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Quantum tunneling experiments have provided deep insights into basic excitations occurring as Green’s
function poles in the realm of complex quantum matter. However, strongly correlated quantum materials
also allow for Green’s functions zeros (GFZs) that may be seen as an antidote to the familiar poles and have
so far largely eluded direct experimental study. Here, we propose and investigate theoretically how
cotunneling through Mott insulators enables direct access to the shadow band structure of GFZs. In
particular, we derive an effective Hamiltonian for the GFZ that is shown to govern the cotunneling
amplitude and reveal fingerprints of many-body correlations clearly distinguishing the GFZ structure from
the underlying free Bloch band structure of the system. Our perturbative analytical results are corroborated
by numerical data in the framework of both exact diagonalization and matrix product state simulations for a
one-dimensional model system consisting of a Su-Schrieffer-Heeger-Hubbard model coupled to two

single-level quantum dots.
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Quantum tunneling and transport probes are among the
most versatile diagnostic tools for gaining insight into the
microscopic structure of quantum matter [1-4]. In the realm
of strongly correlated systems [5-8], experimental break-
throughs along these lines range from single electron
control in cotunneling experiments through quantum dots
in the Coulomb blockade regime [9-14] to probing the
fractional statistics of anyonic quasiparticles in topological
phases [15-18]. However, despite this remarkable progress,
the complexity of correlated many-body systems still
retains a plethora of secrets, thus promising novel physical
phenomena yet to be revealed. As an exciting example,
Green’s function zeros (GFZs) in Mott insulators [19-24]
have recently been predicted to appear as a shadow of the
underlying Bloch band structure [25-34], i.e., of the poles
in the single-particle Green’s function (GF) of a quantum
material. Owing to Cauchy’s argument principle, such
GFZs and poles play a reciprocal role reminiscent of
matter and antimatter in particle physics, and their can-
cellation at material interfaces has been recently discussed
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in the context of topological edge modes [33]. Despite
recent progress regarding the possibility of detecting GFZs
either by exploiting zero-pole annihilation mechanisms
[33-36] or through transport signatures [27], it is fair to
say that a direct experimental probe of GFZs has largely
remained elusive.

Here, we study cotunneling through Mott insulators as a
sharp diagnostic tool to fully reveal the shadow band struc-
ture of GFZs. As a setting (see Fig. 1 for an illustration),
we propose a reinterpretation and generalization of the
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FIG. 1. Cotunneling reveals GFZ-Hamiltonian H*: (a) two

spinful auxiliary sites (gray, {L, R}), weakly coupled by tunnel-
ing amplitudes {y/;,yr;} to a Hubbard system in Mott regime
(violet). Elastic cotunneling establishes an effective coupling
between L and R (red, dashed line). (b) Numerical results (matrix
product state methods) on the GF-determinant |det[G(w, k)]|:
SSH-Hubbard model at half filling with N = 60 spinful sites,
v=0.75,w = 1.0, U = 10, and analytic prediction of the in-gap
zero dispersion of H* (red, dashed line).
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well-established experimental platform of cotunneling
measurements through quantum dots [9,14,37-43] by
replacing a quantum dot in the Coulomb-blockade regime
with a many-body system in a Mott phase, which may even
be engineered as a synthetic quantum material consisting of
an array of coupled quantum dots [9-11,44]. We pinpoint
two fundamental differences between our strongly corre-
lated scenario and a tunneling probe for an uncorrelated
band insulator. First, the band structure of GFZs appears in
the numerator of the cotunneling amplitude, contrary to an
energy denominator for an uncorrelated insulator. Second,
genuine correlation effects decisively modify the zero
bands compared to the underlying free band structure of
the Mott insulator. Using the striking example of topo-
logical distinction between zero bands and the correspond-
ing pole bands, we demonstrate how these subtle
fingerprints of many-body correlations can be directly
observed through the cotunneling amplitude in mesoscopic
quantum transport experiments.

Zero-band structure through perturbation theory—To
describe how to probe a solid-state system spectroscopi-
cally, we use the formalism of Green’s functions. At the
one-particle level, this allows us to quantify the response of
the system upon adding or removing an electron, taking
into account correlation effects. The single-particle elec-
tronic Green’s function in the Killén-Lehmann represen-
tation at zero temperature is explicitly dependent on the
spectrum of excitations of the system [45,46]:

ij;j’,o"(w) = <GS| [Cj,a(w + EGS - HH)_ICT’ /

7.0

+CJTI./.0_,<(U—EGS+HH)_1CJ"D-HGS>, (1)

52 denotes the annihilation and creation operators

for site j and spin o. In the noninteracting limit, the
Hamiltonian and G(w) are readily diagonalizable in a
single-particle basis. The determination of the spectral
and geometrical properties of the system then amounts
to the study of the poles of G(w), each of which represents
an infinitely long-lived single-particle eigenmode.
However, in the presence of correlations, a large number
of amplitudes in the numerator become nonzero, reflecting
the multitude of scattering events promoted by the many-
body interaction term. As a result, the spectral weight
distribution is broadened in the frequency-momentum
plane. There is, however, a remarkable consequence of
this scenario: In the spectral distribution, a set of isolated
GFZs can emerge. Their presence has been linked to
peculiar thermodynamic [47] and topological properties
[25-34], and the study of their dispersion is, therefore, an
intriguing, if nontrivial, endeavor.

The GFZs are defined as zero eigenvalues of G or,
equivalently, as the points at which its determinant vanishes
[25]. In the noninteracting limit, there are no isolated zeros.
In the opposite case, where the system is deep in the Mott

where ¢

phase, two incoherent Hubbard bands form at high fre-
quency, which contain the totality of the poles of the
Green’s function and a large number of zeros. However,
inside the hard Mott gap between the two Hubbard bands,
no poles are present. By contrast, GFZs can, and do,
manifest at low energy, irrespective of the system size. The
focus of this Letter lies on how to detect these isolated in-
gap GFZs, which are entirely responsible for the low-
energy properties of the GF of Mott insulators [19-34].
As a first step in our discussion, we derive a remarkably
simple and intuitive expression for G at low energies
(w < U) deep in the Mott regime at half filling and
with a paramagnetic ground state. Our noninteracting

Hamiltonian Hy =) h;, j/c}(,c 7o
combination of on-site terms, which we denote by M,
and nonlocal hopping terms (W). The interaction term is of
the Hubbard type UHi, =2U) ;(n; — Dnjp =4,
where j labels the lattice site and ¢ = 1, | is the spin.
The two competing energy scales are the bandwidth of H,
2D, and the local Coulomb interaction strength U, where
U > D for a Mott insulator. For convenience, we introduce
the rescaled noninteracting Hamiltonian term Hj, =
(1/D)Hy as well as the small parameter ¢ = (D/U).
The Hamiltonian can, therefore, be rewritten as

consists of a linear

Hy = U(¢pH{ + Hiy,).- (2)

In this form, Hy naturally suggests a perturbative analysis
in ¢: Indeed, by applying degenerate perturbation theory
[48] up to first order in ¢, we determine its perturbed
eigenenergies EX and eigenstates |ET), which we can then
conveniently insert in Eq. (1) to obtain the perturbed Mott
Green’s function. It is finally a matter of collecting all the
lowest terms in ¢ and expanding the denominator at low
energies, to arrive at a key expression for the Green’s
function, which is valid for ¢ < 1 and w < U [49]:

1
Gjojo(@) = 2 [~@l + H]; .1 + o). (3)

This expression is intuitively consistent with the strongly
suppressed in-gap spectral distribution of a Mott insulator.
More than that, it immediately and clearly highlights the
presence, inside of the Mott gap, of points where the
determinant of the Green’s function is exactly zero. These
are the roots of the expression H* — wl. In other words, and
in line with [33], we find that the low-energy isolated
zeros of a Mott insulator are described by an effective
Hamiltonian H*. The detailed derivation of Eq. (3) can be
found in Supplemental Material [50], including a general
discussion of SU(2)-breaking bare Hamiltonians and
ground states.

Our approach is able to precisely characterize the
effective Hamiltonian and leads to a second interesting
result about the GFZs: In this limit, H* has, modulo some
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exactly quantifiable renormalization, the same form as the
noninteracting term H, of the original Hamiltonian Eq. (2).

For strong Coulomb repulsion U and at half filling, the
Hubbard model at low energies is well described by an
effective spin-12 model [5-8]. We can, therefore, rewrite
the lowest-order terms in G in the spin basis, thereby
obtaining an expression linking the approximated Green’s
function to spin-spin correlators, as derived in detail
in [50]. For the bare Hamiltonian h;; = (M + W), we
find a remarkably elegant expression for the effective
Hamiltonian of the GFZ:

- -

Hy =My 5 +4(S; - Sy Wi (4)
where j and j’ are lattice sites. Here, expectation values are
evaluated with respect to the ground-state eigenvector
|GSY) of the corresponding effective spin-12 model [55]
and are, hence, accessible for a large variety of Hubbard
models. The effective zeros Hamiltonian can then be
decomposed into two terms, in a striking analogy with
the on-site and hopping terms of the bare Hamiltonian H:
(i) The on-site terms of the noninteracting Hamiltonian,
described by M, are carried over in the dispersion of the
zeros without renormalization, while (ii) the hopping terms,
described by W, are rescaled by the spin correlation

function (S i S ) [56]. This follows naturally from the
combination of our perturbative approach around the
atomic limit and the nature of competing energy scales
in the system: Any quadratic on-site term commutes with H
in the atomic limit, and the perturbed energy is just shifted
by M without renormalization. On the contrary, hopping
and interaction strength are in direct competition: Treating
the first order perturbatively results in a lowest-order
correction to the atomic limit Hamiltonian, which famously
depends on the spin-spin correlation function, as in the
derivation of the superexchange [8,57-59]. These antifer-
romagnetic correlations characterize paramagnetic Mott
insulators beyond mean field and are responsible for the
sign flip in the nearest-neighbor hopping in Eq. (4).
Probing the zeros—As clearly evidenced by Egs. (3) and
(4), the knowledge of the zeros dispersion is sufficient to
determine the spectral properties of the Mott system at low
frequency. Obtaining a clear hint of the zeros behavior from
experimental observations is instead less straightforward,
since any spectral measurement (e.g., via photoemission)
would just confirm the presence of a gap, without being
able to resolve the elusive zeros within. We propose a novel
approach to the problem, which is, at the same time,
surprisingly simple to implement: Instead of directly
performing spectroscopic measurements on the Mott insu-
lator, we employ it as the potential barrier in a cotunneling
experiment and study the effective coupling between the
leads. We illustrate the setup via a minimal example, which
is a convenient adaption of already existing quantum dot
experimental setups [9—11,38]. This is sketched in Fig. 1(a)

and described by H = Hy+yC + Hp. The system
consists of two quantum dots, henceforth L and R, and
a central tunneling medium. The Hamiltonian of the
quantum dots, Hp, is that of a Hubbard atom with
Coulomb repulsion 2U. In order to reveal fingerprints of
the GFZ, the central element is a spin-isotropic Hubbard
model in the Mott phase, described by the previously
discussed Eq. (2). The chemical potential of the quantum
dots is increased by U in relation to the central Hubbard
model and independently adjustable by y;, pr. The system-
dot coupling C is given by arbitrary hopping amplitudes
{l;} and {r;} between the ith site of the central Mott
insulator and the L and R quantum dots. For simplicity, we
will, from now on, omit the spin index ¢ and restrict
ourselves to the case where [; = §; ; and r; = §; ; for two
different sites j # j'. The full derivation for the general case
with arbitrary hopping array is provided in [50].

In a cotunneling experiment, only the leads are directly
probed. This amounts to tracing out the degrees of freedom
associated to the central system and considering only the
overall propagation amplitude of excitation leaving (enter-
ing) the two leads via the quantum dots. These processes
are, in our proposed setting, exactly described by the one-
particle Green’s function of the central tunneling medium.
In short, by applying a Schrieffer-Wolff transformation
[60—62] in the limit of weak system-dot coupling y with
small dot potentials y; /g [63] and assuming a large lead-dot
interaction ~U, we derive an effective spin-isotropic
Hamiltonian 4 in the low-energy subspace. It describes
the dynamics of a single particle cotunneling between the
left and right quantum dots through the central medium:

teo (1)

- pr, + g (pp. fg)
( Mg+ ug(pr, Ug) ) ®)

h=
tCO (ﬁ)

where ji is an “average” chemical potential I (s, + pig).
The presence of the central tunneling medium gives rise to
a renormalization to the on-site energies, given by
Up g ~ O(y?), which can be conveniently reabsorbed by
tuning the quantum dot chemical potentials. The most
relevant quantity in Eq. (5) is the cotunneling amplitude

tco(/’_‘v lj’ rj’) = ysz,j’(ﬂ)’ (6)

which describes the coupling between the left and right
quantum dot mediated via the central barrier (see Fig. 1 for
an illustration). Since we are interested in a Mott insulator
at half filling as the tunneling barrier, we can make use of
the previously derived approximation for the Green’s
function in Eq. (3). We immediately notice how, through
Eq. (3), the cotunneling amplitude 7, is directly related to
the GFZ-Hamiltonian H” of Eq. (4). Explicitly, for /; and r
(cf. Fig. 1) chosen such that j # ;' (see Ref. [50] for general
tunnel couplings [, r):
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feo = m(HZ)j,j" (7)

As a central result, Eq. (7) clarifies the correspondence
between the Mott Green’s function and the cotunneling
amplitude: Instead of directly probing the features of the
vanishing spectral function inside the Mott gap, a nearly
impossible task, we are now recasting the same information
into what is effectively a potential barrier for the evanescent
wave of the cotunneling experiment. Its features, and, in
particular, the spectroscopically undetectable zeros, have a
macroscopic effect on the measured occupations of the
leads. As a further benefit, we can now take advantage of the
well-established theoretical tools and experimental tech-
niques employed in the study of quantum tunneling, such as
charge stability diagrams [11,64—-67] and time-resolved
charge detection of single tunneling events [38,68—73].

Numerical results—We now provide numerical evidence
of our key findings by considering the paradigmatic case of
the one-dimensional Su-Schrieffer-Heeger (SSH)-Hubbard
model [33,74], consisting of a bipartite chain with alternating
hoppings v and w, studied with both open boundary con-
ditions (OBC) and periodic boundary conditions (PBC). We
numerically solve the Hamiltonian of the cotunneling setup
by using density matrix renormalization group (DMRG)
[75,76] in combination with the time-dependent variational
principle [77-79] and exact diagonalization (ED) methods.
We first compute the real-time GF and then transform it into
the frequency domain, thereby gaining access to the GFZs.

We first prove that our analytical formula for the zeros
Hamiltonian is an adequate approximation of the in-gap
spectral features of a Mott insulator. Figure 1(b) shows a
comparison between the determinant of the Green’s func-
tion of the SSH-Hubbard model, obtained via DMRG, and
the approximated formula for the GFZ Hamiltonian in
Eq. (4). We note that the isolated zeros (dark purple regions
of the color plot), which appear in the Mott gap, are in
perfect agreement with the eigenvalues of H*, already at the
intermediate value of ¢ ~ 1/10. In Supplemental Material
[50], we provide a more detailed quantitative analysis.

We then turn our attention to the cotunneling setup,
numerically simulated by supplementing the quantum dots
and coupling terms, Hp and C, to the SSH-Hubbard
Hamiltonian.

In Fig. 2, we show the emergent cotunneling amplitude
t., for the experimental setup in Fig. 1(a) between two
interacting auxiliary quantum dots, as a function of the
bandwidth D. We compare its behavior in the case of a Mott
insulator and a conventional noninteracting insulator and
plot the two resulting curves (red and gray) as a function of
D. The numerically obtained curves are to be compared
with the two dashed lines, which show the two different
behaviors in the noninteracting and Mott limits, and can be
extracted from Eq. (6). In the noninteracting limit, the
behavior of the Green’s function G, as defined in Eq. (1), is

---h

uncorrelated Ins.

——ED

~

Mott Ins.

=~ atomic limit
102 103 104
D

non-I. limit

FIG. 2. Cotunneling amplitude 7., as function of bandwidth D
(fixed U = 2000, N =16,y =20, [; = 6;5, r; = 6;3, v = 0.9w,
PBC). SSH-Hubbard model (solid, red line) shows linear D
dependence within the Mott regime (D/U) < 1, due to the
energy nominator in GF Eq. (3). Noninteracting insulator (solid,
gray line) with energy denominator (parameters as above but
U = 0). Analytical results, Eq. (6) (dashed line).

determined by a single energy scale, the noninteracting
bandwidth appearing at the denominator [45,46]. Hence,
t.o ~ D7!, and the two solid lines are on top of each other
and agree with the noninteracting behavior (negative slope
in the logarithmic plot). Ataround (D/U) = 1, i.e., near the
Mott transition, the behavior of the interacting system
changes: Now, the dominant energy scale of the system is
the Coulomb interaction U, and approximation Eq. (3)
holds. H?, though renormalized as in Eq. (4), has an ~D
dependence on the bandwidth, and the Mott cotunneling
amplitude indeed agrees with the positive-slope dashed
line. The general agreement between the approximated
value of 7., and the numerically determined ones is
remarkable, confirming the robustness of Eq. (6). Only
at small bandwidth D, where y ~ D, does our cotunneling
approximation break down and higher-order tunneling
processes become relevant.

Our cotunneling approach to detecting Green’s function
zeros can be nicely illustrated with the well-established tool
of charge-stability diagrams [11,64—67,80], which are
commonly used to describe the behavior of quantum dots
as a function of control voltages. In Fig. 3(a), we show the
charge-stability diagram of our cotunneling setup, by
plotting the derivative of the charge occupation Ny r with
respect to the detuning Sy = p; — pg, at varying chemical
potentials y; and pg. Because of the finite tunneling
amplitude 7., the boundaries of the characteristic checker-
board structure of the uncoupled system (y =0) are
smeared out, and the localization of a single particle can
be tuned smoothly from the left dot (1,0) to the right dot
(0,1). Figure 3(b) shows a diagonal cut through Fig. 3(a) at
a fixed average potential ji = 1 (u;, + pg) (red line). At zero
temperature, the FWHM of the Lorentzian dispersion is
directly proportional to the cotunneling amplitude. An
alternative way of probing the cotunneling amplitude is
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FIG. 3. Charge stability diagram (ED, U =200, N = 20,
y=4,1; =065, r,=06;3 v=18 w=20, PBC): (a) derivative
of the particle number N; (Ng) on left (right) dot for varying
potentials y; and pg. In (b), cut through (a) (red line), FWHM is
proportional to cotunneling 7.,. (c),(d) Charge oscillations be-
tween aux dots (initial localization left dot), the same parameter
as (a), but OBC, [; = 6, r; = ;pin(c)and [; = ;3,7; = 0;41n
(d). Analytical results (dashed line) from Eq. (6).

to measure the frequency of Rabi-charge oscillations
between the dots [38,70,72,73]. It can be extracted by
the time evolution of a localized state and compared with

the theoretical value Q & \/|1..|* + @3, where wp ~ § 5p +

O(y?*/U) is a shifted detuning between the two quan-
tum dots, which is easily controllable via y; and pg. In
Figs. 3(c) and 3(d), we plot the numerically calculated time-
dependent charge occupation values of the two quantum
dots on resonance w, = 0 [at peak maximum in Fig. 3(b)],
when the system is initialized in the completely localized
(1,0) state. The data are in perfect agreement with the
predicted oscillation frequency, which can be easily
extracted by Eq. (5).

The proposed probing scheme applies to generic Mott
insulators, and so far our discussion has been generally
applicable. As a particularly promising experimental reali-
zation, we now elaborate on a specific Hubbard system
synthetically realizing a Mott insulator with coupled
quantum dots. In a real experiment on quantum dot arrays,
the perturbative limit (y/D) <« (D/U) < 1 may not be
perfectly accessible and is further inherently tied to a small
cotunneling amplitude, making it experimentally challeng-
ing. Despite this limitation, macroscopic values of t.,
(= 0.5 peV) can still be achieved for a broad range of
typical parameters U, D, and y, within an acceptable
quantitative deviation (< 10%; see Ref. [50] for details).
Interestingly, we also find that the striking rescaling in
Eq. (4) by spin-spin correlations can be probed qualita-
tively, without requiring fine-tuning of the dots. More

specifically, we find a notable amplification of the tunnel-
ing amplitude as a function of varying boundary conditions,
a characteristic signature of this renormalization (see
Ref. [50] for further details).

Conclusion—Starting from a degenerate perturbation
theory around the atomic limit, we have derived a simple
yet highly accurate approximation for the low-frequency
features of a Mott Green’s function, which can be completely
described by a dispersion relation for the Green’s function
zeros. This situation is reminiscent of a noninteracting
system, with the important distinction that the effective
dispersion of zeros appears in the numerator of the Green’s
functions and is renormalized compared to the underlying
free band structure by means of spin-spin correlators, as we
have quantified. Our main result is the establishment of a
direct link between the dispersion of zeros and the trans-
mission amplitude naturally probed in a cotunneling experi-
ment, which drastically simplifies the task of observing
and characterizing Green’s function zeros. Moreover, our
approach allows, in principle, a reconstruction of the spectro-
scopically inaccessible GF determinant from its individual
matrix elements. We have provided extensive numerical
proof of the correctness and resilience of our approximation
and suggested a feasible experimental setup for the verifi-
cation of our key findings. Numerical simulations suggest
that the fingerprints of the zeros dispersion and renormaliza-
tion are observable already for small systems: Specifically, an
ensemble of six quantum dots (two leads and four in the
central Hubbard tunneling medium) is already sufficient to
quantify an interesting correlation-induced renormalization
of band parameters.
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