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Universal Bound on the Duration of a Kination Era
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We show that primordial adiabatic curvature fluctuations generate an instability of the scalar field
sourcing a kination era. We demonstrate that the generated higher Fourier modes constitute a radiationlike

component dominating over the kination background after about 11 e-folds of cosmic expansion. Current

constraints on the extra number of neutrino flavors AN thus imply the observational bound of

approximately 10 e-folds, representing the most stringent bound to date on the stiffness of the equation of

state of the pre—Big Bang—nucleosynthesis universe.

DOI: 10.1103/k7ty-gwig

Introduction—The equation of state (EoS) of the uni-
verse between the end of inflation and the onset of Big
Bang nucleosynthesis (BBN), defined by the pressure-to-
energy density ratio @ = p/p, remains unconstrained [1].
While the standard model assumes radiation domination
with w~1/3, a period of kination, where the energy
density is dominated by the kinetic energy of a fast-rolling
scalar field, corresponds to @ =1 [2-6]. Kination can
occur right after inflation in quintessential inflation models
[7,8], in string compactifications [9-11], or well after
reheating during the radiation era, due to a scalar field
rotating along a flat direction [12-20]. The latter has been
proposed to explain the baryon asymmetry or axion dark
matter [21-28]. Kination may also arise from scalar
field oscillations in steep potentials V(¢) « ¢p? with p > 4
[29-32], modified gravity [33], or small-scale anisotropic
stress [34-37]. With energy density scaling as p « a~,
kination naturally ends when it becomes subdominant to
standard model (SM) radiation, without requiring decay.
A well-studied cosmological implication of kination is the
enhancement of primordial gravitational wave backgrounds

“Contact author: cem.eroncel @istinye.edu.tr
“Contact author: yann.gouttenoire @ gmail.com
*Contact author: rsato @het.phys.sci.osaka-u.ac.jp
SContact author: geraldine.servant@desy.de
IContact author: peera.simakachorn @ific.uv.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007,/25/135(10)/101002(7)

101002-1

4 Inflation

Total energy density

Super-horizon
fluctuations

>
Scale
factor a

dend 9D 9RD any
FIG. 1. During kination, inflationary curvature fluctuations
(green) source kination fluctuations (red), which either terminate
the kination era if agp > ayy, or contribute to N if agp < ang.
The former is excluded by Eq. (31). We consider kination (blue)
either immediately after inflation (purple) if axp = d@enq, as in
quintessential inflation scenario [7,8], or after unspecified post-
inflationary dynamics (orange), which is modeled to be radiation-
like for simplicity and a conservative result. p; and dp, are the
linear and quadratic corrections to the kination background
defined in Egs. (25) and (26). The latter implies that kination
fluctuations have a nonvanishing volume average and contributes
to ANg. Superhorizon energy fluctuations (green) evolve as
Spx « (1 + w)Ry /a?, see Eqgs. (18) and (22). A sudden rise
occurs at the end of inflation when 1 4 @ = 2¢/3 initially < 1
grows to O(1), with e being the slow-roll parameter [85]. We
picture the superhorizon fluctuations in dashed since they depend
on the gauge, here chosen to be the Comoving gauge. We show
the mode k = Hyp that re-enters the horizon when kination starts
since it is the mode that dominates the contribution to the volume
average (8p,) [cf. Egs. (27) and (28)] and therefore to AN . The
duration of kination is Nxp = In(agp/akp). The quantities dq,
agp, drp» dni, are the scales factors at the end of inflation, start of
kination, end of the kination, and start of nonlinear regime.
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(GWBSs), generated by inflation [12-15,33,38-65], cosmic
strings [13,15,16,64,66—74], or first-order phase transitions
[1,15,64,75]. For a large tensor-to-scalar ratio r, the
enhanced inflationary tensor modes give a large contri-
bution to the number of exotic relativistic degrees of
freedom AN . The Planck bound AN < 0.34 (20)
[76] converts to an upper limit on the number of kination
Hubble expansion e-folding Ngp<12.24-0.5In(0.036/r),
e.g., Ref. [15].

In this Letter, we demonstrate that kination not only
enhances tensor modes but also amplifies scalar modes,
which contribute to AN as well. Using AN < 0.34
(20), we place the most stringent bound to date on the
duration of kination, N¢p < 10 e-folds. While the previous
bound on Np from tensor modes strongly depends on the
tensor-to-scalar ratio r, the new upper bound—derived in
this Letter—is independent of r and solely set by the
amplitude of the curvature power spectrum Pr (k).

Primordial metric fluctuations—We consider the cos-
mological scenario shown in Fig. 1. We are interested in the
impact of such kination era on the power spectra of
primordial curvature P (k) and tensor modes P, (k) [77].
The amplitude and spectral index of the curvature
power spectrum are measured by Planck at the pivot scale
k, =0.05 Mpc~! to be [78]

Pr(k,) =2.099(29) x 1072, n, ~0.965(4). (1)
The nonobservation of primordial B modes in cosmic
microwave background (CMB) anisotropies by BICEP/
Keck [79] provides the most stringent upper bound on the
tensor-to-scalar ratio at pivot scale k,:

r="Pi(ky)/Prky) 50036, 2)

leading to a bound on the inflation scale when k, exit the
horizon H, ~ 1.8 x 103 GeV/r/0.036. The power spec-
tra at k > k, are unknown and require modeling. In this
Letter, we explore two possibilities. The first considers the
curvature and tensor power spectra [80],

Pr =g () A0 =2(m).

)
8 € pl T pl

predicted by one of the most strongly supported inflation
models [78,79,81]—the Starobinsky inflation [82-84]; see
Supplemental Material [85]. Here H; and ¢, are the Hubble
and slow-roll parameters when the comoving scale k exits
the horizon. The second possibility is that the spectra can be
well-approximated by power laws,

Pr(k) = Pr k) (k/ k)0, (4)

Pu(k) = rPr (k) (k/ k)", (5)

with the spectral indices n, and n, truncated at first-order
in In(k),

ny(k) = ng(ky) + asIn(k/ky), (6)
n,(k) = n,(ky) + a,In(k/k,). (7)

Additionally, the slow-roll assumption leads to the follow-
ing consistency relations [87]:

r2
nt:_§<2_n3_ﬁ>v a;=n,(n,+1-ng). (8)

For a,, we consider the 98% posterior distribution derived
from the Bayesian analysis of ~300 models of single-field
slow-roll inflation over the latest cosmological data [88],

ay = —3.651320 x 1074, 9)

We accounted for a factor of 1/2 due to different definitions
of a, in this Letter and [88].

AN bound from tensor modes—The already known
upper bound on the duration of kination comes from the
enhanced tensor modes, e.g., [15]. Primordial tensor modes
with dimensionless power spectrum P (k) lead to a GWB
with energy fraction at late times [89],

0 - axHy 2 Pt(k)

where a( and ay are the scale factors today and at horizon
reentry k = Hj, with H = aH being the comoving Hubble
factor. Modes reentering during the kination era (H; o ai>)
yield a slope k! in the GW spectrum,

(10)

Q%W(k) =Qf Gk

rad

P(k) { k/krp. krp <k <kgp. (11)

1, k < kgp.

where Q0 ~9.1 x 107 is today’s radiation energy frac-
tion [90]. The quantity G, accounts for the changes in

relativistic degrees of freedom,

[
9x.0 s .k

where g, and g, are the numbers of relativistic degrees of
freedom contributing to the energy and entropy densities,
respectively. Different subscripts denote the times of
today (“0”), the mode reentry (“k”), the beginning of the
kination era (“KD”), and the end of the kination era (“RD”).
The contribution of tensor modes to AN reads [85]:

ANy, ~0 12/kKDdl k( G )( £ >P(k) (13)
+=0. ogk| — || — ,
eff,t . 0.39 kRD t
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where kxp = Hyp and kgp = Hgp. Assuming the power-
law P,(k) in Eq. (5) with Ngp > 1 and G, ~ 0.39, Eq. (13)
becomes,

0.12

AN g ———
T n,(kgp)

Pi(kkp) exp (2Nkp).  (14)
where Np is the number of e-folds of the kination era,

Nxp = In(arp/axp). (15)

Note that k o a;? during kination era, leading to
Nxp = 0.5In(kgp/kgp). Using the BAO + CMB con-
straint AN ¢ < 0.34 at 20 [76], Eq. (14) converts into an
upper bound on the duration of kination,

: A
Ngp $122+40.51n 0.036 +051n ANesi,
r 0.34

—0.5n,(kgp) In (%—f) +0.5In (1 + n,(kgp))-
(16)

A slightly weaker bound can be obtained from BBN, i.e.,
ANy < 0.54 (20) [91]. The Ngp bound in Eq. (16)
depends on the tensor-to-scalar ratio r. In a specific
inflationary scenario, the value of r could theoretically
be much smaller than the BICEP/Keck bound r <« 0.036
[79], resulting in an upper bound significantly less stringent
than Eq. (16). Inflaton potentials capable of producing
arbitrarily small values of r can be designed [92,93]. Even
in top-down constructions such as Kihler moduli inflation,
values as low as r ~ 107!9 are predicted [94,95]. We now
discuss the effects of kination on scalar perturbations.

Growth of scalar modes during kination—In the absence
of anisotropic stress, the metric perturbation in the con-
formal Newtonian gauge reads [80],

ds* =a*{(1+2®)dn* - [(1-2®)8;;+ h;;ldx'dx’},  (17)

where @ and h;; are the scalar and tensor fluctuations. The
gauge-invariant comoving curvature perturbation R can be
expressed in terms of @ [80],

2 (H™ e
—RE®+—(H @)
3 l+w

543 4
2P0 L 2e. (18)
kn<1]3 + 3w

e
[w=1]3

In terms of the Fourier mode @y = [ d*xe™®*®(x), the
linear perturbation of Einstein’s equations implies [80]

6(1+w)l

@y (n) + mﬁ‘bi{ (n) + wk*®y (n) = 0. (19)

The solution of Eq. (19) during kination (o = 1) is

20, (0)J, (k) 3Ry (0) cos(kn + )
Bull) = \/l;_n CORE
(20)

where ¢ is a phase. We deduce the time-averaged scalar
power spectrum during kination,
~9PR(k)
~ da(kn)®

Pao(k.1) (21)

Einstein’s equation along 00 leads to Poisson’s equation,
_k2¢k = 471'G02ﬁ5k, (22)

where &, = (p —p)/p is the contrast density in the
Comoving gauge [96]. Hence, scalar metric fluctuations
@, (17) unavoidably generate energy density fluctuations &y
for the dominant background fluid. Using Eq. (22) into
Eq. (21) gives rise to the following energy density power
spectrum:
4 (k\* 8 [k

Patkon) =3 (57) Potkn) = (1) Pe0 @3
where we used Friedmann’s equation 3H? = 87Gpa?, and
H =2/(1 4 3w)n = 1/25 during the kination domination.
Using 7 & a1*3?)/2 we see that fluctuations grow like
0 « a during kination. We suppose the kination era to be
induced by the kinetic term of massless homogeneous
scalar field condensate that gets fragmented into higher
modes ¢ = ¢ + S¢p such that its energy density,

p=3(2). 24)

a

receives linear and quadratic corrections 6py = 5p; + 0ps:

Sp1 = P54 | a, (25)

1 (6¢"\* 1 [Vép\2 "\ ?
opr==|— —(—) =(—]. 26
P27 ( a > + 2\ a a (26)
where we have neglected faster decaying terms containing
@, . The gradient term in Eq. (26) is equal to the kinetic
term since ¢y, & Dy (17) o cos(kn). Upon volume averag-

ing the linear term vanishes (5p;) = 0, while the second
term is equal to

2) = (0001270 =" [ diogkPsthn). (@)

D

where we integrate over all fluctuation modes entering
during the kination era in the second step. Plugging
Ps(k,n) in Eq. (23) into Eq. (28), we obtain the fluctuation
over background kination energy ratio,
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which we evaluated at the time when H(a;) = k. The
equation of motion for kination fluctuations is

Sy + 2HSP} + K25y, = 4D ¢, (29)

where the source term is negligible for subhorizon
modes [85]. The solution, 6¢ « a~', indicates that kination
fluctuations redshift like radiation 8p, o« a~*. The equation
of motion in Eq. (29) includes all orders in 6¢h,, (only @y
was treated as a perturbation). Hence, the expression for the
fluctuation energy density in Eq. (29) and the fact that it
redshifts like radiation hold for both the linear and non-
perturbative regimes Q5 < 1 and €; > 1 [97]. Note that

our derivation of the kination fluctuation relies on the scalar
field description, which has been considered in the radi-
ation background in [26] and kination era in [11]. We
postpone a full derivation from the perfect fluid formalism
for future work. We now discuss the two novel bounds on
the duration of kination which follow from Eq. (28).

Fluctuation domination—When Q;, (k) > 11in Eq. (28),
the energy density of the radiationlike kination fluctua-
tions becomes larger than the energy density of the
kination background. This leads to kination era to terminate
and be replaced by a radiation era after a duration Ngp
which we now determine. Assuming Px (k) to be given
by the power law in Eq. (4), Eq. (28) becomes for
NKD =0.5 ln(kKD/kRD) > 1

4

Qs (krp) = 2n(kep)

Pr(kxp) exp (2Nkp). (30)

We conclude that the kination era cannot physically last
longer than

2.099 x 107°
Nxp £9.9+0.5 ln<—) + 0.5 In n,(k
KD PR(k*) ( KD)
k
+0.5(1 - nx(kKD))ln<%>. (31)
*

This is not an observational constraint but a theoretical
bound on the duration of kination, arising from radiation-
like fluctuations dominating over the kination background.
We now assume that kination terminates before reaching
the limit in Eq. (31) due to the presence of SM radiation and
discuss the contribution of kination fluctations € , o

AN g, as illustrated in Fig. 1.

AN g bound from scalar modes—If no entropy injection
occurs, the kination fluctuations contribute to the number
of effective degree of freedom at the onset of BBN as [85]

15 [Ty TR
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FIG. 2. Observational bounds on the duration of a kination era
due to the linear growth of tensor [Eq. (16) and blue region] and
scalar modes [Eq. (33) and brown region] violating the obser-
vational contraints AN < 0.34 (20) [76]. The purple region is a
physical upper limit on the kination duration due to domination
by the radiation-like fluctuations, cf. Eq. (31). The power spectra
P, (k) and Py (k) are either given by the power-laws in Eqgs. (4)
and (5) for the solid lines or by the predictions from Starobinsky
inflation model in Eq. (3) for the dashed lines. The brown arrow
indicates the uncertainty in the spectral-index running « in
Eq. (9), for extrapolating Pg (k) above the CMB pivot scale
k, = 0.05 Mpc~'. The solid brown and purple lines assumes a;
to be given by the mean of Eq. (9). In the green region, kination
would end after the onset of BBN around Tggn=~5 MeV. In the
red region, kination would start at a Hubble scale larger than the
value H., predicted in Starobinsky inflation (dashed) or its
maximal value allowed by the BICEP/Keck bound r < 0.036 [79]
(solid).

g
AN, s = 2.9 (0;9> Qs, (krp). (32)

where Q; (k) is given by Eq. (28). The constraint
AN < 0.34 at 20 [76] can be recast as

AN g5 2.099 x 107°
Nigp <8.8+0.5In{ —) 4 0.5In( —————
ko~ BET ( 0-34>+ ( Prlk,) )
k
+0.5(1 — ny(kgp)) In <%> +0.51n n,(kgp).
*

(33)

The bound in Eq. (33) is more restrictive than both
Egs. (16) and (31). We compare the three bounds in
Fig. 2. In contrast to the already-known bound in
Eq. (16), the two novel bounds in Egs. (31) and (33) are
independent of the—unmeasured—yvalue of the tensor-to-
scalar ratio r.

Conclusion—We have studied how cosmological per-
turbations evolve during a kination era. At linear order,
fluctuations grow linearly with the scale factor, é « a
like matter fluctuations in agreement with previous
findings—see, e.g., Refs. [26,101]. Accounting for non-
linear corrections, we demonstrated that fluctuations of
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the scalar driving kination have a nonvanishing volume
average (8) #0 cf. Eq. (27), unlike matter fluctuations
due to mass conservation [102,103], and redshift like
radiation. Consequently, a kination era induced by a scalar
field must end after approximately 11 e-folds when these
fluctuations become nonperturbative and induce a radia-
tionlike equation of state (EoS); see the purple curves in
Fig. 2 [104].

These radiationlike fluctuations also contribute to the
effective number of neutrino species AN.;. Planck 20
limit, AN < 0.34 [76], currently imposes the strongest
constraint on kination, restricting its duration to Ngp < 10
e-folds; see Eq. (33) and the brown curves in Fig. 2. Unlike
the already-known bound from tensor modes in Eq. (16),
the new limits from fluctuation domination and scalar
modes in Egs. (31) and (33) derived in this Letter are
independent of the unknown value of the tensor-to-scalar
ratio r. Future measurements, such as CMB-S4 with a
projected sensitivity of AN < 0.05 [106,107], could
further tighten the bounds on Ngp by about one e-fold.

The conservative bounds presented in this Letter rely on
the assumption that the scalar field acquires the primordial
curvature perturbations from the inflaton, which requires
that the scalar field either inherits its energy density from
the inflaton or is the inflaton itself, as demonstrated in
Fig. 1 [108].

We considered for simplicity scenarios where kination is
preceded by either a radiation era or inflation [7]. Scalar
field theories leading to a radiation EoS preceding kination
are discussed in [33]. On the other hand, kination in
rotating axion models [13-20], which is disconnected from
inflation and preceded by a matter era, would amplify
scalar perturbations more strongly, leading to a more
stringent AN ; bound. Our bound should therefore be
seen as conservative. Moreover, if fluctuations become
massive due to the scalar field condensate acquiring a mass,
the constraints derived in this Letter would be further
tightened, or the scalar fluctuations could account for dark
matter [109,110]. We leave for future works the study of
kination fluctuations starting from the stress-energy tensor
of a perfect fluid instead of the Lagrangian of a scalar field.
This would, allow to possibly extrapolate our results to any
eras with stiff EoS @ > 1/3.
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