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We examine a hypersurface model for the classical dynamics of spinning black holes. Under specific,
rigid geometric constraints, it reveals an intriguing solution resembling expectations for the Kerr Black hole
three-point amplitude. We explore various generalizations of this formalism and outline potential avenues
for applying it to analyze the attraction of spinning black holes.
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Introduction—Modeling spinning black holes, particu-
larly those with significant classical spin, presents a
formidable theoretical challenge deeply linked to the
complex behavior of strongly coupled extended bodies.
A prominent example of a spinning black hole is the Kerr
black hole [1], which, in the thorough analysis of Israel [2],
was shown to be isomorphic to a hypersurface exhibiting a
disk topology. It motivates the exploration of the hyper-
surface covariant action principle for spinning black holes,
which we will pursue here.
In spinning black holes, the small-spin limit permits a

perturbative framework utilizing the multipole expansion
of an extended body. This approach is encapsulated in the
well-established Mathisson-Papapetrou-Dixon equations
[3–7], which have been extensively discussed in the
literature. Recent advancements in scattering amplitudes
[8–50] and worldline formulations [51–66], particularly
pertaining to spinning point particles, have shown consis-
tency with the multipole expansion for lower spin orders.
Regardless, the situation becomes more complex for

black holes exhibiting large spins—typically associated
with superheavy masses in strong coupling regimes. Here,
the limitations of the spin expansion become pronounced,
and to achieve a reliable description applicable to both
finite spin and finite gravitational coupling, one that
exceeds the point-particle approximation while preserving
a covariant coupling, it is necessary to elucidate an
appropriate action principle.

The analogy with the strong-coupling properties of
matter in quantum chromodynamics is noteworthy in this
context. It has yielded the Veneziano formula [67], which
extends hadronic interactions beyond the confines of
perturbative quantum chromodynamics by employing con-
cepts such as crossing symmetry and Regge behavior. The
governing dynamics of such behavior are nowadays
rephrased through the Nambu-Goto and Polyakov 1þ 1-
dimensional string theory actions [68–70], as well as
higher-dimensional extensions (see, e.g., Refs. [71–74]).
Inspired by such ideas, this Letter takes the first step

toward exploring a new, comprehensive gravitational
framework for characterizing strongly coupled spinning
objects in a covariant way from an action principle. The
model we propose is one with a rigid internal structure of a
hypersurface with specific geometric constraints on the
topology of S2 ×R and dynamics governed by the equations
of motion of a generalized Polyakov action. The metric and
the Riemann tensor mediate the interaction between this
hypersurface and the target spacetime. In this framework, the
only additional assumption required is minimal couplings
between fields that respect the fundamental symmetry of the
system and the spin supplemental condition.
As we will see, this model effectively reproduces the

Kerr three-point amplitude to arbitrary spin orders in a
dimension-agnostic manner and, as a spinoff, accommo-
dates a diverse array of effective generalized worldline
theories. Thus, it opens numerous interesting new research
avenues for characterizing spin dynamics, including explora-
tions of the new action principle as a fundamental model for
spin in gravitational systems that could provide new insights
into higher multiplicity amplitudes, such as the Compton
amplitude with large classical spin, which is needed for
precision analysis of dynamics in binary merger events.
This Letter is organized as follows: first, we explore

hypersurfaces in flat and curved spacetimes. Next, we
describe how the Kerr three-point amplitude at arbitrary
spin orders can be situated within this analytical framework.
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Finally, we discuss several extensions of the formalism
before concluding with our findings and highlighting inter-
esting open questions for further exploration.
Modeling the dynamics of a spinning black hole on a

hypersurface—Aiming to model a classical spinning black
hole covariantly and at all spin orders while accounting for
symmetry and physical requirements, we are inspired to
consider an action principle based on a higher-dimensional
extension of the Polyakov action integrated over the
coordinates of a (2þ 1) hypersurface as follows:

C
Z
M2×R

d3σ
ffiffiffi
γ

p �
∂aZμ

∂bZνγabημν
�
; ð1Þ

where C is a constant with dimension and M2 denotes a
compact closed Riemann surface, which together with R
are parametrized by the coordinate σa ¼ ðτ; σ⃗Þ, while ZμðσÞ
denotes the spacetime coordinate of a given point in the
worldvolume. Unless mentioned otherwise, we use the
worldline convention for coordinates. This action will
preserve general diffeomorphism invariance on the world-
volume and the target space, and we will employ a rigid
worldvolume metric γab that is τ independent and respects
the rotational symmetries expected for the spinning object,
i.e., resembling a disk topology. The metric we work with
has the following spherically symmetric generic form:

ds2 ¼ dτ2 − a2w
�
dθ2 þ fðθÞdϕ2

�
; ð2Þ

where fðθÞ is an arbitrary function and aw is a constant with
“length” dimension; we note that the necessity of a non-
trivial worldvolume metric is a characteristic feature of this
higher-dimensional framework and has no direct counter-
part in traditional worldline and string theories.
Since the description of the spinning black hole depends

nontrivially on the worldvolume metric, we are led to fix
fðθÞ ¼ sin2ðθÞ using physical constraints. For instance, we
insist that a suitable candidate metric must satisfy the free
equation of motion following from Eq. (1) and admit
solutions that match weak-field expectations, including τ
independence (see Supplemental Material [75] for more
details). We arrive at a free action in the following form:

S0 ¼ −
m

8πa2w

Z
S2×R

d3σ
ffiffiffi
γ

p �
∂aZμ

∂bZνγabημν þ 1
�
; ð3Þ

where we denote the hypersurface S2 ×R and have
included a mass term normalized consistently with the
requirement of reparametrization invariance of τ so that we
reach the point mass action in the limit aw → 0. The
equation of motion of ZμðσÞ is readily derived by varying
the action (3),

□Zμ ¼ γab
�
∂a∂bZμ − Γc

abð∂cZμÞ� ¼ 0; ð4Þ

where Γc
ab denotes the nontrivial connection due to γab,

with nonvanishing components Γϕ
θϕ ¼ Γϕ

ϕθ ¼ cotðθÞ and

Γθ
ϕϕ ¼ − sinðθÞ cosðθÞ.
The solution to the free equation of motion controls the

classical trajectory of a given point on the hypersurface.
The solution separates into a center-of-mass coordinate and
a relative coordinate compared to the center of mass, i.e.,
Zμ
0 ¼ Xμ

0 þ Yμ
0. Here X

μ
0 ¼ xμ þ vμτ gives the straight-line

trajectory of the center of mass. For the relative coordinate,
we denote it Yμ

0 and write it in terms of spherical
harmonics as

Yμ
0¼

X
l>j≥0

Yμ
l;j;

Yμ
l;j¼aw

�
cl;jβ

μ
x cos

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp
aw

τþjϕ

�

þc0l;jβ
μ
y sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp
aw

τþjϕ

��
Pj

l

�
cosðθÞ�; ð5Þ

where Pj
l is the harmonic Legendre polynomial and βx; βy

are unit vectors in flat spacetime. It is natural to impose
cl;j ¼ c0l;j to keep the rotational symmetry.
A feature of our model is that different modes Yμ

l;j are
associated with the physics of the spinning object we
analyze. We will interpret these modes as maps from the
worldvolume to solutions on a spinning disk in the target
space of the radius atðl;jÞ ≡ awcl;j (see Fig. 1). For example,
Yμ
1;1 is the single covering map to the top and bottom

surface of the spinning disk, while Yμ
2;1 is a double covering

while still consistent with the starting point that the source
of a Kerr black hole is a disk [2]. We interpret the finite size
of the spinning disk in the target space as a result of the
balance between rotation and the hypersurface inertial
tension. [Although interesting, it is beyond the scope of
this Letter to consider superpositions of multimodes with
different frequencies or wrapping numbers that clash with
classical principles. Likewise, we observe that modes such
as Yμ

l;0 depend on only the variables ðτ; θÞ, making them
dimension reducing. Given our expectation that the source
of a Kerr-like black hole is inherently two dimensional, we
will not address such modes either.]

FIG. 1. Spinning hypersurface from worldvolume (left) to the
disk in target spacetime (right), with coordinate axes labeled. The
radius of the black hole is atðl;jÞ.
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Using the solution for Yμ
0, the angular momentum due to

the rotation around the center of mass is

Sμν ¼ ma2w
4πa2w

Z
S2

dθdϕ sinðθÞðYμ
l;j∂τY

ν
l;j − Yν

l;j∂τY
μ
l;jÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ðlþ jÞ!ðmawÞ
ð2lþ 1Þðl − jÞ! c2l;jðβμxβνy − βμyβνxÞ: ð6Þ

Identifying (6) with the standard spin tensor Sμν ¼
mϵμνρλvρaλ (we impose the spin supplementary condition,
v · βx ¼ v · βy ¼ 0 for orthogonal βx and βy),

Sμν ¼ mjajðβμxβνy − βμyβνxÞ;

vμvμ − ημν −
aμaν

jaj2 ¼ βμxβνx þ βμyβνy: ð7Þ

We have spin length related to the radius of theS2 as follows

jaj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ðlþ jÞ!

ð2lþ 1Þðl − jÞ! awc2l;j: ð8Þ

Extending this flat-space model to a generic curved
background is straightforward. In principle, one can add
any covariant coupling that respects the fundamental
symmetries of the system. However, we have excluded
certain types of terms due to physical reasons. For instance,
to avoid introducing a potential term in the flat-space limit
that spoils the free equation of motion, we exclude
interactions of the form ½ðDZÞ2�n for n ⩾ 2, where
ðDZÞ2 ≡ ∂aZμ

∂bZνγabGμνðZÞ and GμνðZÞ is the back-
ground metric at the point Zμ. Explicit polynomial cou-
plings in Zμ are also excluded in favor of first-order
derivative coupling of Zμ to avoid coupling to the field Xμ.
Our basic assumption is that each geometric point in S2

couples minimally to a background metric in a simple way,
either directly or to the local Riemann tensorRμνρλðZÞ. (We
do not consider higher-dimensional interactions, i.e., higher
derivatives of the metric or higher powers of the curvature.)
The worldvolume geometry comes into play via the
worldvolume metric γab and its respective Riemann tensor
ϱabcd, with nonvanishing components

ϱθϕθϕ ¼ −ϱϕθθϕ ¼ −ϱθϕϕθ ¼ ϱϕθϕθ ¼ −1
a6wsin2ðθÞ

:

Thus, starting from the minimal action, taking into
account the above considerations, we include the following
additional couplings, which respect both the target space
and the worldvolume diffeomorphism invariance:

S ¼ −
m

8πa2w

Z
S2×R

d3σ
ffiffiffi
γ

p �
ðDZÞ2 þ 1þ a2wRμνρλðZÞ

× ∂aZμ
∂bZρ

∂cZν
∂dZλ

�
γabγcd

�X∞
j¼0

ξ2jþ1½ðDZÞ2�j
�

þ a2wϱacbd
�X∞

j¼0

ξ2jþ2½ðDZÞ2�j
���

: ð9Þ

To compute the classical three-point one-graviton ampli-
tude using this action, we consider a perturbation around a
flat metric GμνðZ0Þ ¼ ημν þ κhμνðZ0Þ with κ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32πGN
p

and identify the amplitude A3ðv; a; kÞ from the action using

ieik·x

ð2πÞ42πδðmv ·kÞA3ðv;a;kÞ¼−2hμνðkÞ
δS

δhμνðkÞ
				
hμν→0

: ð10Þ

In order to evaluate this equation we rewrite hμνðZ0Þ using
its Fourier transform hμνðkÞ

hμνðZ0Þ ¼
Z

d4k
ð2πÞ4 hμνðkÞe

ik·X0ðτÞeik·Y0ðσÞ; ð11Þ

and take the outgoing on-shell graviton field to be a plane
wave. [Without loss of generality, we will assume the
graviton polarization tensor is a product of two vector
polarizations εμðkÞενðkÞ]. Working to the leading classical
post-Minkowskian order, it is helpful to define

Aðl;jÞ
3 ðv; a; kÞ≡ A3ðv; a; kÞjYμ

0→Yμ
l;j
; ð12Þ

and expand the various eik·Y0ðσÞ factors everywhere into
powers of ½k · Y0ðσÞ]. We note that it is straightforward to
evaluate the worldvolume integral at a given order in Y0ðσÞ
and then perform the resummation after integration.
Starting from the Polyakov part in Eq. (9), i.e., ignoring

all the Riemann tensor couplings, we illustrate the calcu-
lation of the (1,1)-mode three-point amplitude at the first
post-Minkowskian order as follows:

2πiδðmv ·kÞAð1;1Þ
3;P ðv;a;kÞ¼ κm

4π

Z
dτeik·vτ

Z
π

0

sinðθÞdθ

×
Z

2π

0

dϕεμενð2vμ∂τYν
1;1þvμvν

þ∂aY
μ
1;1∂

aYν
1;1Þeik·Y1;1 : ð13Þ

Any term with an odd power of Yμ
1;1 in the ϕ integral is

canceled out (including terms involving ∂aY
μ
1;1). For even

powers, the ϕ integral is readily evaluated. Each sequence-
pair tensor structure can be rewritten using the identifica-
tion provided by Eqs. (6) and (7). Schematically, we have
the types of rewritings
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½∂τYμ
0Y

ν
0� → ½Sμν�

½Yμ
0Y

ν
0�; ½∂bYμ

0∂bY
ν
0� →

�
vμvμ − ημν −

aμaν

jaj2
�
; ð14Þ

where b∈ fτ; θ;ϕg. We observe the presence of the desired
kinematic variables. The ϕ-integral value is independent of
τ; this renders the τ integral trivial and gives a factor 2πδðk ·
vÞ as expected. For the contribution from 2vμ∂τYν

1;1, only
the odd power terms of Y0 in the series expansion of eik·Y0

are nonvanishing. Using Eq. (8), the total contribution from

these terms is iðv · εÞðk · S · εÞI ð1;1Þ
P;o . Carrying out the θ

integral, we arrive at

I ð1;1Þ
P;o ¼

3jaj2cosh


awc1;1k·a

jaj
�

ðawc1;1Þ2ðk ·aÞ2
−
3jaj3 sinh



awc1;1k·a

jaj
�

ðawc1;1Þ3ðk ·aÞ3
: ð15Þ

Considering a radius of the disk in the target space awc1;1 as
a Kerr black hole jaj [recall c1;1 ¼ ð3=2 ffiffiffi

2
p Þ from Eq. (8)],

we arrive at functions such as coshðk · aÞ and sinhðk · aÞ.
Similarly, the terms with the common factor vμvν þ
∂aY

μ
1;1∂bY

ν
1;1γ

ab contribute only to the even orders in spin.
The same procedure yields

I ð1;1Þ
P;e ¼

�
17ða · kÞ2þ 27

�
sinhða · kÞ− 27a · k cosh ða · kÞ

8ða · kÞ3 :

ð16Þ

It follows that the amplitude from the Polyakov part is

Að1;1Þ
3;P ðv; a; kÞ ¼ −iκðmv · εÞðmv · εI ð1;1Þ

P;e þ ik · S · εI ð1;1Þ
P;o Þ:
ð17Þ

We see that the minimal Polyakov action term completely

determines Aðl;jÞ
3 up to OðjajÞ. It follows from the fact that

interactions involving Rμνρσ contribute only at order
Oðjaj2Þ and higher, as can be seen from spin counting:
aw; Y

μ
l;j each carry spin power one, while ∂aZ

μ
0 gives no

extra spin power. These contributions from Riemann tensor
couplings can be evaluated analogously and also lead to
coshðk · aÞ and sinhðk · aÞ for the Yμ

1;1 mode in the
amplitude. We note that higher-order modes, which are
not analyzed in detail here, give rise to distinct entire
functions, such as generalized hypergeometric functions
(see Supplemental Material [75]).
We find that (9) evaluated for the (1,1)-mode suffices to

give the three-point amplitude of any such black hole at the
leading post-Minkowskian order. To see this, we write the
amplitude following from the generic action in a spin-
expanded form up to OðjajsÞ and find that any amplitude
admitting a regular spin expansion of only ðk · aÞ can be

reproduced by a unique set of ξ1;2;…;s. We have verified this
up to s ¼ 99.
We only list the final results for the first few terms in (9),

i.e., ξ1;2;4 to be arbitrary and all other interaction terms
vanishing. The amplitude organized by a basis of entire
functions then is

Að1;1Þ
3 ðv; a; kÞ ¼ ð−iκÞ

X5
i¼1

ciBi; ð18Þ

where c1 ¼ ð25=8Þξ1 þ 9
4
ξ2 − ð9=32Þξ4, c2 ¼ ð17=8Þ−

ð79=8Þξ1 − 9
4
ξ2 þ ð369=16Þξ4, c3 ¼ ð27=32Þð24ξ1−

81ξ4 − 4Þ, c4 ¼ 3ξ1, c5 ¼ 3–9ξ1 and basis elements Bi
are listed in Table I. The ξ2, ξ4 terms only contribute to even
powers in spin due to the presence of ϱabcd. Interestingly,
we have discovered that we can recover a new representa-
tion of the Kerr black hole three-point amplitude (following
from an extended Polyakov action with minimal coupling
to the background) by fixing the coupling constants ξi to be
ξ1 ¼ 1

3
, ξ2 ¼ −ð1=34Þ, ξ4 ¼ ð4=34Þ, ξi ¼ 0 for i ¼ 3 or

i > 4. Thus, we get

SKerr ¼ −
m

8πa2w

Z
S2×R

d3σ
ffiffiffi
γ

p �
ðDZÞ2 þ 1

þ a2wRμνρλðZÞ∂aZμ
∂bZρ

∂cZν
∂dZλ

×

�
1

3
γabγcd −

1

34
a2wϱacbd þ

4

34
a2wϱacbdðDZÞ2

��
;

ð19Þ

which amazingly lands us directly on the three-point Kerr
amplitude (see Refs. [8–11,13]),

ð20Þ

Singularities in general spinning hypersurface—Here
we study the physical effects arising from the Kerr action in
Eq. (19) and the corresponding amplitudes. For compari-
son, we allow the lower-dimensional couplings involving
the Riemann tensor to have arbitrary coefficients ξ1;2;4. We
find that only the Kerr action yields the simple-pole
divergence in the bending angle of the scattering with a
test particle and maintains an unaltered stable vacuum
solution of Zμ

0, in contrast to an action with generic ξ1;2;4.
The bending angle is computed at the first post-
Minkowskian order with impact parameter b in the
“aligned-spin” configuration v1 · a ¼ v2 · a ¼ 0 (where
v1, v2 denote the velocities of the spinless test particle
and the spinning black hole, respectively). We have
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explored a large number of terms in the general action (9)
and for generic ξ1;2;4, the spin-resummed bending angle at
this order is

χð1;1Þ1PM ðξ1; ξ2; ξ4Þ ¼
X5
i¼1

ciχ
ð1;1Þ
1PM ðBiÞ; ð21Þ

where χð1;1Þ1PM ðBiÞ denotes the contribution from the basis
element Bi. We find that the singularities always lie at
jaj ¼ jbj. For the Kerr action in Eq. (19), only B1 and B4

contribute, and the result agrees with [14,15,40,42,76,77].
For generic ξ1;2;4, the resulting bending angle has loga-
rithmic divergences. Further analysis of the bending angle
involving higher modes is presented in Supplemental
Material [75].
The spin-resummed bending angle at the second post-

Minkowskian order is presented in Supplemental Material
[75]. Similarly, we find that the singularities always lie at
jaj ¼ jbj. The second post-Minkowskian bending angle for
Kerr agrees with [33,42], also free of logarithmic diver-
gences. For generic ξ1;2;4, the existence of logarithmic
divergences persists.
Another critical direction to consider is the metric, given

the hypersurface’s interaction with gravity. We start with
the Einstein equation expanded up to the first post-
Minkowskian order,

Rμν −
R
2
gμν ¼ 8πGNTμν ¼ 8πGN

−2ffiffiffiffiffiffi−gp δS
δgμνðxÞ

; ð22Þ

where

gμνðxÞ ¼ ημν þ κ2h1 μνðxÞ þOðκ4Þ
TμνðxÞ ¼ Tμν

0 ðxÞ þOðκÞ:

At this order, h1 μν contains only the leading-order sta-
tionary contribution. Fourier transforming Eq. (22) to
momentum space (see Refs. [78–80] for spinless exam-

ples), we find it is directly related to Að1;1Þ
3 [81],

h̃μν1 ðqÞ ¼ T̃μν
0 ðqÞ − 1

2
T̃ρ
0ρðqÞημν

2q2

¼ 2πδðmv · qÞ
2q2

X
spin sum

Að1;1Þ
3 ðv; a; qÞ

−iκ
ε�με�ν: ð23Þ

Here we work in the de Donder gauge, and ε� denotes the
conjugate of ε. The first post-Minkowskian stationary
metric in position space is then given by

hμν1 ðxÞ ¼
Z

d4q
ð2πÞ4 e

−iq·xh̃μν1 ðqÞ: ð24Þ

Explicit expressions are listed in Table I. The metric always
satisfies the Einstein equation above for any ξ1;2;4.
As shown in Table I, entire functions B1, B4 that are

present in the Kerr amplitude give rise to the ring
singularity in the metric, while the rest [B2, B3, B5 in
Eq. (18)] contribute only to the regular part of the metric at
the first post-Minkowskian order. Interestingly, the gen-
erated Kerr metric hμν1 (only B1 þ B4 in Table I) vanishes as
r → 0 if the ring singularity is appropriately regularized,
suggesting the flat-space solution of Zμ

0 remains stable and
unaffected by hμν1 at this order. For a more general action,
hμν1 receives contributions from B2, B3, B5, which do not
vanish as r → 0 and can modify the flat-space solution.
This observation may corroborate the stability of the Kerr
black hole from a novel viewpoint.
Conclusion and outlook—This Letter takes a first step in

exploring a new hypersurface model, in which the action
preserves diffeomorphism invariance across the worldvo-
lume and the target spacetime, yielding solutions that rely
exclusively on variables such as velocity, classical spin, and
mass. We note that the spin tensor arises naturally from the
rotational angular momentum of the Kerr disk [2] around its
center of mass (in contrast, the worldsheet action in [18]
introduces the spin degree of freedom extrinsically via the
Newman-Janis shift). As we have observed, this framework
effectively encapsulates the external states necessary for an
in-depth characterization of the Kerr black hole, offering
interesting avenues for further study. The pivotal result of
our analysis is the successful generation of the classical

TABLE I. We define A≡ arctanðjaj=rÞ, Ab ≡ ðjbj=jajÞarctanhðjaj=jbjÞ, WðrÞ≡ �
1þ ðr2=jaj2Þ
A − ðr=jajÞ, S ≡ ½sinhðk · aÞ=

ðk · aÞ�, C≡ coshðk · aÞ. In the bending angle and metric, we omit the overall factor κ2
ffiffiffi
s

p
=ð16πjbjðy2 − 1ÞÞ and GNm, respectively,

where s ¼ m2
1 þm2

2 þ 2m1m2y and y ¼ v1 · v2. We also have used the definition: ds2flat ≡
�
dt2 − ðjaj2cos2ðθÞ þ r2Þ=

ððjaj2 þ r2ÞÞdr2 − ðjaj2cos2ðθÞ þ r2Þdθ2 − ðjaj2 þ r2Þsin2ðθÞdϕ2


.

B1 ¼ m2ðv · εÞ2C B2 ¼ m2ðv · εÞ2S B3 ¼ m2ðv · εÞ2½∂k·a=ðk · aÞ�S B4 ¼ iðmv · εÞðk · S · εÞS B5 ¼ iðmv · εÞðk · S · εÞ½∂k·a=ðk · aÞ�S
χ ½ð2y2 − 1Þjbj2=

ðjbj2 − jaj2Þ�
ð2y2 − 1ÞAb ðy2 − 1

2
Þ½ðjbj2=jaj2Þ×

ð1 −AbÞ þAb�
½2y

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − 1

p
jajjbj=

ðjbj2 − jaj2Þ�
2y

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − 1

p
ðAb − 1Þðjbj=jajÞ

ds2ð1Þ f2r=
½r2 þ jaj2cos2ðθÞ�g

ð2=jajÞA ½ð1 − 3cos2ðθÞÞWðrÞ=2jaj�−
ðsin2ðθÞA=jajÞ

f4jajrsin2ðθÞ=
½r2 þ jaj2cos2ðθÞ�g

2sin2ðθÞWðrÞ

½ds2flat − 2dt2� ½ds2flat − 2dt2� ½ds2flat − 2dt2� ½dϕdt� ½dϕdt�
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three-point Kerr amplitude to arbitrary spin order directly
from the model’s equation of motion. We hope that this
constructive result will enhance the theoretical precision of
the computational analysis of observations of binary events.
For instance, by expanding in action’s relative coordi-

nate, we can distill the action into a worldline formulation
comprising an infinite number of terms beyond minimal
coupling. While our hypersurface action involves only
metric and Riemann tensor couplings, derivatives of the
Riemann tensor and multiple Riemann tensor couplings
naturally emerge from this expansion, opening intriguing
new avenues for worldline computations.
Within the framework established for the three-point

amplitude, it is crucial to investigate how to use this action
to derive high-multiplicity classical amplitudes by solving
the corresponding extended equations of motion. The
major task is to solve both the hypersurface coordinate
equation of motion and the Einstein equation Eq. (22). The
above equation of motion can be solved perturbatively in
both spin parameter jaj and gravity coupling κ order by
order. One can thus extract the high-multiplicity amplitude
perturbatively from the outgoing gravitational wave sol-
ution in the presence of multiple incoming plane waves or
partial waves (see, i.e., Ref. [61] for related discussions on
Compton amplitude). The advantage of the hypersurface
equation of motion is that it obviates the need for a
multipole expansion or the introduction of multipole
moments, while still yielding an amplitude that depends
only on the spin and mass of the black hole. We leave a
detailed discussion in an upcoming publication (see also
the illustrative discussions in Supplemental Material [75]).
To verify the obtained amplitude, we examine the factori-
zation behavior and use the model’s contact terms to gain
new insights, for example, in the context of existing
Compton amplitude bootstrap techniques [34,38,44].
Given that our framework encompasses intricate char-

acteristics of extended bodies, it also facilitates the extrac-
tion of the multipole expansion from the energy-
momentum tensor (see, i.e., Ref. [61] using disk source).
It opens a new avenue for analytically addressing the
Mathisson-Papapetrou-Dixon equations within the post-
Minkowskian expansion framework and for conducting
numerical analyses in scenarios characterized by strong
gravitational coupling. Such investigations go beyond the
scope of this presentation. Still, they are vital as they will
likely serve as future cross-validation of the theoretical
framework we envision for higher-multiplicity amplitudes.
Besides identifying a correspondence with the amplitude

associated with a Kerr black hole, we emphasize that the
proposed hypersurface model for spinning black holes
extends to a broad class of interactions in arbitrary
dimensions, potentially leading to a new understanding
of the complex behavior of extended bodies that could be
relevant for future astrophysical phenomenology and pre-
cision observations.
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