
Monte Carlo Event Generation with Continuous Normalizing Flows

E. Bothmann ,1,2 T. Janßen ,2,3,* M. Knobbe ,4 B. Schmitzer ,3,5 and F. Sinz 3,5

1IT Department, CERN, 1211 Geneva 23, Switzerland
2Institute for Theoretical Physics, University of Göttingen, Göttingen, Germany
3Campus Institute Data Science, University of Göttingen, Göttingen, Germany

4Fermi National Accelerator Laboratory, Batavia, USA
5Institute for Computer Science, University of Göttingen, Göttingen, Germany

(Received 25 July 2025; revised 11 January 2026; accepted 27 March 2026; published 27 August 2026)

We apply continuous normalizing flows trained with the flow matching method to the problem of phase-
space sampling in Monte Carlo event generation for high-energy collider physics. Focusing on lepton-pair
and top-quark pair production with multiple jets, the two computationally most expensive processes at the
Large Hadron Collider, we train helicity-conditioned continuous normalizing flows to remap the random
numbers used in matrix element evaluation. Compared to standard methods, we achieve unweighting
efficiency improvements by factors of up to 184 and 25 for the two processes at their respective highest jet
number, at the cost of an increased evaluation time. When combining the advantages of continuous
normalizing flows with the fast evaluation times of coupling-layer-based flows, using the REGFLOW
approach, we find parton-level unweighted event generation walltime gains of about a factor of 10 at the
highest jet numbers. These substantial gains highlight the promise of samplers based on machine learning
for next-generation collider experiments.
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Introduction—The exceptional experimental precision
achieved by the ATLAS [1] and CMS [2] experiments
during the current and upcoming runs at the Large Hadron
Collider (LHC), and its potential successors [3–5] demand
equally precise theoretical simulations. Without any
improvements over current techniques, the uncertainties
in many measurements will be dominated not by exper-
imental statistics, but by deficiencies in Monte Carlo (MC)
event samples that underpin critical analyses [6–10]. An
important example is vector boson plus jets production, for
which very large samples are an essential input for many pre-
cision measurements, e.g., for Higgs boson [11,12] and
top quark measurements [13,14]. These simulations require
improvements in three main areas: parametric accuracy,
numerical stability, and statistical precision. This Letter
addresses the third, i.e., how to efficiently generate large-
scale MC event samples with a statistical quality that matches
or exceeds that of experimental data samples. The ATLAS
Collaboration estimates that approximately 330 billion simu-
lated events will be needed in the next phase of the LHC
to accurately model vector-boson production in association

with additional jets [15], a dominant background process in
high-energy analyses. Generating this dataset using current
methods would demand about 1000 Perlmutter 2 × CPU
nodes for an entire year [15].
The main bottleneck is evaluating matrix elements for

hard-scattering processes, especially at high final-state
multiplicities. Although only computationally feasible at
leading order, these processes dominate the cost due to their
complexity and low unweighting efficiency ϵ [16]. The
term unweighting refers to using rejection sampling in
order to replace a weighted sample with a typically much
smaller unit-weight sample that follows the same under-
lying probability distribution. This is used in high-energy
physics to reduce the cost of storage and downstream
simulation steps. The unweighting efficiency ϵ is given by
the number of events in the unweighted sample divided by
the number of events in the original weighted sample. The
main event generators used by LHC experiments are based
on multi-channel methods [17] and adaptive importance
sampling algorithms like VEGAS [18–20]. For seven final-
state particles, one typically finds ϵ < 0.01% [21].
Modern machine learning techniques offer an alternative.

In particular, normalizing flows (NFs) [22–24] have been
studied as drop-in replacements for VEGAS, offering more
flexible function approximations [25–32]. Improvements
of up to a factor of 10 in efficiency were demonstrated for
low to moderate final-state multiplicities. However, for the
highest-multiplicity processes that dominate computational
budgets, substantial gains have remained elusive.
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In this Letter, we propose—for the first time—the use of
continuous normalizing flows (CNFs) [33] trained with the
flow matching method [34–37] to solve this problem. We
evaluate our approach on the two most computationally
intensive processes simulated for the LHC: lepton-pair pro-
duction and top-quark pair production with multiple jets.
We compare performance using the unweighting efficiency
ϵ as our key metric, benchmarking against VEGAS-based
methods and normalizing flows based on coupling layers
[24,38,39]. Our results demonstrate a significant increase
in ϵ: for the highest-multiplicity processes, CNFs improve ϵ
by factors of up to 184, compared to the other methods.
This is enabled in part by conditioning on helicity con-
figurations, which allows the model to learn correlations
between discrete and continuous features. Additional
details are presented in Ref. [40].
Phase-space sampling—In collider simulations, the pri-

mary quantity of interest is the scattering cross section, which
measures the probability of a given scattering process to
occur. For hadronic collisions, e.g., at the LHC, it is given by

σh1h2→X ¼
X

i;j

Z
1

0

dx1

Z
1

0

dx2fiðx1; μFÞfjðx2; μFÞ

× σ̂ij→Xðx1; x2; μR; μFÞ; ð1Þ

where the sum runs over partons in the incoming hadrons
h1;2, i.e. over quarks, antiquarks, and gluons. The parton
density functions (PDFs) fi;j are usually provided as
interpolation grids in x and μ2F [41]. They vary nonlinearly
over many orders of magnitude. The partonic cross section
σ̂ij→X involves an integral over the final-state four-momenta
pf ¼ ðEf; p⃗fÞ with f ¼ 3;…; m and m being the total
number of incoming and outgoing particles:

dσ̂ij→X ¼ 1
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The cut function Θ, implemented in terms of Heaviside
functions, enforces phase-space cuts imposed by experi-
ment or theory. The squared matrix element jMij→Xj2 can
be expressed via helicity amplitudes. The Lorentz-invariant
phase space includes a delta function enforcing four-
momentum conservation, which reduces the dimensionality
of the integral from 3nout to 3nout − 4, with nout ¼ m − 2
denoting the number of final-state particles. Including x1;2,
the total dimensionality becomes d ¼ 3nout − 2, which can
reach around 20 for typical LHC simulations.
The integral σ in Eq. (1) defines the overall normaliza-

tion and can be approximated to the required precision by

MC integration. While the relative error of this integral
estimate is also of interest, the real challenge is to generate
phase-space samples x1;2 ∪ fp⃗fg distributed as dσ. These
samples must contain enough events for robust compar-
isons across a large number of observables of interest,
ranging across many orders of magnitude in dσ. The
difficulty of the task is increased because the matrix
elements jMj2 are usually sharply peaked and multimodal,
and because of the discontinuities introduced by the phase-
space cuts Θ. Moreover, the integration variables are often
strongly correlated.
To simplify the notation, let p be a probability density

function defined by pðxÞdx ¼ σ−1dσ. To make the problem
more suitable for MC sampling, the function p is pulled
back from the manifold of physically valid phase-space
points, M, to the unit hypercube U ¼ ½0; 1Þd using a
bijective map ϕ∶U → M, such that

p0ðxÞ ¼ ϕ�pðxÞ ¼ p
�
ϕðxÞ� det

�
∂ϕ

∂x
ðxÞ
�
: ð3Þ

The map ϕ implements four-momentum conservation and
Lorentz invariance. Ideally, it simplifies the problem by
using physical knowledge of the scattering process under
consideration, in particular by flattening the distribution.
Rejection sampling is used to sample from p. First, a trial
event is generated by sampling from the uniform distribu-
tion ud on U and applying the map ϕ. The density of such
events is

qðxÞ ¼ ϕ�udðxÞ ¼ det

�
∂ϕ−1

∂x
ðxÞ
�
: ð4Þ

The trial event is accepted with probability

pacceptðxÞ ¼
wðxÞ
wmax

; where wðxÞ ≔ pðxÞ
qðxÞ ; ð5Þ

and rejected otherwise. Using wmax ≔ maxxwðxÞ, the
accepted events follow p. The resulting unweighting
efficiency ϵ is given by the average acceptance probability,

ϵ ≔
hwi
wmax

; ð6Þ

which is a crucial figure of merit to measure the perfor-
mance of a phase-space generator.
In practice, the maximal weight wmax needs to be

estimated in an initial survey phase from a finite set of
events. To mitigate the impact of large outliers, one usually
defines an effective wmax;eff to increase the efficiency and to
render its value more numerically stable. Events with a
weight w > wmax;eff are assigned a non-uniform overweight
w=wmax;eff . Commonly, wmax;eff is defined to fix the fraction
of overweight events via their contribution to the integral,
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where e.g. ϵ0.001 denotes the unweighting efficiency for
which maximally 0.1% of the integral is contributed by
events with overweights.
To increase the unweighting efficiency, automatic opti-

mization techniques can be an effective alternative to
manually tuning ϕ. To implement these, ϕ is combined
with a second bijective map, ψθ∶ U → U, a parametric
model with parameters θ that can be adapted to data. Let qθ
be the pushforward of the uniform distribution ud by ψθ,

qθ ¼ ðψθÞ�ud: ð7Þ

Sampling from qθ, the unweighting efficiency becomes

ϵθ ¼
hwθi
wmax;θ

with wθðxÞ ≔
p0ðxÞ
qθðxÞ

: ð8Þ

In order to maximize the unweighting efficiency, ψθ needs
to be optimized such that qθ becomes close to p0.
A simple example for ψθ is VEGAS, which is a fully

factorized approach. It constructs ψθ as a product defor-
mation map based on one-dimensional piecewise linear
maps. When p0 is not factorizable, this approach is clearly
limited. A more expressive alternative is given by NFs,
which use neural networks to parametrize ψθ. Through
restrictions in their architecture, NFs can be designed in a
way so that their Jacobian determinant can easily be
evaluated without having to invert the neural networks.
Flows based on coupling layers, for example, are imple-
mented as a chain of discrete, simpler steps. In this Letter,
we propose to realize ψθ as a CNF, where the map is
constructed implicitly by integrating a time-dependent
vector field.
Continuous normalizing flows—As discussed above, we

aim to sample from a target density p0∶ Rd → R, but
only have access to a latent density q0. We seek a map
ψ∶ Rd → Rd that transforms x ∼ q0 into x0 ∼ p0, or
approximately so. NFs provide such a map as a trainable
diffeomorphism. Different NF methods vary in construc-
tion and training objective. One example are discrete-time
flows defined as compositions ψ ¼ ψk ∘ � � � ∘ψ1, often
built using Coupling Layers and trained via KL loss [42].
We instead realize ψ as a CNF—a continuous-time
analog—which, as shown below, trains more easily and
scales better with dimensionality in our application.
A CNF is defined by a smooth, time-dependent vector

field vt∶ ½0; 1� ×Rd → Rd, which determines a flow
ψ t∶ Rd → Rd via the ODE

dψ tðxÞ
dt

¼ vt½ψ tðxÞ�; ð9Þ

with initial condition ψ0ðxÞ ¼ x. Sampling is done by
drawing x0 ∼ q0 and integrating

xt ¼ ψ tðx0Þ ¼
Z

t

0

vt0 ðψ t0 ðx0ÞÞdt0: ð10Þ

If vt is Lipschitz in space and continuous in time, the
Picard–Lindelöf theorem ensures that ψ t is bijective.
To evaluate the density qtðxtÞ, the following continuity

equation is used:

∂

∂t
qtðxÞ þ∇ · ðqtðxÞvtðxÞÞ ¼ 0; ð11Þ

which leads to

d
dt
log qtðψ tðx0ÞÞ þ∇ · vtðψ tðx0ÞÞ ¼ 0: ð12Þ

Thus, sampling and density evaluation reduce to solving
the joint system

d
dt

�
ψ tðx0Þ

log qtðψ tðx0ÞÞ

�
¼
�

vtðψ tðx0ÞÞ
−∇ · vtðψ tðx0ÞÞ

�
ð13Þ

with initial conditions

�
ψ tðx0Þ

log qtðx0Þ

�

t¼0

¼
�

x0
log q0ðx0Þ

�
: ð14Þ

Note that we define ψ t on Rd rather than the unit cube U
to avoid boundary constraints on vt, naturally choosing a
standard normal base distribution. To map outputs to U, an
element-wise sigmoid transform is applied, adjusting den-
sities via the Jacobian determinant.
Flow matching—We want to learn vt (or ψ t) so that the

model density q1 matches the target p. To this end, we
parametrize the vector field as vt;θ via a neural network
with trainable parameters θ. Assuming access to samples
x1 ∼ pðxÞ, we aim to adapt vt;θ. One option is maximum
likelihood estimation via KL minimization as in [33].
However, this is slow because each training step requires
integrating the reverse ODE to evaluate the density.
This motivates simulation-free alternatives [34–37],

which directly match vt;θ to a target vector field ut
generating pðxÞ. There are various ways to construct an
admissible ut. We briefly outline the strategy of
Refs. [34,43] via conditional vector fields. Let

utðxjx0; x1Þ ¼ x1 − x0; ð15Þ

with x0 ∼ q0 and x1 ∼ p being samples from the base and
target distribution, respectively. Clearly, a particle starting
at x0 will flow to x1 along a straight line when following
utð·jx0; x1Þ, i.e.,

xt ¼ tx1 þ ð1 − tÞx0: ð16Þ

Let now
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utðxÞ ¼ Eðx0 ;x1Þ∼π;
xt¼x

½utðxjx0; x1Þ�: ð17Þ

It can be shown [34,37,43] that the flow according to ut
transforms q0 into p as long as the marginals of the joint
law π are q0 and p. For instance, we can set πðx0; x1Þ ¼
q0ðx0Þ ⊗ pðx1Þ (independent coupling). Note that we
condition the expectation to pairs ðx0; x1Þ where xt,
Eq. (16), moves through the query point x. It is now
natural to fit vt;θðxÞ to utðxÞ, e.g., via

Eðx0 ;x1Þ∼π;
t∼U1

kvt;θðxtÞ − utðxtÞk2: ð18Þ

Note that evaluating ut at specified points x is cumbersome
due to the conditioning in Eq. (17). Fortunately, one can
show [34,43] that Eq. (18) has the same minimizers as the
flow matching objective

LFM ¼ Eðx0 ;x1Þ∼π;
t∼U1

kvt;θðxtÞ − utðxtjx0; x1Þk2: ð19Þ

It is local in space and time, so it can be evaluated fast and
without solving an ODE. Also, in contrast to a KL loss, the
minimizer is unique [in terms of vt;θðxÞ], which should lead
to more efficient use of the model parameters. More
generally, one can add noise to the interpolation to increase
robustness [34,43]. This is done by adding noise with a
small standard deviation σnoise to the individual straight
lines xt. This way, the sampled data cover more volume. We
use σnoise ¼ 10−4.
We make two modifications to the objective. First, since

the data lies in the unit hypercube U, the inverse of the
sigmoid transform—namely, the logit function—is used to
map it toRd. To avoid numerical issues, we combine it with
the affine transform x ↦ ð1 − ϵÞxþ ϵ=2 with ϵ ¼ 10−6.
Second, we cannot sample x1 ∼ p directly; instead, we
sample from our model distribution q1 ¼ ðψθÞ�q0. To
account for the mismatch in density, the loss [Eq. (19)],
is multiplied by the importance weight w, resulting in a
variant of energy conditional flow matching [43]. Since
high variance in the weights can impair training in high
dimensions, choosing a map ϕ that minimizes variance is
crucial. After each training iteration, the model can gen-
erate samples to allow further iterative refinement. If
available, a pretrained VEGAS can also provide initial
samples, enhancing the overall training process.
Application—We apply our neural network optimization

method to dominant partonic channels in standard-candle
processes at the LHC: lepton and top pair production with
additional jets at

ffiffiffi
s

p ¼ 14 TeV. We focus on the channels
dd̄ → eþe− þ ng and gg → tt̄þ ng, which contribute the
largest cross sections. We use the CHILI phase space to
define the mapping ϕ which maps the unit hypercube to the
physical phase space [44]. The CHILI mapping is simple yet
effective, using a single integration channel that performs
competitively with complex multichannel-based methods

for several standard LHC processes, including the ones
studied in this Letter [45].
To evaluate the matrix elements, we use PEPPER [45–47],

a parton-level generator optimized for complex LHC
processes with GPU acceleration. It employs an internal
implementation of CHILI and is integrated in the LHC
simulation toolchain by interfaces to the widely used event
generators SHERPA [48–50] and PYTHIA [51–54]. Matrix
elements are evaluated in PEPPER by summing over color
indices using a minimal color decomposition [55–57],
while nonvanishing helicity configurations are sampled.
Normally, the helicity sampling is adapted to minimize
variance, similar to adding a discrete optimization dimension
to VEGAS. Under neural network optimization, we jointly
optimize phase-space and helicity sampling, exploiting
correlations between them, by introducing the helicities as
a conditioning variable for the networks. For this Letter we
have added a simple and straightforward file-based interface
to PEPPER for training and evaluating machine learning
models, based on the scalable LHEH5 format [58,59].
For the PDFs, we use the NNPDF3.0 [60] set via LHAPDF6

[41]. The renormalization and factorization scales are set
to μ2R ¼ μ2F ¼ H02

T =2 for lepton pair production, and to
H2

T=2 for top-quark pair production [61]. The following
electroweak parameters are used: sin2θw ¼ 0.23155,
α ¼ 1=128.80, mZ ¼ 91.1876 GeV, ΓZ ¼ 2.4952 GeV,
and the top-quark mass mt ¼ 173.21 GeV. All other quarks
are massless. For lepton pairs we additionally require
66 GeV ≤ meþe− ≤ 116 GeV. For all massless partons we
enforce the additional jet cuts pT;j > 30 GeV, jηjj < 5,
and ΔRij > 0.4.
All VEGAS grids have 100 bins per dimension, optimized

over 15 steps. For the highest multiplicity, we use ∼3 × 108

points, yielding 2.5 × 105 training points per nonvanishing
helicity configuration in lepton-pair production and 8 × 104

for top-quark pair production. The NFs are optimized in 8
iterations. Initially, events are generated without remap-
ping. In subsequent steps, trained flows produce inputs
used by PEPPER to generate training data. An embedding
layer encodes helicity configurations. Our coupling flows
use the minimal number of layers needed to capture
correlations, with transformations based on multilayer
perceptrons (MLPs), and an early stopping criterion based
on validation loss. Our ODE Flows use MLP-based vector
fields with time encoded via Fourier features [62]. Both
models are trained using the ADAMWoptimizer [63]. After
training, the models are frozen and used to generate
weighted events.
Results—We report relative improvements in the

unweighting efficiency ϵ0.001, which serves as the primary
performance metric of this Letter. Figure 1 illustrates
the results for the processes dd̄ → eþe− þ ng and
gg → tt̄þ ng, comparing the coupling flow and the
ODE flow mappings to VEGAS. We observe that ODE
flows exhibit a favorable scaling of ϵ0.001 with increasing n,
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outperforming the other methods as the complexity grows.
In contrast, the performance of coupling flows deteriorates
at the highest multiplicity studied, with efficiency falling
below that of the VEGAS baseline in the gg → tt̄þ 4g case.
For dd̄ → eþe− þ 5g, the ODE flow achieves ϵ0.001 ¼
1.29ð8Þ%, which is about 43× higher than the result for
the coupling flow and 184× higher than the one for VEGAS.
For ϵ0.01, the relative gains are 13 and 153, respectively. For
gg → tt̄þ 4g, the ODE Flow yields ϵ0.001 ¼ 5.76ð9Þ%,
outperforming the coupling flow by a factor of 144 and
VEGAS by a factor of 25. For ϵ0.01, the respective relative
gains are 8 and 17.
Unweighting efficiency improvements of the ODE flow

over VEGAS are consistently greater for dd̄ → eþe− þ ng
than for gg → tt̄þ ng. At n ¼ 4, we see a factor 198
improvement of ϵ0.001 for the former, versus a factor 25 for
the latter. This is due to a better VEGAS baseline perfor-
mance for top-pair production, visible also in the relative
integration errors we find. This suggests structural
differences in phase-space factorization—e.g., due to the
Z-boson resonance and the stronger dependence on the
helicity configuration in the lepton-pair production case.
Our findings demonstrate that flow matching outper-

forms alternative approaches, in particular in terms of the
unweighting efficiency—the key metric for efficient event
generation. Its advantage over coupling flows is largest at
high multiplicities, where computational cost is highest,
making it a highly promising candidate for current and
future LHC simulation campaigns.
Although the ODE-based models incur longer inference

times, their performance can be efficiently transferred to
fast coupling flows using the recently proposed REGFLOW
method [64], which trains the discrete model on pairs
generated by the ODE Flow. In our benchmarks,
REGFLOW-trained coupling flows recover a sizable fraction
of the ODE efficiencies while maintaining 2 orders of
magnitude faster inference, yielding effective walltime
gains of a factor of 12 for dd̄ → eþe− þ 5g and 8 for gg →
tt̄þ 4g when compared to VEGAS. The longer training is

offset by the speed-up after two million events for
dd̄ → eþe− þ 5g, and after 40 million events for
gg → tt̄þ 4g.
Conclusion—We presented the first application of flow

matching to the problem of high-dimensional phase-space
sampling in high-energy physics. Our approach jointly
remaps the input random numbers used to select continuous
kinematic variables and discrete helicity configurations,
enabling more accurate and efficient sampling of complex
final states. A simple, file-based interface implemented in
PEPPER, built around the LHEH5 format, both facilitates the
external optimization, and the utilization of our results
for further downstream simulation steps using established
event generation frameworks such as SHERPA and PYTHIA.
Focusing on two challenging benchmark processes,
lepton-pair and top-antitop pair production with up to five
and four associated jets, respectively, we demonstrated
unweighting efficiency improvements of up to 184× and
25× over VEGAS baseline results. We further showed that a
significant fraction of the efficiency gains achieved with
flow-matching-based ODE flows can be transferred effec-
tively to fast coupling-layer-based flows using the REGFLOW
method, yielding event generation walltime reductions of
around a factor of 10 at the highest jet numbers studied. This
shows that the efficiency of coupling-layer-based flows can
be substantially improved by effectively using a flow
matching objective instead of the maximum-likelihood
objective otherwise used to train them in this and previous
studies. We further expect that ODE flows themselves will
become significantly faster as these architectures mature and
more efficient implementations are developed.
While our Letter concentrated on one dominant partonic

channel for each process, full simulations will require all
contributing channels. Future work will extend the method
to a single, conditional model that simultaneously learns
across multiple partonic channels and jet multiplicities,
leveraging interchannel correlations for further gains in
sampling efficiency. The sampling method improved in this
way will be made available as part of a future public PEPPER

FIG. 1. Relative improvements for the unweighting efficiencies ϵ0.001, both for eþe− þ n gluons (left) and for tt̄þ n gluons (right), as
a function of n. The improvements are shown for the coupling flows (“coupling”), and ODE flows (“ODE”), compared to VEGAS. Each
curve represents the mean over ten independent evaluations of the unweighting efficiency with corresponding statistical errors.
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release, contributing to a successful high-luminosity LHC
and future collider physics programs.
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