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Limited resources motivate decomposing large-scale problems into smaller, “local” subsystems and
stitching together the so-found solutions. We explore the physics underlying this approach and discuss the
concept of “local hardness,” i.e., the complexity of predicting local properties of the solution from local
information, for the ground-state problem of both P- and NP-hard spin glasses and related frustrated spin
systems. Depending on the model considered, we observe varying scaling behaviors in how errors
associated with local predictions decay as a function of the size of the solved subsystem. These errors are
intimately connected to global critical threshold instabilities, characterized by gapless, avalanchelike
excitations that follow scale-invariant size distributions. Away from criticality, local solvers quickly achieve
high accuracy, aligning closely with the results of the computationally much more expensive global
minimization. We leverage these findings to introduce a heuristic contraction-based algorithm for globally
studying spin-glass ground states. The local solvers further display sharp imprints of the phase transition
from the spin-glass to the ferromagnetic phase as the distribution of spin-glass couplings is shifted, as well
as characteristic differences for the infinite-range model, implying the existence of specific classes of local
hardness. Our findings shed light on how nature may operate solely through local actions at her disposal.
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A prevalent, “divide-and-conquer” type, approach to
analyzing large-scale problems involves segmenting them
into smaller “local” components which are then solved,
followed by assembling the obtained local optimal sol-
utions in a manner akin to a jigsaw puzzle, thereby yielding
meaningful results for the original large-scale problem.
This modus operandi is natural when constrained by
limited time and computational resources. It is especially
common when one assumes—as often happens in problems
with an underlying geometric structure (e.g., images of
physical systems [1] or proteins [2])—that these local
solutions provide correct and useful information about
the larger system. Such local few-body solvers may
accurately capture key features of general many-body
systems governed by local Hamiltonians, a result known
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in certain contexts as nearsightedness [3-7]. Here, we
explore physical aspects of this approach for predicting local
as well as global aspects of ground states (GSs) of both short-
and long-range classical spin-glass systems, a known diffi-
cult problem [8,9] using simple local algorithms.

Similar to other complex systems [10-14], the challenge
posed by spin glasses results from the combination of
disorder and frustration leading to a complex free-energy
landscape [15]. According to recent results, these systems
generically have very low-lying excited states that are
radically different from each other and from the GSs
[16-18]. This phenomenon of system-spanning lowest-
energy excitations implies that optimal (i.e., GS) subsystem
solutions might not necessarily match the optimal full
system solution. The occurrence of such excitations is
independent of the classification of the corresponding GS
problem in the P or NP classes [19]. Indeed, spin glasses
with GSs of polynomial (P) complexity may also exhibit
system-spanning lowest-energy droplets [18]. This is the
case for GSs of two-dimensional (2D) Ising spin glasses on
planar graphs, which can be found in polynomial time [20].

Here, we investigate the extent to which local (i.e.,
subsystem) spin-glass solvers approximate global spin-glass

Published by the American Physical Society
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FIG. 1. Computational setup for determining the relative spin

orientation o; ¢, across the central bond (shown in red). The

correct value of 6, c;, is that within the GS of the entire system
(comprised of black, light blue, and red bonds). The LSBS
computes o, o; within the GS of the local subsystem (light blue

L]

and red bonds).

GSs. Understanding such features will help uncover the
principles that underlie the effectiveness of local solvers.
Our numerical analysis (based on exact GS algorithms)
concentrates on Ising spin glasses with Hamiltonian

H=-) Tjo0;. o =%l (1)
(i)

with couplings J;; drawn from a Gaussian distribution of
mean J and unit variance. Unless stated otherwise, we set
J = 0. Here, the N spins are placed on 2D or 3D lattices with
open boundaries and nearest-neighbor interactions [Edwards-
Anderson (EA) model [21]] or form a Sherrington-
Kirkpatrick (SK) model [22] featuring all-to-all interactions
(in which case we rescale J;; by 1/ V/N to guarantee a
meaningful thermodynamic limit).

Previous related studies attempted to combine multiple
local solvers to address global optimization problems [23],
fuse local GSs for the construction of global spin-glass
instances with planted solutions [24], and develop local
spin-glass solvers using gauge-transformation-based deep
reinforcement learning [25,26]. Here, we take on a different
perspective and directly investigate the extent to which one
can predict (parts of) the global GSs based on optimization
of local subsystems. As a minimal realization of this task
we study pairs of neighboring spins (bonds) of the model
and introduce a “local single-bond solver” (LSBS) that
examines neighboring spins within a local subsystem. We
first focus on the GS products o, 0, for bonds (iyjo)
which, in the simplest case, are located at the center of the
system, cf. Fig. 1.

We are interested to see whether the value of this spin
product in the global GS matches that obtained by the
LSBS for a subsystem centered on this single bond. Recent
studies [27] examined correlations between adjacent spins
at the system center after resampling its ‘“shell.” By
contrast, here we examine whether this product, as deter-
mined by (i) GS computations for small subsystems
containing this bond and using open boundaries, agrees
with that in (ii) the global system GS. In this way, the LSBS
solves a maximally local problem and hence is a diagnostic
tool, leading to our definition of “local hardness.” As we
shall show below, however, these local solutions can be
meaningfully stitched together to form candidate solutions
for the full problems by a contraction-based scheme. We
will find that system-spanning, correlated changes to spin-
glass GSs appear only at special critical interaction
strengths [18]. When the spin-glass couplings are far
removed from their critical threshold values, at which
global avalanchelike changes occur, the GSs are robust
to small variations of the coupling constants. This robust-
ness enables the LSBS to become accurate whenever
coupling constants are far from their critical values. We
find that for large lattice systems, the LSBS error rate
becomes independent of the global system size and exhibits
a power-law decay with subsystem size. Several other
distance-dependent quantities also exhibit power-law
behaviors (see Ref. [28], S10). By contrast, the dependence
of the LSBS error rate on the deviations of the coupling
from its critical value is of an exponential form.

To systematically study the relation of local and global
solutions in spin systems, we rely on exact (combinatorial)
GS algorithms, using a minimum-weight perfect matching
(MWPM) method [36] based on Blossom V [37] for the
polynomial 2D problem and the general-purpose Gurobi
software [38] for 3D systems and the SK model.
Figure 1 schematically depicts the setup: we computed
GSs for the entire (N-spin) systems as well as for
subsystems with N, lattice sites centered on the consid-
ered bond (i, j) (corresponding to the LSBS), comparing
the predicted values of the product o, ¢; (open boundary
conditions are applied in both cases). If the results agree,
the bond product is predicted correctly (with zero error).
For L x L square lattices of sizes L = 256, 512, 1024, we
examined Lg,, X Ly, subsystems with 4 < Ly, <512,
using ~60000 disorder realizations. For cubic lattices of
side lengths L = 10 and 12, the Lg,, X Ly X Ly, sub-
systems were of size 4 < Ly, < 10, and we used ~2 000
realizations. From these calculations we estimate the LSBS
error rate £. Figure 2 shows the dependence of £ on the
subsystem size for several cases. For the lattice systems
with J = 0 we find that, although the 2D and 3D spin-glass
GS problems belong to different complexity classes (P and
NP, respectively), in both cases the error rate is well
described by a power-law decay in the subsystem size
[39] [40], namely,
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FIG. 2. The disorder-averaged LSBS error rate &;; as a function
of the subsystem size L, (resp. Ng,,) for (a) the square-lattice
(2D) EA model, (b) the cubic lattice (3D) EA model, and (c) the
SK model. For each plot, the results for varying system sizes L
(N) are shown. For (a), both cases J = 0 and J = 1.2 are shown,
whereas in (b) and (c) J = 0. Note the nearly perfect collapse of
different system-size data, indicating that the error of the LSBS
becomes asymptotically independent of system size for (a) and
(b), while this is only the case if one scales N, with N for the SK
model in (c). For the lattice systems in (a), (b) and J = 0, the error
rate is fit by Eq. (2), cf. the straight dashed lines.

1 — o0 jof»“ba;-“b]

2

~ (fE/Lsub)K' (2)

Here, [0,0;05""0%"] denotes the pair-overlap correlation
function, where [- - -] represents the disorder average, and
Z¢ is an effective length scale. Importantly, this algebraic

decay is independent of the linear system size L, cf. the data

TABLE 1. Parameters of the fits of the functional forms of
Egs. (2)—(4) to our data for the largest L, and L examined. The
corresponding y2/d.o.f. values for Eqs. (2)—(4) are 0.821, 0.477,
and 1.067 in 2D and 1.265, 0.794, and 0.656 in 3D, respectively.
For the fit of the form (3) in 3D, we fixed f = 1. For the 2D
systems, the form (2) was fitted with a cutoft L, > 16 in order to
minimize finite-size effects. The parameters ¢ and k of Eq. (2)
are obtained by fitting the error rate as a function of L, at fixed
L = 1024 in 2D and L = 12 in 3D. The parameters k;, J, and
of Eq. (3) are obtained at fixed L = 1024 with Ly, = 64 in 2D
and at fixed L = 12 with Ly, = 10 in 3D.

d e K k, J
2D 0.20(1) 0.685(8) 0.198(8) 0.169(7)
3D 0.0006(10) 0.18(3) 0.47(3) 0.71(5)

d ﬁ l’ﬂc aC
2D 1.35(5) 1.01(3) 1.26(1)
3D 1 1.40(9) 1.3(1)

collapse in Figs. 2(a) and 2(b). Comparing the respective
exponents x that are collected in Table I, we see that errors
in the 2D systems drop more rapidly than in the (harder) 3D
systems. When expressed in terms of the total volume
Ngp = LY, where d is the lattice dimension, this sharp
change in the algebraic decays of errors between the 2D
and 3D cases becomes yet more acute. In Ref. [28]
(Sec. S13), we present scaling arguments that yield values
of k close to those that we observe numerically.

While the precise power-law decay differs between 2D
and 3D, this variability is much less dramatic than the P vs
NP computational complexity contrast between these cases.
This observation suggests a “local hardness” computational
complexity descriptor beyond the P-NP classification [19]
(and related categories [41]), shedding further light on the
intrinsic difficulty of spin-glass GS computations. By local
hardness, we allude to how large the subsystem on which
computations are done must be so that, when averaged over
many instances, the local solver provides a correct answer
up to a fixed error rate. Arguably, the local complexity is a
relevant descriptor for physical local measurements (the
microscopic state of the full many-body system cannot, in
general, be probed).

For the case of nonzero average coupling J, we find the
same power-law decay as long as we remain in the (zero-
temperature) spin-glass phase, thus suggesting some degree
of universality in the behavior of local hardness. As soon as
one enters the disordered ferromagnetic phase, however,
there is a much faster, exponential decay of the error rate,
cf. the data for J = 1.2 in Fig. 2(a), Fig. 6 (End Matter),
and further details in Ref. [28], Sec. S8. Similarly, we find
identical 2D-type scaling and exponents for planar anti-
ferromagnets having faint random perturbations of their
couplings from an otherwise constant value (Ref. [28],
Sec. S9). For the all-to-all SK model, on the other hand, the
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data in Fig. 2(c) reveal that the local hardness does depend
on the total system size N and not only on the Ny
randomly chosen spins forming the “local” subsystem, thus
indicating a higher degree of local hardness of the SK
model. This is consistent with the fact that there is no local
geometry in the SK system, and that it consequently
features a more complex free-energy landscape with
infinitely many thermodynamic states [42]. As a result,
one needs to scale N, proportionally to N to achieve a low
error rate for the LSBS in the SK model.

We next turn to our central endeavor—that of under-
standing the physics underlying local solvers. Our
approach relies on the concept of “critical thresholds”
Jej [18,43], defined as follows. Across any bond, the spin
product 6,6, is either +1 or —1. Consider now continuously
varying J;; from —co to +co leaving the strengths of all
other bonds unchanged. As we have shown elsewhere [18],
there is a unique value J;; =J.;; where the relative
orientation of o; and o; changes from o; = —0;
(Jij < Jeij) to 6; =0; (J;; > J.;;) and, hence, two GSs
become degenerate. A similar definition applies for the
subsystem—changing the coupling J;; beyond J f:“}; leads to
a change of the subsystem GS. For the LSBS we have the
following important observation: If J$* and J;; are either

C,1

(i) both smaller or (ii) both larger thaan ij» then the LSBS
(determining the value of 6;6; as calculated within the
smaller subsystem GS) will yield the correct 6,6; value
(i.e., that computed within the global system GS). The
opposite case of J;; being sandwiched between J;; and
Ji“};, leading to a failure of LSBS, is more likely to occur if
Ji; is close to the critical threshold. This is illustrated in
Fig. 3, which correlates the error rate of bond predictions
with the deviation of the couplings from criticality. Thus,
the (subsystem) stability of a bond, captured by the distance
|Jz“3 — J;j| between the bare coupling and its subsystem
critical threshold, can serve as a predictor of LSBS

reliability [44]. When J%® and Jij are far apart, then

c,ij

J and J; ;; may indeed easily be both larger or both

c,ij

smaller than J;;. Conversely, when J;“,t} and J;; are close,

slight miscalculations can result in J$*° and J.ij appearing

c,ij
on opposite sides of J;;, thus causing the LSBS to yield
incorrect 0,0; values (see also Ref. [28], Sec. S3).

At the cr1t1ca1 threshold J ;;, the GS responds sensitively
to infinitesimal single-bond changes. Similar to avalanches
in the random-field Ising model [45], neural networks [46],
systems featuring highly optimized tolerance [47], and other
problems [48], the GS spins that are flipped as a result of
such changes form what we call zero energy droplets (ZEDs)
featuring fractal boundaries and sizes conforming to power-
law distributions [18]. In [28] (Sec. S13) we suggest a simple
relation, which appears to be consistent with our data, that
links ZED boundary Hausdorff dimensions to the exponent x
of Eq. (2). The ZED distributions and the heterogeneous

VxS = Jyl
® <0.82
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FIG. 3. LSBS solutions for nearest-neighbor bonds (ij) in an
L =128 system. An Ly, =40 subsystem is chosen to be
centered about any such bond (ij) (near the boundaries, the
subsystem becomes correspondingly smaller). JZ“B is the critical
threshold of bond (i ). x denotes an error wherein the local solver
does not match the global solution, while v refers to correct
LSBS predictions. Errors arise more readily for smaller
| 784 — J;|. It is noteworthy that correct LSBS predictions also

c,ij
appear for small values of |J3%

oy =il
individual bond |J3*f — J;;| values are overlayed on color coded

LSBS predictions for these bonds.

Enlarged fragment:

structure of these rare events, characterized by highly
nonuniform spatial distributions, resemble the tempera-
ture-chaos [49-51] and disorder-chaos [17,51] phenomena
in spin glasses, where rare events drive system-spanning
changes. These distributions may be tied to complex critical
spatial correlations (Ref. [28], Sec. S14). Configurations
associated with general excitations may be constructed as
composites of (single bond) ZEDs [18]. These excitations
are, by construction, of vanishing energy. Near the critical
threshold of a given bond, the global GS is extremely
sensitive to infinitesimal changes of that local bond cou-
pling, and the LSBS attains its lowest accuracy. However,
when the coupling constants are sufficiently removed from
their (measure zero) critical thresholds, the local solver
becomes progressively more accurate. As is seen in Fig. 3 as
well as in Fig. 4, End Matter, the error rate decays with
increasing |J§ub J;j|. This decay is well described by

C.ij
()
J
Eij~kye ) (3)

with > 1 (2D) and = 1 (3D), respectively, see Table 1.
As for the dependence on L, expressed in Eq. (2), the error
rate &;; exhibits the same functional dependence on the
stability in 2D and 3D (Ref. [28], Sec. S7). The modulus
|J3% = J ;| is equal to twice the bond excitation energy AE
within the subsystem, cf. Eq. (S1) in Ref. [28], Sec. S1. Thus,
the LSBS accuracy is determined by this excitation energy.

We further tuned the central bonds of the L. = 128 square
and L =12 cubic lattices to their critical values and
computed the respective changes in critical threshold

167401-4



PHYSICAL REVIEW LETTERS 137, 167401 (2026)

(AJ;;) of all other bonds. We find that the average
difference |AJ, ;;| decays algebraically with distance from
the modified central bond (see Fig. 5, End Matter),

“A‘Ic,ij” ~ (fc/r)a(' (4)

In 2D and 3D systems, both the length .. and the exponent a,.
are of order unity, the fit parameters are provided in Table 1.
For sufficiently large r, the central bond coupling negligibly
impacts the J.;; of distant bonds. In other words, the critical
coupling of a given bond is almost completely determined
only by the couplings on bonds that are close to it. This
exemplifies the “locality of the critical threshold J ;;.” Since
the ZED volume distribution decays algebraically [18], for
large distances r between the tuned and observed bonds, the
probability of ZED excitations connecting these bonds
becomes small. When resampling the system boundary,
[[AJ;;]] decays similar to Eq. (4), see Ref. [28], Sec. S10.
Thus, generating a subsystem by removing peripheral bonds
is of limited impact on the critical coupling of the central
bond, thereby explaining the proximity of Ji'f}’j and J ;.

In summary, using exact GS algorithms, we study the
effectiveness of divide-and-conquer type local subsystem
solvers and relate it to critical threshold ZED physics [18]
of system-spanning avalanchelike vanishing-energy exci-
tations. In short-range spin glasses, away from critical
thresholds, the response of the system GS to local pertur-
bations decays rapidly. Generally, the difference between
local and global minimization only becomes significant
near critical coupling threshold values. Away from these
critical values, local GS solvers achieve increased accuracy.
Importantly, the associated error rate of the local solvers
becomes independent of the system size [see Fig. 2(a)] for
large systems and decreases rapidly with the subsystem
size. Local solvers may thus become increasingly effective
for large L. Our analysis reveals that various length-
dependent quantities display algebraic scaling just like
the scale-free distributions of avalanche size [18], while for
ferromagnetic phases we observe an exponential decay of
errors with subsystem size (see also End Matter and
Ref. [28], Sec. S8). These behaviors may rationalize
the success of more sophisticated solvers in spin glasses
[24-26] and other systems [1,2], and might be broadly
applicable in systems not constrained by the “overlap gap
property” [52]. For the all-to-all SK model, on the other
hand, the error rates always depend on the size of the full
system. These differences lead us to conjecture a classi-
fication of possible levels of local hardness (Ref. [28],
Sec. S6). Local solvers are found to be efficient for the
studied lattices irrespective of whether the global problems
are of P (2D) or NP (3D) complexity. The occurrence of
rare events of bonds being close to their critical couplings
explains why local solvers cannot, in general, guarantee
finding the exact GSs of the full systems. This mechanism
which is reminiscent of chaos in spin glasses [49-51] is

generic for the classes of systems we study. It is instructive
to briefly relate the local-hardness perspective to the
metastate and chaotic-size-dependence framework [13],
where one asks whether local observables have an effec-
tively “concentrated” or more ‘“dispersed” distribution
over thermodynamic states. In our setting, large stability
|J 2‘}} — J;;| corresponds to a computable proxy for a robust
metastatelike concentration of local observables of low
LSBS error while small stability reflects competition
between nearly degenerate states.

While these considerations were focused on the hyper-
local task of predicting the spins on both ends of a single
bond, it is possible to stitch together the results of such
calculations to candidate ground states of the full system. In
the End Matter and Ref. [28] (Sec. S16), we outline an
LSBS-based solver that uses the subsystem critical thresh-
olds J;“ltj’ to identify “well-determined” bonds, i.e., bonds
for which |J§f1,-t} —J;;] is large and the LSBS error rate is
exponentially small, cf. Eq. (3). This identification enables
the contraction of the system into a smaller number of
cohesive large-scale elements (or “communities” [53-56])
before solving for the GS. This extension is here presented
as proof-of-concept demonstration of how local hardness
can guide algorithm design, and further detailed study is
required to gauge its full potential. Generalized to settings
that include external fields and multibody interactions
(Ref. [28], Sec. S15), our framework becomes applic-
able to other important NP-hard optimization problems,
such as the minimum vertex cover problem (see End
Matter and Ref. [28], Sec. S17). Locality further under-
lies numerous many-body physics problems [3-7] with
continuous degrees of freedom. Replacing Eq. (1) by
H ==Y Jisis; +ud_;(s7 = 1)%, with u > 1 and con-
tinuous s; €R [Eq. (1) is recovered as u — oo], suggests
that our findings extend to continuous systems with
sufficiently large quartic coupling u. In a continuous spin
variant defined by a global constraint—the spherical model
[57,58]—the locality that we described here is altered
(Ref. [28], Sec. S12). Another interesting application area
for the ideas outlined here lies in machine learning, with the
potential of replacing slow global gradient methods by fast
sequential local stochastic gradient descent-type
approaches [55,56,59-62]. Local plastic variants of the
backpropagation algorithm used in machine learning might
emulate efficient biological neural computing [63,64].
Other notable aspects of local minimization and optimized
structure appear in biological and artificial neural networks
[65,66]. We view our LSBS-based contraction solver as a
starting point for future investigations of local-hardness—
guided heuristics. Dividing large-scale problems into
smaller easier-to-solve fragments may also be beneficial
for quantum computing schemes for which smaller-scale
systems might suffer less from decoherence. Extensions of
the GS problem analyzed here, including products between
distant spins (see Ref. [28], Sec. S4) to finite temperature
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correlation functions may provide illuminating connections
between our results and Refs. [67-70]. In future work, we
will further detail relations to previously unreported criti-
cality (Ref. [28], Sec. S14). The physics of local optimiza-
tion may underlie nature’s efficiency, shaping computation
across diverse realms.
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End Matter

Here, we provide numerical evidence for Egs. (3) and
(4), the existence of a transition in the LSBS accuracy as the
distribution of couplings is shifted (so as to make the
system more ferromagnetic and easier to solve), and we
discuss beyond nearest-neighbor correlations found by
the LSBS.

Error rates for deviations from the critical threshold
—Illustrating the applicability of the analysis in the main
text, Fig. 4 demonstrates that the LSBS error indeed
decays with increasing |Jg“}; —J;| in a manner that
adheres to the stretched exponential drop of
Eq. (3) [71].

Distance dependence of critical threshold values—As
discussed in the main text, the critical threshold of a
given bond is largely determined only by the couplings
of other bonds that are very close to it. When we tune
the central bonds of L = 128 square and L = 12 cubic
lattices to their critical values, the respective critical
threshold changes (AJ.;;) of all other bonds at a
distance r conform to Eq. (4), where £, is of the order
of the lattice constant, see Table I [with the fit of
Eq. (4) becoming an upper bound for the largest
distances in the 2D system]. This is illustrated in Fig. 5.
In Ref. [28], Sec. S5 (see Fig. S4 therein), we further
provide a calculated real-space visualization of such a
typical rapid drop of the change in the critical coupling
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FIG. 4. Error rate £;; as a function of |J3%) — J;;| for (a) a 2D
(square lattice), L = 1024 system with Ly, = 8, 16, 32, 64 and
(b) a 3D (cubic) system of L = 12 with Ly, =4, 10. Point
percentages denote cumulative probabilities (i.e., fraction of

instances) for values of |J§“}} —J;j| lower than their abscissa.
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FIG. 5. Average change of critical threshold values ([|AJ;;|])
of bonds a distance r along a Cartesian direction away from the
central bond in (a) 2D (L = 128) and (b) 3D (L = 12) systems.
Dashed line: Eq. (4) with parameters in Table I. As is more
evident in 2D, when r = O(L), the average [|AJ ;;|] is bounded
from above by these ultra-local forms with the fitted Z,. being of
the order of the lattice constant.

away from the origin. We further observe a smaller
effect on distant bonds for smaller ZEDs.

Contraction solver based on LSBS—The LSBS
provides local predictions for individual nearest-neighbor
bond spin products. Here we outline how these local
predictions can be combined into a contraction solver
that approximates the full GS spin configuration. For
each bond, we compute its subsystem critical threshold

2

0 0.5 1
J

FIG. 6. For an asymmetric bond distribution, as J increases the
system transitions from a spin-glass phase to a disordered
ferromagnetic phase [72]. We observe how the fitting coefficient
« changes as we adjust J. A larger value of k implies that the error
rate of the subsystem solver decays faster, with a crossover to an
exponential decay beyond the threshold 1/J = 0.96, where the
system enters the ferromagnetic phase [72].
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(b)

FIG. 7. Schematic of the contraction solver. (a) Well-deter-
mined bonds (|J;; —J;;;| > 9, where 9 is a manually chosen
threshold) form connected components that are contracted to
effective sites (shown as larger nodes), inheriting all interactions
between the component and the rest of the system. (b) The
relative spin orientations (indicated by + and — signs) of sites
within each connected component are locked in by the well-
determined bonds. The GS of the full system can then be
reconstructed from the GS of the contracted system by propa-
gating the component orientations. Different colors represent
distinct connected components.

Je;; and identify well-determined bonds satisfying
|Jij=Jeijl =9, where § is a chosen threshold. These
bonds, being far from their critical thresholds, have high
local prediction accuracy. Well-determined bonds form
connected components (or ‘“‘communities” [53-56])
within which relative spin orientations are reliably fixed.
Each such component is contracted to a single effective
site, inheriting all interactions between the component
and the rest of the system. The contracted system is
solved exactly, and the original spin configuration is
reconstructed by propagating the component orientations.
This contraction procedure is illustrated schematically
in Fig. 7. For appropriate choices of 9, this approach
yields configurations very close to the exact GS while
substantially reducing the effective problem size.
Detailed schematics, algorithmic steps, and a per-

i r=12|f
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FIG. 8. Minimum vertex cover (MVC) as an Ising problem on
random planar graphs. LSBS error rate for the central spin in the
MVC mapping, of the random planar graph shown in the inset, as
a function of subsystem size, showing a power-law-like decay
with exponent « =~ 0.8. (Lower left inset) Random planar graph
generated from n = 10* points by Delaunay triangulation, with
sites colored by topological distance r from the geometric center.

formance analysis are provided in Supplemental Material
(Ref. [28], Sec. S16).

Minimum vertex cover as an lIsing problem—As a
representative  NP-hard optimization problem beyond
spin glasses, we also examined the minimum vertex
cover (MVC) problem on random planar graphs
generated by Delaunay triangulation. By mapping a
vertex i in the cover to 6; = +1 and 6; = —1 otherwise,
the cost function can be written as

1+O'i l—O'll—Gj
HMVC:AZ > +BZ > 5

iev (i €E

with couplings J;; = —B/4 on edges (ij) €E and fields
h; = —A/2 + (B/4) deg(i) (for A=1, B=2), where
deg(i) corresponds to the degree (number of neighbors)
of site i. Using LSBS on subsystems of graph distance
radius r around a central site, we predict its relative spin
orientation in the MVC GS and compare that to the
exact solution. We find a power-law-like decay of the
LSBS error rate with subsystem size (Fig. 8), with
exponent x =~ 0.8, close to that of the spin-glass case.
This suggests that our locality-based hardness picture
applies more broadly to combinatorial optimization
problems.
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