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We revisit the Caldeira-Leggett model of quantum Brownian motion with Ohmic spectral density, and
derive an additional contribution to the decoherence kernel in a new high-temperature limit at arbitrarily
large cutoff frequency. This contribution reveals a novel mechanism for the classicalization of high-
frequency quantum fluctuations. We further demonstrate that it leads to a Markovian master equation that is
in guaranteed Lindblad form, and argue that this master equation describes the correct Markovian limit of
quantum Brownian motion. Our approach considers in detail the behavior of the decoherence kernel at both
the initial and final times of the process on the timescale of the bath memory.
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Introduction—The time evolution of a quantum system
interacting with an Ohmic bath of harmonic oscillators is
one of the most widely studied models of open quantum
systems theory [1]. It is applicable in numerous physical
situations where the damping becomes frictionlike in the
semiclassical limit [2], such as for photon and phonon baths
[3], as well as superconducting qubits coupled to resistive
elements in quantum circuits [4]. Caldeira and Leggett
famously used this model to investigate the classical limit
of quantum Brownian motion [5] and macroscopic tunnel-
ing [6,7]. It also played a central role in later investigations
of the spin-boson problem [8] and decoherence [9-11], as
well as recently being used to study gravitational noise
effects in the arm lengths of the Laser Interferometer
Gravitational Wave Observatory interferometer arising
from interactions with a quantized bath of gravitons [12].

Under a path integral treatment [13], the influence of the
bath splits into dissipation, where the memory is limited by
the spectral cutoff € of the interactions, and decoherence,
which is also limited by the inverse thermal time kzT'/#. For
phenomenological models and interactions with phonon
baths, Q is a real physical parameter while for interactions
with photons it is a regularizer that can eventually be taken to
infinity in renormalization [14,15]. In either case, dissipation
is memoryless. In the Caldeira-Leggett (CL) master equation
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[5] this dissipation accounts for a renormalization of the
system Hamiltonian and two Lindblad terms, both of which
are formed of ordered pairs of position and momentum
operators (X, P) and (P, X).

Decoherence is different, in that it has memory. Provided
that the thermal time 7/kgT is much longer than Q™! the
cutoff Q plays a negligible role, and can be directly taken to
infinity. As described in the pioneering paper by Feynman
and Vernon [16], decoherence is indistinguishable from
averaging over a classical Gaussian field £ with the same
force-force correlations as the memory kernel of the bath.
The combined effects of dissipation and decoherence as
outlined above are the ingredients of the stochastic
Liouville simulations method of Stockburger and Mak
[17] (see also Refs. [18,19]). The decoherence memory
kernel k, is therefore of great importance both in funda-
mental understanding of the influence of harmonic baths,
and in practical simulation tools applied to quantum
technologies. Similarly, its role in characterizing thermal
fluctuations is particularly relevant to semiclassical descrip-
tions of quantum Brownian motion at high temperatures.

In the standard high-temperature limit [5], the kernel k,
has no memory and produces Lindblad terms derived from
ordered pairings of the position operator X with itself, i.e.,
(X, X). The classical random force & is then delta-correlated
in time. In this Letter, we show that if correctly carried out,
there is an additional (P, P) term in the master equation that
serves to both (i) damp high-frequency quantum fluctua-
tions, and (ii) maintain the positivity of the reduced system
density operator for parameters consistent with the Born-
Markov approximations, similar to what has been identified
in previous works [1,20-26]. However, our derivation
considers a new high-temperature limit that applies to an
arbitrarily large (ultraviolet) cutoff Q at fixed 7', and in fact
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leads to a master equation that is completely independent of
Q. Our result is therefore valid over a broader temperature
range than for analogous master equations derived in
[1,20,21], and offers new insights into the study of quantum
Brownian motion at medium to low temperatures in the
Markovian limit.

Feynman-Vernon theory—We focus on the CL model [5]
describing a quantum particle of mass M, momentum P,
and position X, moving in a potential V(X). The particle
interacts with a thermal bath of harmonic oscillators at
(inverse) temperature T (# = 1/kgT). As such, the total
Hamiltonian reads

A=Hg+Hy+H +He. (1)

where Hg = P?/2M + V(X) and Hyz =, (p7/2m; +
Imiw}%?) are the system and bath Hamiltonians, respec-
tively. The interaction part is taken to have a conventional
bilinear form A, = —X ® 3, ¢, with ¢, denoting the
system-bath coupling strength. The final part represents an
additional counterterm H- = X*> 3", (c?/2mw;)  that
ensures the translational invariance of the Hamiltonian (1).

After integrating out the bath degrees of freedom, the
time evolution of the reduced system density operator
(X7lps(1)|X;) is captured by the propagator J(i.1;)
connecting the initial X; and final X, positions of the
particle at times #; and 7;. The propagator is expressed as a
double path integral over the forward path X from X; to X,
and backward path X’ from X/ to X/f 21,

Tlty.t) = [ DXDXELMENSNDFX X, (@)

Here, Sg[X] = [}/ dffi MX?> - V(X)] is the free particle
action along the path X(r), and F[X,X'| is the
Feynman-Vernon (FV) influence functional. Since the bath
obeys Gaussian statistics, the influence functional
can be written in the exponential form F[X,X'| =
e~ MSXXI=(1/M)$,XX']  The quantities S,[X,X’] and
S;[X, X'], which couple forward and backward paths, define
the real (decoherence) and imaginary (dissipation) parts of
the FV action. In terms of the quasiclassical path X(¢) =
X(t) + X'(¢) and fluctuation path AX(r) = X(t) — X'(¢)
[2], they are written as

S, [AX] = / " ar / "dsk, (1 — s)AX(1)AX(s), (3)

S.[X, AX] = / " i / dski(t — $)AX(DX(s)
y / T aAX ()X (1), (4)

i

with u = Y, ¢1/(2mw?) the bath reorganization energy
(u ~ Q). The kernels k, and k; denote the real and
imaginary parts of the bath correlation function k(z) =
So(e2/2myy)[coth(hwy/2kgT) cos (w,t) — i sin (wy7)].
The real part—the FV kernel [16]—governs the decay of
quantum fluctuations along the off-diagonal paths AX (7).
In the FV influence functional, it plays the role of a force-
force correlation function for a Gaussian stochastic force
with memory time 75 [see Eq. (16) below]. For a bath with
Ohmic spectral density J(w) = 2nwf(Q — ), where
J(@) = (7/2) > (2 /mpw)8(w — wy), the FV  kernel
reads

2n [@ h
k. (r) = ;’7/0 dw @ coth <2k[:T> COS WT. (5)

It is well known that the white-noise limit of k, is realized at
high temperature [5]. In particular, let 7z = f/kgT. By
approximating coth (Afiw/2) ~2/hfw in the limit 73 — 0,
one obtains the singular kernel k' (z) = (4n/7p)5(7),
provided that the particle evolves on timescales much
longer than Q'

Feynman-Vernon kernel and decoherence action—We
proceed to now derive a new high-temperature limit for
which the FV kernel provides a nonsingular contribution to
the decoherence action. As we will show, this leads to an
additional diffusion-type term in the CL master equation
that serves to damp high-frequency quantum fluctuations.
Our approach throughout this Letter is to treat the FV
kernel as a tempered distribution, k, € S'(R) [27], where
the corresponding test functions belong to S(R) and are
a priori assumed to exhibit negligible variation on time-
scales shorter than Q™! For this purpose, it is convenient to
employ the following representation of the FV kernel [28]:

k, () :2—;7 —%cschz(ﬂr/@)—l—QzO(@)]. (6)

From this expression it is clear that k, exhibits two regimes
of behavior.

(i) Vacuum regime Q~! <« 7 < 75: Using the asymptotic
expansion csch’x = (1/x?) =1+ O(x?), Eq. (6) may be
approximated as

[\

1l (7)

k(7)) " ——
A7) m——-

implying that the short-time behavior of k.(z) is
dominated by the vacuum contribution k}*(7) =
(2n/x) J$ dw @ cos wr. In particular,

b -2 Sro( o) @
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FIG. 1. Schematic depicting the full domain of integration and
subdomains R; = R, U R, and Ry of Eq. (10). Since the kernel
is essentially zero outside the red-shaded area where 7 > 75, the
r-integration limits of the blue-shaded area may be extended to
+co assuming |¢; — #;| > 7. The green-shaded areas indicate the
support of the end contributions where the integration limits
cannot be taken to infinity. A more detailed figure illustrating the
boundaries of all three subdomains is provided in Ref. [28].

(i) Exponential regime 7> 75> Q7!: Using that
csch’x ~ e for x > 1, we get
2n 1
k,(7) 7 — == e 2/, 9
D)= e o)

These relations indicate the kernel (5) to converge in the
scaling limit Q — oo for 7 > 0 and to vanish beyond times
|z| Z 75 determined by the inverse bath temperature.

With the goal of evaluating the decoherence functional
(3), we first choose to rewrite the double integral in terms of
the new variables 7 =1(r+s) and 7 =1 —s,

S, [AX] = / didek, (1) AX (14+7/2)AX (I—7/2).  (10)

The integration region R in the (7, 7) plane is depicted in
Fig. 1. It comprises three subregions R, (left), R; (right),
and Ry, where the first two subregions represent the end
term contributions to the decoherence action. To simplify
the analysis, we choose here to evaluate S,[AX] without the
end terms, which can be shown to play a negligible role at
high temperature. A more detailed analysis that explicitly
treats these end contributions is provided in Sec. III of the
Supplemental Material [28]. Henceforth, the decoherence
action shall be approximated by

&m~”1/'f/ dsFae,(s)u(s), (1)

TTp

where x;(s) =AX(f+1ps/2)AX(1—1ps/2), and F(s) =
J& dsx coth(x/2) cos sx.

By repeatedly integrating Eq. (11) by parts, which is
permissible since F, is tempered, we are able to separate
the inner integral above into two sets of terms: those
depending on the leading contribution to the FV kernel
given in Eq. (6), and boundary terms depending on the
higher order contributions. In particular, the latter are
shown to vanish in the scaling limit Q — oo (see Sec. II
of Supplemental Material [28]). By then retaining only
the leading terms, and defining the memory kernel

K" (1) = (n2/7%)esch?(nt/75), the decoherence action
can be expressed as the sum of the following two functionals:

S, [AX] = SV [AX] + S [AX]

2 t 0 m
= / " ar [HAXz(t) n / dek™ (2) (AX2 (1)
T Jt B 0

— AX(1 +7/2)AX (1 - T/z))] . (12)

The first functional 5" [AX]isequivalent to the standard high-
temperature result obtained for the decoherence action using

the memoryless kernel kgo). More interestingly, the second

functional S [AX] depending on k\" is valid beyond the
white-noise limit, and therefore represents a contribution to the
decoherence action accounting for short-time memory effects.
This is exemplified by the fact that S\ [AX] vanishes when
7g — 0, which is directly seen from expanding the path
differences inside the inner brackets to lowest order in 7.
Hence, by including higher order terms within the expansion
of the fluctuations paths, we are able to systematically derive
corrections to the white-noise action S\ [AX].

New high-temperature limit—We proceed to expand
x,(s) to next leading order in zzs (or 7),

x(s) = x4 ()2l 4+ (13)

with xSO) = AX?, such that Eq. (12) becomes

S, [AX] = SV AX] + SVAX] + -, (14)

where

2

sifax) =" [ " diAX (1) <_ %) AX(2)

+ (boundary terms). (15)

Note that here we have used [§° dr/rBrzk( (z) = n/6.
Equation (15) is the first result of this Letter and provides
the leading high-temperature correction to the white-noise
action. We may elucidate its role within the functional (10)
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by rewriting exp(—S,[AX]/h) as the average over an
auxiliary Gaussian field &(r), where E[E(7)] =0 and
E[E(2)E(s)] = KT (t — 5). For this, let us introduce the
differential operator K(t) = (1/6)[—(0%/0*) + A*] with
A =2v/3/15 and 6 = /3 /yzg, such that up to the leading
order correction of Eq. (14) we have exp(—S,.[AX]/h) =
exp [—(1/2h) f,if dtAX(t)K[AX](z)]. This exponential can
then be recast using a Hubbard-Stratonovich transforma-
tion as [17,29,30]

exp (_Sr[AX]/h)
= (trivial) / DEPE] exp (—% /[ v dtf(t)AX(t)), (16)

where P[¢] = N~'exp [=(1/2h) [ dt&(r)K~'[€](1)] is a
Gaussian probability functional. The trivial prefactor in
this expression stems from the boundary terms of Eq. (15).
Additionally, K~'[¢] = [/ dsG(t — 5)&(s), where G(t — s)
is the (symmetric) Green’s function of the operator K(7).

Since this kernel must be positive definite and satisfy
(1/6%)[=(0?/0?) + 22]G(t — s) = &(t — ), it is straight-
forward to deduce that kST(r—s) = K(t—s5)5(t—ys).
Notably, this force-force correlation function is equivalent
to the FV kernel expanded to its next leading term
in the high-temperature limit, i.e., k,.(7) ~ (4n/75)5(7)—
(nrp/3)8" (). This implies the correction term stV [AX] to
be valid at the same level of approximation made by Di6si
[20,21], where an analogous correction was derived by
treating the FV kernel to O(#f3). The correction there was
shown to lead to an additional diffusion term in the CL
master equation rendering it in Lindblad form [20,21]. In
parallel, we demonstrate that our result also gives rise to a
Lindblad form master equation but with Dekker coeffi-
cients [31,32] that are independent of the cutoff Q.

Derivation of the Lindblad master equation from the
Feynman-Vernon kernel—For a Liouvillian £ that gener-
ates a completely positive and uniformly continuous
dynamical semigroup, its most general representation is
in Lindblad form [33,34],

aps(1)

or Lps(1)

i. AUV B
- [Hgr, ps) + Zaij <LiPSL; - E{pS’L;Li}>»
i.j
(17)

where L; are Lindblad operators, and H . is a Hamiltonian
[35]. The positivity of the solution obtained from this
equation is guaranteed given the matrix a is necessarily
positive semidefinite, a>=0. In [1,5], the CL master equation
derived under the Born-Markov approximations has the
same form as Eq. (17) with Lindblad operators L, =X,
1:2 = f’, and Kossakowski matrix

4 2
ag = ( yM.kBT/h ly/h>, y=n/M. (18)
iy/h 0

whose spectrum always possesses a negative eigenvalue
(detay < 0). The reason for this discrepancy is a missing
(P, P) term that emerges from the next leading contribution
in the high-temperature expansion of the FV kernel
[1,20,21,23-25]. In our case, rewriting the FV influence
functional in superoperator representation [36] gives the
Liouvillian

. P AT T oo
Lps = —%[Hs,ps] - l%[X, {P.ps}H = Dpp(X, [X, ps])

— Dyx(P.[P. ps]) —2Dxp(X. [P. ps)). (19)
where

Dyxx = 46MJI;BT’ Dpp = —2yﬂszT» Dxp=0, (20
are phenomenological Dekker coefficients [31,32]. We
remark that (19) holds for any form of potential V(X)
contained in A s, which solely influences the particle’s free
evolution and not the diffusion timescales (20) [37]. By
setting ﬁl =X, ﬁz =P, itis straightforward to show that
the Kossakowski matrix obtained from the Liouvillian (19)
satisfies the positivity constraint through deta =
4DyxDpp — (y*/h*) > 0. As such, the position diffusion
coefficient Dyy is sufficiently large to always render the
master equation in Lindblad form. We further remark that
since the additional (P,P) term damps high-frequency
quantum fluctuations, at sufficiently high frequency the
quantum system interacting with the bath behaves classi-
cally—a new open quantum system avenue to classicaliza-
tion [38].

Table I summarizes the key differences between the
Markovian master equation derived in this Letter [Eqgs. (19)
and (20)] and those derived in Refs. [1,5,20,21].

Connection to exact master equations—Finally, we note
that Eq. (17) with L, = X, L, = P, and H 4 = P?/2M +
I M@} X? has an inherently different structure to the exact
Hu-Paz-Zhang (HPZ) master equation [40] describing
non-Markovian quantum Brownian motion (see also
Refs. [41-47] for similar exact results). This is due to the
(P, P) term that has no direct counterpart in the HPZ master
equation. In Refs. [47,48], it was argued that this discrepancy
stems from dissipation being an inherently non-Markovian
feature of the CL model, and that dissipation in the
Markovian limit can only be accounted for by introducing
a momentum-mediated coupling to the bath [22,23,25,49].
In particular, a phenomenological approach including both a
position and momentum coupling to an external noise was
shown to unravel the time-local master equation [47],
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TABLE 1

Comparison between different Markovian master equations derived in the high-temperature limit with corresponding

diffusion coefficients [39]. In [20,21], the CL master equation is rederived in Lindblad form for certain parameter limits. Note also that
the cross diffusion term Dpy derived in [1] [Eq. (3.409) therein] is treated as negligible compared to D pp when the system evolution is

slow compared to Q'

Master equation Parameters Lindblad form Dyxx Dpp Dyp
This Letter hy < kgT < hQ Yes (y/6MkpT) (2yMkgT/h?) 0

Diési [20,21] hy < hQ < kT Yes (y/6MkyT) (2yMkyT /1) (Qy/6mkyT)
Breuer-Petruccione [1] hy < hQ < kgT Yes (y/8MkgT) (2yMkgT/h?) —(yksT/R*Q)
Caldeira-Leggett [5] hy < hQ < kgT No 0 (2yMkgT/h?) 0

A

Lips=—i[He(1).ps) +T(1)(X.[X.ps]) +O(1) (X, [P.ps))
+E(1) X ps] + Y (0)[X.A{P.ps}]

where a (P, P) term does appear. Since Eq. (21) reduces to
(19) in the white-noise limit, it was concluded that a P
coupling is required to correctly describe quantum Brownian
motion in the Markovian regime.

Alternatively, we argue that Markovian quantum
Brownian motion is best described within the new high-
temperature limit introduced in this Letter. This is based on
the fact that for the other master equations listed in Table I,
taking the Markovian limit Q — oo, also require 7 — oo,
which amounts to retaining only the leading contribution to
the FV kernel, i.e., k, ~ (7). This type of kernel leads to an
unphysical description where the complete positivity of the
dynamics is lost. In our approach, however, the next-
leading contribution to k, can be retained while also
enforcing a truly memoryless bath Q — oo, suggesting
that this provides the correct implementation of the
Markovian limit. Ultimately, Eq. (19) with a harmonic
potential V(X) = 1 Mw2X? cannot be recovered as a limit-
ing case of the HPZ master equation [1], thereby distin-
guishing our result from [40,44,45].

It is also worth noting that Eq. (19) admits an unraveling
into the stochastic Schrodinger equation [45]

. l [ 7 1 [if
b= (~ s L) -3 Sl Yo @2
i LJ

with  ¢;(r) zero-mean Gaussian white noise, and
Elgi(1)¢}(s)] = a;;0(t — 5). E[¢:(1);(s)] = 0. This equa-
tion contains a momentum-noise coupling term P(z) akin
to that phenomenologically introduced in [47] As such, the
inclusion of the next-leading term of the FV kernel
~&"(7) is sufficient to introduce the effective P coupling
required to maintain complete positivity in line with
Refs. [22-26,49].

Conclusions—In this Letter, we have derived a new high-
temperature limit of the CL model describing a quantum
particle interacting with an Ohmic bath of harmonic

oscillators. The reduced system dynamics in this limit
has shown to be captured by a Markovian master equation
in Lindblad form, in contrast to the CL master equation
used in the conventional white-noise treatment of quantum
Brownian motion [5], among other similar works [20-26].
Furthermore, the master equation (19) applies to any form
of potential V(X), and does not require an additional
momentum coupling to the bath to describe completely
positive quantum Brownian motion. Since our result also
applies to baths with an ultraviolet cutoff Q, it is likely to be
applicable outside the temperature regime stipulated in
Refs. [1,5,20] (cf. Table I), provided that the temperature is
still large enough for the Born-Markov approximation
hy < kgT to be satisfied. A more formal comparison
between these master equations could be explored for a
harmonic oscillator system by benchmarking their predic-
tions against the exact HPZ master equation [40].
Furthermore, our result may be systematically extended
to lower temperature regimes by including higher order
terms within the expansion of the fluctuation paths (13),
which is a task left to future work.

Data availability—There are no publicly available
research data or software supporting this manuscript.
Requests for further information or data should be sent
to the authors.
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