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Unitarity Flow Conjecture: An On-Shell Approach to the Renormalization Group
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We propose that the broad architecture of the renormalization group flow in quantum field theories is,
at least in part, fixed by unitarity. The precise statement is summarized in the unitarity flow conjecture,
which states that the nonlinear S-matrix identities obtained by imposing unitarity imply those needed to
derive the renormalization group equations. As a proof of principle, we verify this conjecture to all loops at
the leading and subleading logarithmic order in the four-dimensional massless A¢* theory using on-shell
techniques, without reference to any counterterms or Feynman diagrams.
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Introduction—Renormalization sits at the heart of the
modern understanding of physics, allowing one to inves-
tigate how properties of a given physical system change
depending on the energy scale u at which it is measured. In
the language of field theory, this structure is summarized
in the framework of the renormalization group (RG). It is
difficult to overstate the ubiquity of RG; its applications
range from statistical [1] and condensed-matter systems [2],
through fluid mechanics [3] and cosmology [4], to nuclear
and particle physics [5]. RG can be summarized by the
equation

d N
u— (out|S|in) = 0, (1)
du

where § is the S-matrix operator and |in) and |out) are
asymptotic multiparticle states. In words, (1) says that
physics at different scales p stays the same, as long as the
couplings and masses also change as a function of p,
referred to as an RG flow. Expanding the total u derivative
in (1), one arrives at the famous Callan-Symanzik (CS) or
RG equation [6-8], which will be made more precise in the
following Section.

High-precision predictions for RG flows are typically
made in perturbation theory, see, e.g., [9-18] for cutting-
edge results. From this perspective, it is highly nontrivial
that renormalized perturbation theory works at all beyond
one-loop order, as it relies on an intricate pattern of
relations between Feynman integrals at different perturba-
tive orders. Nevertheless, a celebrated theorem due to
Bogoliubov, Parasiuk, Hepp, and Zimmermann [19-21]
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proves that RG is self-consistent as a consequence of a web
of nonlinear identities between different matrix elements.

There is, however, another source of nonlinear identities
between matrix elements: unitarity. It encodes the physical
principle of probability conservation and in equations can
be written as the operator statement

S8 =1, (2)

which simply says that probabilities have to sum to one.
The goal of this letter is to put forward a conjecture that (1)
is, at least in part, a consequence of (2).

Over the years, several similarities between (1) and (2)
have been observed. For example, Koschinski, Polyakov,
and Vladimirov [22] found that leading divergences of
four-particle amplitudes are fixed as a consequence of
unitarity, analyticity, and permutation symmetry. More
recently, Caron-Huot and Wilhelm [23] used a similar
construction to compute f functions in QCD and Yukawa
theory through two loops. These investigations were
extended to rapidity RG [24] and applied to the Standard
Model effective field theory [25-28], among others
[29-34]. Broadly speaking, the intuition behind these
developments is that leading divergences involve loga-
rithms of the form log(u?/p?) and changing the energy
scale u can be equivalently written as computing the
imaginary part,

2
) 2 dlog(%)
“Imlog| =) =p— 2 3
Zim tog(") =y, )

for timelike momenta, p?> < 0. The imaginary part is then
related to the long-range propagation of on-shell states
through the optical theorem, see, e.g., [35,36].

We extend this intuition beyond leading logarithms
and formulate the Unitarity Flow Conjecture (UFC), which
schematically states that
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and will be made more precise in the following Sections.
In words, the nonlinear relations derived from unitarity
imply, at least in part, the structure of the CS equation. The
converse statement is certainly not true, since there exist
nonunitary theories that have RG flows, e.g., in dissipative
systems [37]. In the weak form, the UFC states (2) C (1),
that a part of RG equations can be obtained from unitarity.
In the strong form, the UFC states (2) = (1), that RG and
unitarity have the same content.

In this Letter, we provide evidence for the strong UFC in
the case of the massless A¢* theory in four dimensions to all
loops through the subleading logarithmic order. This theory
is enough to illustrate the nontrivial aspects of the UFC
without unnecessary technical complications. We will show
that the information content of (1) at each logarithmic order
can be derived from a series of unitarity cuts. These cuts, in
turn, only require knowledge of the on-shell amplitudes.

The UFC is a part of a broader program to give an
on-shell understanding of renormalization, see, e.g.,
[22-24,38-45]. The on-shell approach highlights a quali-
tative improvement over standard off-shell computations
by avoiding swaths of redundant information present
at each order in the perturbative expansion. In particular,
no counterterms or Feynman diagrams will appear in
this Letter.

Architecture of renormalization—As a starting point for
an on-shell theory of renormalization, we are going to use
the following minimal set of axioms: (I) finite S-matrix
elements consistent with all symmetries exist, (II) S-matrix
elements run with an energy scale g, (III) S-matrix elements
are unitary for every p. Let us explain how each of them is
implemented in practice in the massless A¢* theory.

(I) Symmetries. Since we are interested in the running
of the marginal coupling A in four dimensions, we will
consider the four-particle scattering amplitude iM, =
(p3palS = 1|py ps), which depends on the Mandelstam
invariants s =—(p, + p,)>>0, t = —(p, — p3)*> <0, and
u=—(py—ps)? <0 with s +t+u=0.

We will work in the hard scattering limit, |s|~ |¢] ~
|u| > u?. In this limit, the amplitude is dominated by
large logarithms. Therefore, the renormalized four-particle
amplitude admits the following loop expansion:

<) (—ﬂ)L_H (L)
M, = M (5)
4 ; (16ﬂ2)L 4
with
M‘(;L) = Z ML {ky ko ks }

0<ky,ky k3<L

2 2 2
x loght <'u—> logh <,u_t> loghs ('M—) (6)
—s - —u

where my (i, 1, 1, denotes the coefficient at L"-loop order
and powers ki, k,, and k5 of each of the logs. At tree level,
we have mq 90,0; = 1. Permutation symmetry implies that
the amplitude is (s,7, u) symmetric and hence the coef-
ficient my (4, k, k,} 18 also (ky, ky, k3) symmetric. Moreover,
My (k, ko .k,) are real and independent of the kinematics [46].
We will refer to the coefficients with k; +k, +k3 = L
and L — 1 as leading and subleading, respectively. The
Ansdtz in (6) is therefore the most general amplitude of a
marginal theory with no IR divergences that has permu-
tation symmetry, and real coefficients in the hard scattering
limit. For further discussion on the IR features of this
theory, see [46][Chapter 12].

The form of the two-particle amplitude (which is related
to the sum over all one-particle irreducible propagator
corrections [46][Eq. (9.25)]) is similar,

PR S G
MZ =p ; (167Z2)L M2 (7)
with
(n) - s
My =p? Z n logh (?) . (8)
k=0

We will similarly refer to n; ; and n;;_; as leading and
subleading coefficients, respectively.

We note that the inclusion of constant terms in these
expansions, my 000y and npg, encodes the scheme
dependence of the amplitude. These are fixed by the
definition of the physical parameters. For example, the
on-shell scheme defines the physical value of the coupling
A by continuing to the unphysical kinematic values
s =t=u=—u>, which sets all of these scheme-
dependent terms to zero, my, (900} = 1o = 0.

(IT) Running. The S-matrix elements run with the scale y,
meaning the n-particle amplitude M, [u, A(1)]. obeys

o M, = —=po, M, + nyM,. 9)
By the chain rule,

BA) = k. (10)

The appearance of y follows from the fact that the one-
particle states |p;) also get renormalized,

y(4) = ud,|pi), (11)

with the factor of n in (9) coming from the amplitude
constructed out of n-particle states. We choose to write (9)
in this way since it is the precise form of the CS equation
mentioned below (1), but we stress here that f and y
are arbitrary functions of 4 and do not rely on counterterms.
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Note that, crucially, these functions do not have an
explicit 4 dependence, instead characterizing the RG flow
of the theory.

(IIT) Unitarity. Unitarity can be stated in the form of the
generalized optical theorem (unitarity equation),

ImMnlJrnz - / MnlJranerkchk’ (12)

k cuts

where d®,, is the k-particle Lorentz invariant phase space
measure (recall that M’s do contain disconnected terms but
not the identity), see, e.g., [36]. From now on, we assume
Z, symmetry, |p;) — —|p;) for all i, which implies that
M, vanishes for odd n. Hence, only even-particle ampli-
tudes contribute to the sum. We will diagrammatically
represent unitarity cuts putting k particles on shell (called &
cuts) with an orange dashed line and complex conjugation
with shading, see Fig. 1. Upon using the loop expansion,
such as (5), the unitarity equation recursively relates higher
to lower loop coefficients.

Unitarity constraints—The central observation is that
out of the infinite sum in (12), only a finite number of
terms contribute to the leading and subleading coefficients.
We will use the cuts shown in Fig. 1 to determine these
coefficients, my, i, x, x,y and np, to all loop orders, with-
out any use of counterterms or Feynman diagrams. These
relations, we argue, are enough to reconstruct the leading
and subleading f and y functions. Moreover, we will
demonstrate that the constraints on amplitudes given by
RG and unitarity differ only by the initial conditions of the
recursion relations.

Leading four-particle coefficients, m; ;. From unitarity
on the four-particle amplitude we find that, since the sum
over two- and four-cuts only depends on log(u?/s), the
coefficients of the amplitude that mix logarithms in differ-
ent Mandelstam variables are all zero. In other words,
unitarity tells us that only

Subleading

1 1
%/—/
Leading
1
o (—©—) -—OEO— -

%/—/

Subleading

FIG. 1. Diagrammatic representation of the generalized optical
theorem. Terms contributing to the leading and subleading
divergences of the two- and four-particle amplitudes are indicated
above. The ellipsis contains terms at further subleading orders.

mp = Mg {k00} = ML{0.k0} = ML{0.0.k} (13)

are nonzero for k = L and L — 1. For example, terms of the
form log” (u%/ — s)logt=" (u%/ — 1) are absent. This result
is reminiscent of the Steinmann relations [47,48], which
constrain double discontinuities in overlapping channels.
The amplitude (6) therefore simplifies to

- (2 e ()]

(14)

Note that when k = 0 we have m, = 1/3, so that the tree

level four-particle amplitude is Mio) = -

The recursion relations among the leading coefficients
my ; are solely given by the sum over two-cuts. In
particular, matching orders in 4 we find

L-1
Im M _ZZ/M§L>MZ(L‘L‘1)dq>2+ ... (15
L'=0

Upon plugging in the Ansdtz (14) on both sides of the
equation, one can match powers in leading log.

This procedure results in a recursion relation for the
leading coefficients,

L-1

9

mpp =7 E mp pmyp_p/—1L-L'-1» (16)
2L =

whose solution is

m (2" @

Leading two-particle coefficients, n;, ;. We now turn to the
two-particle amplitude. Since 1PI diagrams, by definition,
have no one-cuts, the first contribution is from three-cuts.
Consequently, there is no leading log contribution on the
cut side of the unitarity equation and

nL,L =0. (18)

The first nonzero coefficients are therefore subleading.
Subleading two-particle coefficients, ny ;1. The unitar-
ity equation relates the subleading coefficients, n; ; |, on
the left-hand side of the unitarity equation to products of
leading four-particle coefficients on the right-hand side,

//\/l

Once again, power counting shows that the higher-particle
cuts will not contribute to subleading order in logs.
By plugging in the results of the leading four-particle

Im M = 4@, 4L (19)
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FIG. 2. Generalized optical theorem applied to the six-particle amplitude. The logs of the six-particle amplitude arise from cuts
through a single internal line. Unitarity then implies that these six-particle amplitudes are products of four-particle amplitudes. Out of the
ten permutations, the four displayed above are the only ones that contribute to subleading coefficients [49].

coefficients on the right-hand side, we can constrain the
two-particle subleading coefficients to be

1 /3\°L
npr—1 = —ﬁ <§> . (20)

As a consistency check, positivity of m; ; and negativity of
ny ;1 are guaranteed by the optical theorem.

Subleading four-particle coefficients, my ; ;. Finally, we
can include both the two-cuts and four-cuts of Fig. 1 to
constrain the subleading four-particle amplitude coeffi-
cients, my ;_;. However, the four-cuts contain six-particle
amplitudes,

= N
ImMgL) :—Z/ME‘L)MA;(L VD,

LL3

22M

Note that, by the same power-counting arguments as
before, the order in log from the four-particle cuts is
subsubleading as opposed to subleading. The difference
in this case is that the four-particle phase space itself will
contain divergences and contribute an enhancement by an
additional power in log. Using the same reasoning as for the
two- and four-particle amplitudes, the leading contribution
to the six-particle amplitude comes from products of four-
particle amplitudes, as shown in Fig. 2. Said in words,
unitarity implies the factorization of the six-particle ampli-
tude into products of four-particle amplitudes connected
with a propagator, hence

ZM“ Uk+zs

Sl/k

dd>4+ o (21)

o (22)

where the sum occurs over all ten channels and we used
Im(1/(x + ie)) = —nd(x). Since the six-particle amplitude
at leading order is expressible in terms of four-particle
amplitude coefficients, the unitarity equation once again
gives a closed relationship among the leading and now
subleading coefficients of the four-particle amplitude.
Plugging in the result for the leading coefficients gives a

recursion for the subleading coefficients,

_ (A [Lx2, 2 < (2\*
Mri-t=\5) |7g1 —L_lL’:l 3) M-t

(23)
whose solution is
3\L L(54m,y—32)+34LH; —2
mp = <§> ( 1,0 8)1 L . (24)

where H, is the L™ harmonic number. Recall that my g is
scheme dependent and sets a boundary condition for the
recursion.

Consistency checks. There are several checks for these
results. We explicitly computed the renormalized amplitude
up to three-loop order in renormalized perturbation theory,
where four-cuts first appear nontrivially, and find agree-
ment. As a test of the method, we also applied the same
techniques to compute the divergences of the unrenormal-
ized amplitude and found agreement with the sum of
Feynman diagrams for subleading divergences up to
four-loop order. The final and most powerful check is
consistency with the renormalization group to all loop
orders, which we check in the next Section. The details
of the recursion relations, including subtleties of the
phase-space integration, appear in [49].

Renormalization—Recall that the CS equation is given
by (9). The # and y functions themselves admit a Taylor
expansion in 4,

ﬂ /ILJrl 2’0: L/lL

i) = (167%)" (1672)

L—

(25)

L:0

We choose the summation index and normalization to
match common conventions. Plugging the Ansdtze (5)
and (7) into the CS equation immediately gives
p_1 = Po =79 = 0. On the other hand, using the leading
and subleading recursion relations obtained from unitarity,
we find

17 1
.52———, =0, yn= (26)

5, = —
pi1=3, B
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Note that, despite its appearance in (24), m; , canceled out
in the final expression for f,. This means that the f and y
functions are scheme independent through two loops,
which is a known result, see, e.g., [50]. We verified (26)
by matching to the f and y functions in [46][Sec. 10.3]
computed in the MS scheme.

Comparison with the RG recursion. While this is a
sufficient verification of consistency, it is interesting to
compare the form of the recursion relations obtained from
unitarity to those obtained from the CS equation. These are
obtained by plugging the Ansditze into (9) and matching in
powers of 1 and log. The resulting leading recursion from
the CS equation is now

1

mpr = ?mL—l,L—l' (27)
At one-loop order, the CS equation also constrains
Py = 6m, ;. With this information, we find

1
mr = §(3m1.1)L- (28)

It is interesting to note that the boundary condition for this
recursion relation is given by the one-loop result as opposed
to the tree-level result as in unitarity. Since m;; = 1/2 by
explicit computation, this matches (17). This pattern persists
to subleading order, where the recursion is

Lp,

m =——m +—2m
L.L-1 2(L—1) L—1,1L-2 ) L-2.L-2

2y,

+ 71 2L (29)

In this case, in order to determine the subleading coefficient
at general L-loop order, one must know both the two-loop
p function, two-loop y function, and m . Alternatively,
one could use my and m,;, since they are related to f3,
and y,. Similarly, the recursion relation for the two-particle
amplitude is

npr—1 = ElnL—l,L—Zv (30)

with n, 1 = —y,. Knowing y, and n,  (or n; o and n, ;) then
fixes the general L-loop result. With the correct values of the
initial conditions, the solutions to these recursion relations
match (20) and (24).

To summarize, while the constraints obtained from
unitarity satisfy the constraints obtained from RG, unitarity
constraints start at one lower loop order. The initial data
needed for the all loop recursion relation in the case of RG
are the functions f and y as well as the constant amplitude
coefficients. Instead, unitarity determines the general L
loop coefficient solely using the generically scheme-
dependent constant pieces m;, and n;, as boundary

Mmoo (B1,m) ——————————— 100 (Bi,m)

s L
mi1 Mo (B2,72) ni1 no (B2,72)
I~ A
Mma2 M2,1 M2,0 (B3,73) n22 N21 Nn20 (Bs,73)
I INL e LN L
ms3 m32 M31 M3,0 (Ba,74) N33 M32 N3,1 N30 (B4,74)
N A 1 ol Nl
FIG. 3. Summary of the results. Coefficients of the four-particle

(left) and two-particle (right) amplitudes m; ;, and n; ; can be
fixed either through unitarity (sourced by m;  and n; ) or RG
(sourced by B, and y;, as well as m; o and nj ;). The connecting
line indicates that the two-particle amplitude required the four-
particle amplitude. Although the initial conditions are different,
the solutions to these recursions are equivalent. Scheme depend-
ence is generically encoded both in the constant terms m; o and
ny o as well as the coefficients #; and y; . Orange shading denotes
proven unitarity relations while those in gray are conjectured by
the UFC.

conditions. From this point of view, these constant pieces
in the amplitude play a similar role in unitarity to £ and
7 in RG. The summary of the role of each of the coefficients
in the recursion is given in Fig. 3. The relations shown in
gray would follow from the (strong) UFC.

Discussion—We established, in the massless Ag* theory,
a concrete equivalence between the constraints imposed
by unitarity and those encoded in the renormalization group
equation, thus proving the strong UFC in this theory
through the subleading order. Given the assumptions made,
several extensions are possible, in which we hope at least a
weak form of the UFC could hold.

Mass renormalization. The techniques developed in this
paper, when applied to a massive theory, will still be able to
reproduce the # and y functions through unitarity cuts of
massive propagators. However, unitarity cuts cannot access
massive tadpole diagrams and are therefore insensitive to
mass renormalization. Generalized cuts [51] of massive
tadpoles may give a way to incorporate mass renormaliza-
tion into our analysis.

IR divergences/rapidity logarithms. In forward/Regge
limits, an additional scale must be introduced that runs
between soft and collinear modes, which then appear in
rapidity logarithms [24,52]. A natural site to explore
whether the UFC would apply in these situations is soft
collinear effective theory, inspired by results in [53].

Operator mixing. Including a tower of higher dimen-
sion operators leads to intricate mixing during renorm-
alization due to the introduction of a new coupling at
each order in EFT power counting. Work on computing
anomalous dimensions with on-shell techniques in the
presence of operator mixing has been done, for example,
in [30]. Our methods, which rely on the nonperturbative
optical theorem and avoid counterterms, are organized by
particle cuts rather than loop order and so may streamline
such computations.
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Bootstrap considerations. One may view our results as a
version of the S-matrix bootstrap in which aspects of the
RG flow have been derived using physical axioms of
unitarity, symmetry, and analyticity. It is worth exploring
to what extent this strategy can be combined with the
established nonperturbative bootstrap [54] and positivity
[55] programs. In this context, it would be necessary to
understand the effect of non-analyticities. For example, one
could explore the interplay between the monodromy group
of the S-matrix (capturing analyticity on different Riemann
sheets) and the renormalization group.
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