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High-energy QCD evolution beyond leading order suffers from instabilities driven by large collinear
logarithms. We present a framework, consistent with the standard high-energy operator product expansion,
that restores perturbative stability order by order. The method involves a change of basis in the space of
high-energy operators, which modifies both the evolution kernel and the coefficient functions while leaving
physical observables invariant. Within this factorization scheme, we derive a next-to-leading-order
renormalization-group equation whose numerical solution exhibits stable evolution up to large rapidities,
paving the way for a systematic framework for precision studies of gluon saturation at current and future
colliders.
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Introduction—The partonic picture of hadrons [1,2],
successfully validated in collider experiments—most nota-
bly through deep inelastic scattering (DIS) of electrons off
protons at high momentum transfer Q2—is expected to
break down at sufficiently high energies. In this regime,
wee gluons—commonly referred to as small-x gluons,
where x denotes the longitudinal momentum fraction of
the target proton carried by these gluons—proliferate, and
their density increases rapidly until nonlinear effects
associated with gluon recombination become significant
and eventually tame the growth of gluon numbers [3–5].
This phenomenon, known as gluon saturation, is actively
investigated at current facilities [6] such as RHIC and the
LHC, and represents one of the key scientific goals of the
future Electron-Ion Collider (EIC) [7]. This high-density
regime is characterized by the emergence of a new
dynamical scale, Qs, the saturation scale, whose exper-
imental observation would signal the onset of the satu-
ration phase.
Besides the many experimental challenges involved in

probing this emergent regime of QCD dynamics, theoreti-
cal progress toward higher-precision calculations has long

been hindered by difficulties related to the convergence of
perturbation theory in this domain. Within the framework
of the color glass condensate (CGC) [8], the Balitsky-
Kovchegov (BK) and Jalilian-Marian–Iancu–McLerran–
Weigert–Leonidov–Kovner (JIMWLK) equations [9–16],
which describe the dense regime of QCD through the high-
energy renormalization group (RG) evolution of Wilson-
line operators, were found to receive unexpectedly large
next-to-leading order (NLO) corrections [17,18]. These
corrections induce severe numerical instabilities [19] and
therefore strongly limit the predictive power of the CGC.
This issue was previously diagnosed [20–28] in the

linear regime described by the Balitsky-Fadin-Kuraev-
Lipatov equation [29–31], beyond leading order (LO)
[32–36], where it was traced back to large collinear
logarithms arising from the potentially wide transverse
phase space between the dilute probe—such as a virtual
photon with virtuality Q2 in DIS—and the characteristic
transverse scale of the target, either of order ΛQCD or the
nuclear saturation scale Qs.
In the case of a dilute probe with large light cone positive

momentum qþ that scatters off a target carrying large
negative light cone momentum P−, two main pragmatic
strategies have been devised to tame these instabilities: (i) a
modification of the LO BK kernel that effectively resums to
all orders the double collinear logarithms αns ln2nðQ2=Q2

sÞ
[28,37,38], and (ii) a reformulation of the NLO BK
equation [39] in terms of the target rapidity variable
lnðP−=k−Þ rather than the projectile rapidity variable
lnðqþ=kþÞ [40,41]. While these approaches succeed in
stabilizing the NLO evolution [40,42,43], they remain
unsatisfactory from a formal standpoint. On the one hand,
the high-energy RG kernel should be universal and
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uniquely fixed by the structure of the high energy operator
product expansion (OPE) [9]; on the other, the OPE for
dilute-dense collisions is naturally formulated in projectile-
rapidity factorization, enabling a clean separation of coef-
ficient functions at higher orders. Moreover, such modified
schemes alter the evolution kernel while ostensibly evolv-
ing the same operators as those appearing in the high-
energy OPE. Yet these operators arise specifically from
kþ–space factorization of gluon fields under eikonal kin-
ematics; factorizing in k− space or adopting modified
kinematics would in principle involve a different operator
basis. This introduces a fundamental dissonance in the
modified frameworks. Hence, these approaches offer no
insight into the all-order structure of high-energy factoriza-
tion, leaving open the question of their consistency with the
underlying OPE. A framework that preserves the structure of
the high-energyOPEwhilemaintaining the natural kþ-space
factorization has therefore remained elusive.
In this Letter, we present a new approach, grounded in

the high-energy OPE, that systematically repairs the BK
equation order by order in perturbation theory. A detailed
derivation and extended discussion are presented in a
companion paper [44]. It consists of a change of basis
in the space of high-energy operators, implemented directly
within the OPE. Under this transformation, physical cross
sections remain invariant, whereas the small-x operators
and their corresponding coefficient functions are rotated.
This procedure is analogous to scheme transformations
[e.g., between the minimal subtraction (MS) and modified
minimal subtraction (MS) schemes] familiar from collinear
factorization. It can be viewed as the action of an operator
e−L—introduced via the identity 1 ¼ e−LeL—which imple-
ments a change of factorization scheme within the high-
energy OPE, while leaving physical observables invariant
up to higher-order terms in the perturbative expansion.
The operator L effectively reorganizes the perturbative

series by introducing a collinear factorization scale μ2,
thereby separating transverse (collinear) and longitudinal
(rapidity) degrees of freedom in a systematic way. Order by
order, L ensures that the rapidity divergences subtracted by
the RG evolution are associated with corresponding
collinear counterterms, thus coupling the rapidity scale ζ
to the transverse scale μ2 through the composite rapidity
variable Y ¼ ln ðζ=μ2Þ. Both the coefficient functions and
the evolved operators then acquire a joint dependence on
the two scales ðμ2; ζÞ, reflecting the interplay between
collinear and small-x logarithmic resummations. Choosing
μ2 ¼ Q2 and ζ ¼ 2qþP− ¼ s reproduces the standard
Bjorken variable, since μ2=ζ → Q2=s ¼ xB, effectively
aligning this rapidity subtraction scheme with conventional
DIS kinematics. Yet, we do not propose a new effective
theory or a new Wilsonian RG variable. Rather, we
construct a new rapidity–collinear factorization scheme
within the standard high-energy OPE, defined by an
operator-level similarity transformation.

Overall, our framework establishes a unified and trans-
parent formulation of nonlinear QCD evolution in terms of
linear-algebraic structures. Within this formulation, specific
basis transformations define new factorization schemes that
suppress collinear instabilities. The resulting NLO BK
equation, derived in this scheme, is shown through detailed
numerical simulations to exhibit stable evolution across the
relevant physical regime.
Factorization and scheme transformation—Although

the framework developed here can be applied to any
high-energy observable, we shall illustrate its use by
discussing the total DIS cross section in the Regge limit
[45], which, after applying the high-energy OPE, takes the
following factorized form [46]:

σðxB;Q2Þ ¼
X∞
n¼2

Z
1;…;n

HðnÞðQ2; fxigni¼1; ζ=sÞ

× ½SðnÞðfxigni¼1; ζÞ − 1�; ð1Þ

up to power corrections in xB ¼ Q2=s, where again s ¼
2qþP−. Here HðnÞ denotes the squared amplitude for a
virtual photon with momentum q≡ ðqþ;−Q2=2qþ; 0⊥Þ to
split into n partons that subsequently interact eikonally with
the target, with these interactions encoded in the small-x
operators SðnÞ. The latter are built off infinite lightlike
Wilson lines Ux (Ux) in the fundamental (adjoint) repre-
sentation at a given transverse coordinate x in the back-
ground fieldof the target. Then frozen transverse coordinates
of these eikonal partons are gathered in the notation fxigni¼1.
For instance, at leading order and next-to-leading order, we
have Sð2Þðx1;x2Þ¼ð1=NcÞTrðUx1U

†
x2Þ and Sð3Þðx1;x2;x3Þ¼

ð1=NcÞTrðtaUx1t
bU†

x2ÞUab
x3 , respectively.

Hence, the integer n refers to the number of such Wilson
lines in the operator SðnÞ. The convolution is in transverse
coordinate space, and we use the shorthand notationR
i ¼

R
d2xi=ð2πÞ. Last but not least, ζ ¼ 2ρþP− is the

projectile rapidity factorization scale defined in terms of the
factorization scale ρþ separating the “fast” (kþ ≥ ρþ) and
“slow” modes (kþ ≤ ρþ), the latter being resummed to all
orders within the RG evolution equation in ζ satisfied by
SðnÞ. As usual in QCD factorization, σðxB;Q2Þ is ζ
independent, yet the truncation of the perturbative series
at a given order, say Oðαns Þ yields a residual ζ dependence
which is Oðαnþ1

s Þ.
We employ the Doi-Peliti formalism [49,50], which uses

the Dirac bra-ket notation to describe stochastic dynamics,
in order to represent the factorization of the DIS cross
section into a hard coefficient function H and a target
operator S. This will allow one to describe the nonlinear
QCD dynamics using linear-algebraic techniques and to
formulate our change of basis in the space of these
operators.
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These objects can be viewed as vectors in a Fock space,
denoted respectively by ðHj and jS), equipped with the
“dipole-chain” basis in transverse position space,

j0Þ; jx1x2Þ; jx1x2x3Þ; jx1x2x3x4Þ…; ð2Þ

where now x1x2…xn ≡ fxigni¼1 denotes an ordered string
of transverse coordinates associated with the dipole chain.
This basis is particularly convenient in the large-Nc limit,
where the relevant degrees of freedom are color dipoles in
the fundamental representation, i.e., S12 ≡ Sð2Þðx1; x2Þ. For
the purely gluonic case, one has the factorized form

SðnÞ ≡ ðx1x2x3…xnjSÞ ¼ S12S23…Sðn−1Þn: ð3Þ

A fermion loop splits the dipole chain into two segments;
higher loops act similarly. For example, a single loop
through the shock wave is represented by

jx1…xiÞ ⊗ jxiþ1…xnÞ: ð4Þ

Within this notation, the cross section can be expressed as
an inner product, σðxB;Q2Þ ¼ ðHðζÞjSðζÞÞ. Equation (1)
then follows by inserting the completeness relation
I ¼ PR

1;…;n jnÞðnj where the sum runs over all possible
(connected and disconnected) dipole chains jnÞ.
At LO, for instance, only jx1x2Þ contributes to the OPE,

with Hð2Þ ¼ ðHjx1x2Þ (see, e.g., Ref. [51]) and the corre-
sponding operator is Sð2Þ:

Sð2ÞðζÞ ¼ ðx1x2jSðζÞÞ ¼
1

Nc
hTrUx1U

†
x2iζ: ð5Þ

Here, h� � �iζ denotes the renormalized expectation value of
the operators at the rapidity scale ζ in the target state. The
coefficient functions are currently known to NLO accuracy
[52–59], and n ¼ 3 contributes at this order via the
operator Sð3Þ ¼ S13S32.
The ζ dependence of the small-x operators obeys the

high-energy RG BK/JIMWLK equation whose solution
exponentiates in the space of operators

jSðζÞÞ ¼ exp

�
ᾱsKðᾱsÞ ln

ζ

ζ0

�
jSðζ0ÞÞ; ð6Þ

where K ¼ KLO þ ᾱsKNLO þ… is the operator generating
the Balitsky hierarchy and ᾱs ¼ αsNc=π.
The action of KLO on the dipole chain basis reads as

ðx1…xnjKLO ¼
Xn−1
i¼1

Z
j

x2i;iþ1

x2ijx
2
j;iþ1

×
h
ðx1…xixjxiþ1…xnj − ðx1…xnj

i
; ð7Þ

which for a single dipole yields the LO BK form

ðx1x2jKLO ¼
Z
3

x212
x213x

2
32

h
ðx1x3x2j − ðx1x2j

i
: ð8Þ

Differentiating Eq. (6) applied to the dipole with respect to
lnðζÞ and using Eq. (8) yields the LO BK equation in its
conventional form,

∂S12
∂ ln ζ

¼ ᾱs

Z
3

x212
x213x

2
32

ðS13S32 − S12Þ: ð9Þ

We now introduce the “rotated” composite operators
through the following similarity transformation:

jS̄ðζ; μ2ÞÞ ¼ exp ð−ᾱsLðᾱs; μ2ÞÞjSðζÞÞ; ð10Þ

where L is a polynomial in ln μ2, with μ a collinear scale
ensuring the consistent matching of rapidity logarithms
order by order—effectively redefining the subtraction
scheme for rapidity divergences.
In the conventional low-x kinematics, the longitudinal

momentum (kþ) and the collinear phase space are effec-
tively decorrelated, as reflected in the structure of the
evolution equation, Eq. (6). While this constitutes a valid
factorization scheme, it generates large collinear logarithms
at higher orders. In general, the subtraction of logarithmic
rapidity divergences is defined only up to an arbitrary
logarithm of the transverse degrees of freedom. Physically,
this transverse log can be linked to constraints on the
logarithmic kþ integration—most notably the lifetime
condition k− ¼ k2⊥=kþ < P−, which implies kþP− > k2⊥.
Most ad hoc schemes effectively impose this kinematic
constraint, thereby resumming large collinear logarithms
but at the cost of altering the systematics of high-energy
factorization and introducing uncontrolled higher-order
corrections. In contrast, our framework remains fully
consistent with high-energy factorization. The operator
L, whose action is to rotate the dipole-chain basis, is
constructed to introduce a counterterm that systematically
extracts the collinear logarithm related to the rapidity phase
space integral through the lifetime constraint,

Z
ρþ

k2⊥=P−

dkþ

kþ
¼ ln

�
ζ

μ2

�
− ln

�
k2⊥
μ2

�
: ð11Þ

The first term is associated with the standard rapidity
logarithm resummed in the high energy OPE, and the
second is the collinear logarithm that we aim to reshuffle
from the evolution to the hard coefficient function via our
scheme transformation expð−LÞ. On dimensional grounds,
we must therefore introduce a transverse scale μ2, such that
L ∼ ln k2⊥=μ2 þOðᾱsÞ and impose that S̄ be only a function
of ζ=μ2 beyond leading order.
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To all orders in perturbation theory, we thus build the
operator L ¼ LLO þ ᾱsLNLO þOðᾱ2sÞ by imposing the
composite operators to depend only on the ratio ζ=μ2.
This requirement entails

∂S̄
∂ ln μ2

þ ∂S̄
∂ ln ζ

¼ 0; ð12Þ

which guarantees that any variation of the collinear scale
μ is compensated by a corresponding change in the
rapidity parameter ζ. Equation (12) implies that
∂LLO=∂ ln μ2 ¼ KLO, such that the constant coefficient of
the polynomial in ln μ2 is unconstrained reflecting a
residual freedom of scheme. To order ᾱs, we shall use

ðx1x2jLLO ¼
Z
3

x212
x213x

2
32

lnðμ2jx13jjx32jÞ
�
ðx1x3x2j − ðx1x2j

�
;

ð13Þ

where the argument in the log in Eq. (13) is a scheme
choice which turns out to simplify the form of the RG
evolution of S̄. Equation (13) admits a general form similar
to Eq. (7).
Expanding the exponential Eq. (10) to first order in αs,

we thus obtain jS̄Þ ≃ jSÞ − ᾱsLLOjSÞ and therefore

S̄12 ≃ S12 − ᾱs

Z
3

x212
x213x

2
32

ln ðμ2jx13jjx32jÞ½S13S32 − S12�:

ð14Þ

Evidently, the cross section must be invariant under the
rotation Eq. (10), which implies the transformation both of
the coefficient functions,

ðH̄ðζ; μ2Þj ¼ ðHðζÞj exp ðᾱsLðᾱs; μ2ÞÞ; ð15Þ

and of the kernel of the RG equation,

K̄ ¼ e−ᾱsLKeþᾱsL ð16Þ

¼ K þ ᾱs½K;L� þ
ᾱ2s
2!

½½K;L�; L� þOðᾱ3sÞ; ð17Þ

where we have used the Campbell identity. Remarkably, the
rotated kernel can be shown to be independent of μ to all
orders in ᾱs, namely dK̄=d ln μ2 ¼ 0 [44].
We now present the results for the NLO BK equation

satisfied by the composite dipole, corresponding to retain-
ing the OðᾱsÞ terms in Eq. (17). The contribution to K̄ due
to the commutator ᾱs½KLO; LLO� can be easily computed
using Eq. (7) for KLO (and LLO) (see the Supplemental
Material, Sec. I [60]). Projecting onto the target state jS̄Þ
and integrating over x4 in the two and single dipole
contributions [44], we obtain our new NLO BK equation:

∂S̄12
∂Y

¼ ᾱsðx1x2jKLO þ ᾱsKNLOjS̄Þ

þ ᾱ2s
2

Z
3

x212
x213x

2
32

ln
x213
x212

ln
x232
x212

ðS̄13S̄32 − S̄12Þ

þ ᾱ2s
2

Z
3;4

x212
x213x

2
34x

2
42

ln

�
x234
x214

�
S̄13ðS̄34S̄42 − S̄32Þ

þ ᾱ2s
2

Z
3;4

x212
x214x

2
43x

2
32

ln

�
x243
x242

�
ðS̄14S̄43 − S̄13ÞS̄32

þOðα3sÞ: ð18Þ

The first term represents the full NLO kernel derived in
[17], which contains in KNLO the problematic double
logarithms that are exactly canceled by the second term
(see the Supplemental Material, Sec. 2 [60]). This cancel-
lation is independent of the running-coupling scheme
ultimately used, as long as the same prescription is applied
to the α2s terms. The last two terms arise from our scheme
transformation. Although they do not contain collinear
logarithms, they generate anticollinear double logarithms
[44] whose numerical effect is discussed in the next section.
We further note that KNLO contains additional single
logarithms [61,62], which are not canceled by our scheme
transformation and whose treatment within our framework
is left for future work.
Our framework unifies two seemingly distinct formula-

tions, each recovered as a limiting case of our construction:
(i) the conformal dipole transformation of Ref. [17],
which introduces an additional factor of 1=2 in front of the
logarithm and in the second term of Eq. (12)—arising from
the scaling ρþ=μ instead of ρþP−=μ2—together with the
scale choice jx13jjx32j=jx12j; and (ii) the target rapidity
evolution of Ref. [40] where successive emissions are
effectively ordered in k−, corresponding to the scale choice
jx12j in the logarithm of Eq. (14). For phenomenological
applications, these limits must be supplemented by the
corresponding transformation H → H̄ naturally predicted
within our formalism.
Finally, in the new basis, the DIS cross section reads as

σðxB;Q2Þ ¼ ðH̄ðQ2; s=ζ; Q2=μ2ÞjS̄ðζ=μ2ÞÞ, where H̄ and S̄
denote the transformed hard and soft (dipole) operators,
respectively. To minimize the rapidity logarithms appearing
in the hard factor, one may choose ζ ¼ s and μ2 ¼ Q2.
With this choice, the relation μ2=ζ ¼ Q2=s ¼ xB becomes
manifest, establishing a direct connection with the Bjorken
scaling variable. Hence, our scheme transformation natu-
rally allows both the endpoint of the NLO evolution and the
NLO impact factors to be expressed in terms of the natural
target variable xB.
Numerical stability of NLO BK—We now turn to the

numerical analysis of the evolution equation, Eq. (18). To
demonstrate its stability,we solve it numerically usinga simple
initial condition inspired by theMcLerran-Venugopalan (MV)
model [63,64], given by
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S̄12ðY ¼ 0Þ ¼ exp

�
−
1

4
Q2

0x
2
12 ln

�
1

Λjx12j
þ e

��
; ð19Þ

where Q0 ¼ 1.0 GeV is the initial saturation scale and Λ ¼
0.2 GeV is an infrared scale. We employ a fixed coupling
constant ᾱs ¼ 0.3; the inclusion of running-coupling effects is
expected to further enhance the stability of the solution by
suppressing short-distance contributions. The convergence of
the numerical results with respect to all technical parameters
entering the discretized evolution was verified (see the
Supplemental Material, Sec. 3 [60]). The numerical results
presented here are intended as a proof of principle; a
comprehensive and systematic numerical study of the NLO
BK equation, including detailed investigations of initial
conditions and running-coupling prescriptions [65,66], is
currently underway and will be reported in a forthcoming
separate publication. Nevertheless, we have performed pre-
liminary checks showing that these observations are robust
under different initial conditions, including theMVandGolec-
Biernat-Wüsthoff initial conditions [63,67], as well as
different running-coupling prescriptions, including the
Brodsky-Lepage-Mackenzie [68] and Balitsky [69] prescrip-
tions. Itwould be interesting to further solveEq. (18) including
impact-parameter dependence for a nonhomogeneous target,
following [43].
Figure 1 shows the evolved quantity N̄12 ¼ 1 − S̄12

for two representative rapidities, Y ¼ 5.0 and Y ¼ 10.0.
The evolution remains stable throughout the phenomeno-
logically relevant rapidity range, extending beyond the
kinematic reach of existing DIS measurements at HERA
[70], up to Y ¼ lnðζ=μ2Þ ≃ 10. At larger rapidities, residual
anticollinear double-logarithmic and collinear single loga-
rithmic instabilities begin to appear, signaling the onset of
higher-order effects. Various strategies have been proposed

to address these anticollinear logarithms through an all-order
resummation implemented in the kernel of the RG equation
[38,40]. This breakdown of truncated perturbation theory
is, in any case, expected: as Y increases—typically for
Y ≳ 1=α3s—next-to-next-to-leading order (NNLO) and
higher-order corrections become important and must be
included.
The inset in Fig. 1 displays the results obtained using the

same initial condition evolved with the standard NLO BK
equation. In this case, as first noticed in [19], the double-
logarithmic contribution dominates the evolution and
rapidly drives N̄12 to unphysical negative values.
Conclusions—In summary, we have proposed a system-

atically improvable framework that restores the perturbative
stability of high-energy QCD evolution at next-to-leading
order and beyond, while remaining consistent with the high-
energy OPE. The key ingredient is a rotation in the space of
high-energy operators, implemented by the operator e−L,
which preserves physical cross sections while reorganizing
the factorization such that the large collinear logarithms
responsible for the instabilities of the conventional NLO BK
evolution are eliminated. Applied to the dipole operator, this
transformationyields an evolution equation that is both stable
and positive across the phenomenologically relevant rapidity
range, as confirmed by dedicated numerical simulations.
Beyond the specific NLO application, our formalism

recasts nonlinear small-x dynamics into the language of
linear algebra: operators are represented in Dirac notation
and act on a vector space spanned by dipole-chain states,
providing a compact and transparent framework for describ-
ing their evolution and interactions. Within this operator-
based picture, the change of basis underlying the factoriza-
tion scheme transformation becomes explicit, offering a
unified algebraic interpretation of various high-energy evo-
lution schemes.
This approach provides a blueprint for systematically

extending perturbative stability to NNLO and beyond, and
for consistently incorporating single-logarithmic and run-
ning-coupling effects. In particular, together with the recent
computation of the BK kernel at NNLO accuracy [71,72],
our method opens the way for the first stable numerical
investigations of the evolved dipole at this precision. x
dynamics at current and future facilities, notably the EIC,
canbe readily extended to other observables such as inclusive
dijet, forward hadron production, or semi-inclusive DIS.
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