with γ ¼ 2.7ð1Þ (dotted line and shading). (b) The cascade
amplitude n0 (extracted with fixed γ ¼ 2.7) plotted versus ϵ. (c) Plotting n0 versus the dimensionless energy flux ℏϵ=ζ2 collapses all our
data onto a universal EOS. The solid line shows a power-law fit, with exponent b ¼ 0.47ð5Þ. Inset: we highlight the two data points
corresponding to the steady states established before and after a change in the driving-force amplitude (see text), with the other points
from the main panel shown in gray.

PHYSICAL REVIEW LETTERS 137, 203401 (2026)

203401-3



[2] S. Borsányi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg,
and K. K. Szabó, Full result for the QCD equation of state
with 2þ 1 flavors, Phys. Lett. B 730, 99 (2014).

[3] J. M. Lattimer and M. Prakash, The equation of state of hot,
dense matter and neutron stars, Phys. Rep. 621, 127 (2016).

[4] L. Pitaevskii and S. Stringari, Bose–Einstein Condensation
and Superfluidity (Oxford University Press, Oxford, 2016).

[5] J. A. Gaffney et al., A review of equation-of-state models for
inertial confinement fusion materials, High Energy Density
Phys. 28, 7 (2018).

[6] F. Ginot, I. Theurkauff, D. Levis, C. Ybert, L. Bocquet, L.
Berthier, and C. Cottin-Bizonne, Nonequilibrium equation
of state in suspensions of active colloids, Phys. Rev. X 5,
011004 (2015).

[7] S. C. Takatori and J. F. Brady, Towards a thermodynamics of
active matter, Phys. Rev. E 91, 032117 (2015).

[8] A. P. Solon, J. Stenhammar, R. Wittkowski, M. Kardar, Y.
Kafri, M. E. Cates, and J. Tailleur, Pressure and phase
equilibria in interacting active Brownian spheres, Phys. Rev.
Lett. 114, 198301 (2015).

[9] L. F. Cugliandolo, J. Kurchan, and L. Peliti, Energy flow,
partial equilibration, and effective temperatures in systems
with slow dynamics, Phys. Rev. E 55, 3898 (1997).

[10] P. A. Cassak, M. H. Barbhuiya, H. Liang, and M. R. Argall,
Quantifying energy conversion in higher-order phase space
density moments in plasmas, Phys. Rev. Lett. 130, 085201
(2023).

[11] S. F. Edwards and W. D. McComb, Statistical mechanics far
from equilibrium, J. Phys. A 2, 157 (1969).

[12] J. Cardy, G. Falkovich, and K. Gawedzki, Non-Equilibrium
Statistical Mechanics and Turbulence, edited by S.
Nazarenko and O. V. Zaboronski (Cambridge University
Press, Cambridge, England, 2008).

[13] D. P. Ruelle, Hydrodynamic turbulence as a problem in
nonequilibrium statistical mechanics, Proc. Natl. Acad. Sci.
U.S.A. 109, 20344 (2012).

[14] A. Picozzi, J. Garnier, T. Hansson, P. Suret, S. Randoux, G.
Millot, and D. Christodoulides, Optical wave turbulence:
Towards a unified nonequilibrium thermodynamic formu-
lation of statistical nonlinear optics, Phys. Rep. 542, 1
(2014).

[15] J.-B. Gorce and E. Falcon, Statistical equilibrium of large
scales in three-dimensional hydrodynamic turbulence, Phys.
Rev. Lett. 129, 054501 (2022).

[16] L. H. Dogra, G. Martirosyan, T. A. Hilker, J. A. P. Glidden,
J. Etrych, A. Cao, C. Eigen, R. P. Smith, and Z. Hadzibabic,
Universal equation of state for wave turbulence in a
quantum gas, Nature (London) 620, 521 (2023).

[17] M. Vernet and E. Falcon, Thermodynamics and statistical
equilibrium of large-scale hydroelastic wave turbulence,
Phys. Rev. Lett. 135, 024004 (2025).

[18] L. F. Richardson,Weather Prediction by Numerical Process
(Cambridge University Press, Cambridge, England, 1922).

[19] A. N. Kolmogorov, The local structure of turbulence in
incompressible viscous fluid for very large Reynolds num-
bers, Dokl. Akad. Nauk SSSR 30, 299 (1941).

[20] A. Obukhov, On the distribution of energy in the spectrum
of turbulent flow, Dokl. Akad. Nauk SSSR 32, 22 (1941).

[21] R. H. Kraichnan, Inertial ranges in two-dimensional turbu-
lence, Phys. Fluids 10, 1417 (1967).

[22] S. Nazarenko, Wave Turbulence (Springer, Berlin, 2011).
[23] A. A. Schekochihin, MHD turbulence: A biased review, J.

Plasma Phys. 88, 155880501 (2022).
[24] C. F. Barenghi, L. Skrbek, and K. R. Sreenivasan, Quantum

Turbulence (Cambridge University Press, Cambridge,
England, 2023).

[25] V. E. Zakharov, V. S. L’vov, and G. Falkovich, Kolmogorov-
Zakharov Spectra of Turbulence, 2nd ed. (Springer,
Switzerland, 2025).

[26] K. R. Sreenivasan, On the universality of the Kolmogorov
constant, Phys. Fluids 7, 2778 (1995).

[27] G. Martirosyan, K. Fujimoto, and N. Navon, Equation of
state for turbulence in the Gross–Pitaevskii model, Phys.
Rev. Lett. 136, 153401 (2026).

[28] Y. Zhu, G. Krstulovic, and S. Nazarenko, Turbulence and
far-from-equilibrium equation of state of Bogoliubov waves
in Bose–Einstein condensates, Comm. Phys. (2026).

[29] Y. Zhu, G. Krstulovic, and S. Nazarenko, Strong and weak
wave turbulence regimes in Bose–Einstein condensates,
Rep. Prog. Phys. 89, 030501 (2026).

[30] S. Dyachenko, A. C. Newell, A. Pushkarev, and V. E.
Zakharov, Optical turbulence: Weak turbulence, conden-
sates and collapsing filaments in the nonlinear Schrödinger
equation, Physica D (Amsterdam) 57, 96 (1992).

[31] K. Yoshida and T. Arimitsu, Inertial-range structure of
Gross–Pitaevskii turbulence within a spectral closure
approximation, J. Phys. A 46, 335501 (2013).

[32] Y. Zhu, B. Semisalov, G. Krstulovic, and S. Nazarenko,
Direct and inverse cascades in turbulent Bose–Einstein
condensates, Phys. Rev. Lett. 130, 133001 (2023).

[33] M. Gałka, P. Christodoulou, M. Gazo, A. Karailiev,
N. Dogra, J. Schmitt, and Z. Hadzibabic, Emergence of
isotropy and dynamic scaling in 2D wave turbulence in a
homogeneous Bose gas, Phys. Rev. Lett. 129, 190402
(2022).

[34] U. Frisch, Turbulence: The Legacy of A. N. Kolmogorov
(Cambridge University Press, Cambridge, England, 1995).

[35] J. C. Vassilicos, Dissipation in turbulent flows, Annu. Rev.
Fluid Mech. 47, 95 (2015).

[36] N. Navon, C. Eigen, J. Zhang, R. Lopes, A. L. Gaunt, K.
Fujimoto, M. Tsubota, R. P. Smith, and Z. Hadzibabic,
Synthetic dissipation and cascade fluxes in a turbulent
quantum gas, Science 366, 382 (2019).

[37] P. Christodoulou, M. Gałka, N. Dogra, R. Lopes, J.
Schmitt, and Z. Hadzibabic, Observation of first and second
sound in a BKT superfluid, Nature (London) 594, 191
(2021).

[38] D. S. Petrov, M. Holzmann, and G. V. Shlyapnikov, Bose–
Einstein condensation in quasi-2D trapped gases, Phys. Rev.
Lett. 84, 2551 (2000).

[39] Z. Hadzibabic and J. Dalibard, Two-dimensional Bose
fluids: An atomic physics perspective, Riv. Nuovo Cimento
34, 389 (2011).

[40] R. Chapurin, X. Xie, M. J. Van de Graaff, J. S. Popowski,
J. P. D’Incao, P. S. Julienne, J. Ye, and E. A. Cornell,
Precision test of the limits to universality in few-body
physics, Phys. Rev. Lett. 123, 233402 (2019).

[41] N. Navon, A. L. Gaunt, R. P. Smith, and Z. Hadzibabic,
Emergence of a turbulent cascade in a quantum gas, Nature
(London) 539, 72 (2016).

PHYSICAL REVIEW LETTERS 137, 203401 (2026)

203401-4

https://doi.org/10.1016/j.physletb.2014.01.007
https://doi.org/10.1016/j.physrep.2015.12.005
https://doi.org/10.1016/j.hedp.2018.08.001
https://doi.org/10.1016/j.hedp.2018.08.001
https://doi.org/10.1103/PhysRevX.5.011004
https://doi.org/10.1103/PhysRevX.5.011004
https://doi.org/10.1103/PhysRevE.91.032117
https://doi.org/10.1103/PhysRevLett.114.198301
https://doi.org/10.1103/PhysRevLett.114.198301
https://doi.org/10.1103/PhysRevE.55.3898
https://doi.org/10.1103/PhysRevLett.130.085201
https://doi.org/10.1103/PhysRevLett.130.085201
https://doi.org/10.1088/0305-4470/2/2/003
https://doi.org/10.1073/pnas.1218747109
https://doi.org/10.1073/pnas.1218747109
https://doi.org/10.1016/j.physrep.2014.03.002
https://doi.org/10.1016/j.physrep.2014.03.002
https://doi.org/10.1103/PhysRevLett.129.054501
https://doi.org/10.1103/PhysRevLett.129.054501
https://doi.org/10.1038/s41586-023-06240-z
https://doi.org/10.1103/dmrl-gxhw
https://doi.org/10.1063/1.1762301
https://doi.org/10.1017/S0022377822000721
https://doi.org/10.1017/S0022377822000721
https://doi.org/10.1063/1.868656
https://doi.org/10.1103/1ppc-pl4k
https://doi.org/10.1103/1ppc-pl4k
https://doi.org/10.1038/s42005-026-02740-2
https://doi.org/10.1088/1361-6633/ae4e58
https://doi.org/10.1016/0167-2789(92)90090-A
https://doi.org/10.1088/1751-8113/46/33/335501
https://doi.org/10.1103/PhysRevLett.130.133001
https://doi.org/10.1103/PhysRevLett.129.190402
https://doi.org/10.1103/PhysRevLett.129.190402
https://doi.org/10.1146/annurev-fluid-010814-014637
https://doi.org/10.1146/annurev-fluid-010814-014637
https://doi.org/10.1126/science.aau6103
https://doi.org/10.1038/s41586-021-03537-9
https://doi.org/10.1038/s41586-021-03537-9
https://doi.org/10.1103/PhysRevLett.84.2551
https://doi.org/10.1103/PhysRevLett.84.2551
https://doi.org/10.1393/ncr/i2011-10066-3
https://doi.org/10.1393/ncr/i2011-10066-3
https://doi.org/10.1103/PhysRevLett.123.233402
https://doi.org/10.1038/nature20114
https://doi.org/10.1038/nature20114


[42] Note that for all our data the number of atoms at k < kξ is
still at least 50% of its initial value.

[43] The particle number in our system is slowly decreasing in
time, and we always report the instantaneous values of n, n0,
and ϵ. For all our main data (taken with the largest kD), the
system is always in a quasistatic turbulent state that is well
characterized by these instantaneous values because the
time, tD, that it takes for the cascade to propagate to kD (as
seen in the delay of the onset of losses after we start driving
the system) is at least 4 times shorter than the characteristic
time scale of the particle loss [44].

[44] See End Matter for additional details on Fig. 2, including the
cascade-induced loss dynamics, measurements of the
steady-state nk at different times, and individual experi-
mental repetitions.

[45] S. Tung, G. Lamporesi, D. Lobser, L. Xia, and E. A. Cornell,
Observation of the presuperfluid regime in a two-dimensional
Bose gas, Phys. Rev. Lett. 105, 230408 (2010).

[46] M. Gazo, A. Karailiev, T. Satoor, C. Eigen, M. Gałka, and Z.
Hadzibabic, Universal coarsening in a homogeneous two-
dimensional Bose gas, Science 389, 802 (2025).

[47] V. M. Malkin, Kolmogorov and nonstationary spectra of
optical turbulence, Phys. Rev. Lett. 76, 4524 (1996).

[48] G. Falkovich and N. Vladimirova, Cascades in nonlocal
turbulence, Phys. Rev. E 91, 041201(R) (2015).

[49] J. Skipp, V. L’vov, and S. Nazarenko, Wave turbulence in
self-gravitating Bose gases and nonlocal nonlinear optics,
Phys. Rev. A 102, 043318 (2020).

[50] T. Z. Fischer and A. S. Bradley, Regimes of steady-state
turbulence in a quantum fluid, Phys. Rev. A 111, 023308
(2025).

[51] A. Karailiev, M. Gazo, M. Gałka, C. Eigen, T. Satoor, and Z.
Hadzibabic, Observation of an inverse turbulent-wave
cascade in a driven quantum gas, Phys. Rev. Lett. 133,
243402 (2024).

[52] K. Konstantinou, Y. Zhang, P. H. C. Wong, F. Wang, Y.-K.
Lu, N. Dogra, C. Eigen, T. Satoor, W. Ketterle, and Z.
Hadzibabic, Suppression and enhancement of bosonic
stimulation by atomic interactions, Nat. Phys. 22, 362
(2026).

[53] Y. Jiang, N. Maslov, A. Karailiev, C. Eigen, M. Gazo, and Z.
Hadzibabic, Research data supporting “Nonequilibrium
Equation of State for a Turbulent 2D Bose Gas” (2026),
10.17863/CAM.134553.

End Matter

Here, we provide additional experimental details for
the data presented in Fig. 2.
In Fig. 4(a), we plot the evolution of the cascade-induced

atom lossΔN as a function of the drive time t, which we use
to extract the particle fluxΠ ¼ −Ṅ=N. We fit the data with a
piecewise function (solid line), which is 0 for t < tD and an
exponential for t > tD, with tD and Π as the fit parameters.

Here, we obtain tD ≈ 270 ms andΠ−1 ≈ 1500 ms ≫ tD.We
always measure nk just after tD, when the total loss is small.
As shown in Fig. 4(b), nk is essentially the same at
t ¼ 330 and 450 ms [vertical dotted lines in Fig. 4(a)],
and in Fig. 2(a) we report the average of these two
measurements. In Fig. 4(c) we illustrate, for t ¼ 450 ms,
how nk varies between experimental repetitions.

FIG. 4. Additional panels for Fig. 2. (a) Atom-loss dynamicsΔNðtÞ associated with the turbulent cascade shown in Fig. 2(a); the initial
atom number is 2.6ð2Þ × 104. The solid line shows our piecewise fit (see text), which gives tD ≈ 270 ms and Π−1 ≈ 1500 ms (for
t > tD). The dashed line shows the tangent to the fit at tD, and the vertical dotted lines indicate t ¼ 330 and 450 ms. (b) Statistically
averaged nk at t ¼ 330 and 450 ms. (c) Individual realizations of nk for t ¼ 450 ms. The dashed lines in (b) and (c) are identical to the
one shown in Fig. 2(a).
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