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Superconducting diodes that support nonreciprocal supercurrent flow in principle constitute attractive,
nondissipative, circuit elements for superconducting electronics. But their realization faces fundamental
challenges, as conventional Josephson tunnel junctions are inherently reciprocal. The so far existing
approaches to break the reciprocity typically involve magnetism or spin-orbit coupling, which often
increase the device complexity and limit the reproducibility. Here, we demonstrate an alternative dynamical
route to supercurrent nonreciprocity based on parametric driving. By applying a frequency-modulated
supercurrent amplitude, we show that effective higher-order, nonharmonic terms are generated in the
current-phase relation. Leveraging strong mathematical similarities with the Kapitza pendulum, we show
that these terms dynamically break the reciprocity. This establishes the concept of a Kapitza supercurrent
diode and demonstrates that nonreciprocal superconducting transport can be engineered by a non-
equilibrium driving the conventional Josephson tunnel junctions. We propose two implementations of such
a Kapitza supercurrent diode—via gate-controlled superconducting interferometers or flux-driven double-
loop SQUIDs—to achieve nonreciprocal supercurrent transport within experimentally accessible frequen-

cies w/2zx ~ 1 to 10 GHz.

DOI: 10.1103/jn4z-j111

The search for superconducting diodes, devices that
allow supercurrent to flow predominantly in one direction,
is an active focal point of both fundamental and techno-
logical research [1-8]. Nonreciprocal supercurrents, or
supercurrent diode effects, have been observed across a
wide range of superconducting systems, including artificial
superlattice [1,9], elemental [10], noncentrosymmetric [11],
and polar superconductors [12], as well as twisted
graphene [13,14] and high-T, junctions [7,15-17], high-
lighting diverse strategies to the break time-reversal sym-
metry and control directional transport [1,9,11-13,18-21].
The Josephson diode effect (JDE) has been proposed and
experimentally observed on different Josephson platforms,
including junctions with spin-orbit-coupled weak links
[3,22-25], Dayem bridges [10,26,27], and interferometric
devices with higher-harmonic contributions [28-30] and
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inhomogeneities [31]. We note that the possibility of
field-biased nonreciprocal supercurrents via inductive
and junction asymmetry in interferometric devices was
already recognized in the early literature [32,33]. The JDE
has further been explored in systems featuring screening
currents [34,35], self-field effects [36,37], and Josephson-
current-induced phase reconfiguration mediated by kinetic
inductance [38]. It has also been studied in multiterminal
configurations [39,40], gate-tunable devices [39,41], as
well as in vortex-driven junctions [37,42—48] and through
backaction mechanisms [49].

Despite these numerous proposals for the different types
and mechanisms behind superconducting diodes, a major
challenge stems from the intrinsic characteristics of
Josephson junctions. At the heart of this challenge lies
the reciprocal nature of the conventional Josephson effect,
where the supercurrent depends sinusoidally on the phase
difference ¢ between the superconductors forming the
junction, following the relation I = I.sin(¢). The parity
symmetry of this relation with respect to the phase bias
ensures that, without additional modifications, the super-
current amplitude is identical in both directions, precluding
any rectification or nonreciprocal behavior.

Published by the American Physical Society
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Achieving nonreciprocal supercurrents in Josephson junc-
tions requires introducing mechanisms that induce asymme-
try in the current-phase relation, such as an anomalous phase
shift or higher-order harmonic components. These modifi-
cations typically involve breaking the time-reversal sym-
metry, for example, through magnetic fields or magnetic
elements assisted by spin-orbit coupling, and typically require
complex interface engineering [50-53]. Interestingly, even
when the time-reversal and inversion symmetries are broken,
resulting in an anomalous phase shift, denoted ¢, that alters
the current-phase relation to I = I.sin(¢ + ¢), the super-
current amplitude remains reciprocal. The inclusion of a
second-harmonic term in the current-phase relation, leading
to I = I;sin(¢ + ¢) + I, sin(2¢), is a minimal necessary
ingredient to achieve a nonreciprocal supercurrent flow.
However, controlling and reliably reproducing these har-
monic components in conventional junctions is challenging.
In particular, beyond managing the sources of time-reversal
symmetry, the high-harmonic current-phase components
required for diode functionality are sensitive to junction
quality, interface properties, and material-specific effects,
making consistent implementation intricate.

This raises a fundamental question: can one realize
nonreciprocal supercurrents using Josephson tunnel junc-
tions with a standard current-phase relation? Addressing this
question is crucial for advancing superconducting diode
technology and understanding the fundamental physics that
enable nonreciprocal superconducting transport.

To this end, we introduce a general method for inducing
supercurrent nonreciprocity in Josephson tunnel junctions
via parametric driving [54]. This approach draws inspira-
tion from the Kapitza pendulum [55-57]—a classical
pendulum with a rapidly oscillating pivot point. As
high-frequency oscillations can stabilize an inverted pen-
dulum, our work demonstrates that parametric driving of
coupled Josephson junctions can generate nonharmonic
components and nonreciprocal supercurrent behavior. We
propose a minimal setup for realizing a supercurrent diode
based on superconducting interferometers composed exclu-
sively of Josephson tunnel junctions, in which the super-
current is parametrically driven by either electric or
magnetic fields, establishing viable routes to realizing a
Kapitza supercurrent diode.

We recall the fundamental principle of the Kapitza
pendulum [55,56], a rigid pendulum with a vertically
oscillating pivot. If the suspension vibrates with frequency
@ and amplitude a, the angle ¢ obeys an equation ¢ =
— (@3 + aw? cos wt) sin @, where w3 = g/l and a = a/l. In
the regime of small amplitude (¢ < 1) and high frequency
(w > @), the motion separates into a slow component &,
and a fast oscillation &, with ¢ = &, 4+ £. A perturbative
expansion and time averaging yield an effective equation
&o=—0U5(&y)/ 00, with Ugr (&) =—wGcoséy #Sinzfo
The periodic drive thus generates a second-harmonic
contribution to the potential [55,56]. The Kapitza route

is therefore not limited to the stabilization of the &y =z
state; more broadly, it provides a mechanism for dynami-
cally generating higher harmonics in the effective free
energy of a nonlinear oscillator, with inverted-pendulum
stabilization representing one specific manifestation. Our
work demonstrates a physical realization and extension of
this mechanism in the context of superconducting transport.

Itis well known that the dynamics of a Josephson junction
can be effectively described by analogy with the motion of a
classical pendulum. Specifically, in the resistively (R) and
capacitively (C) shunted junction (RCSJ) model, the phase
difference ¢ across the junction obeys the nonlinear differ-
ential equation: C(®g/27)¢g+(1/R)[®y/ 27|+ sinp=I,,
which mirrors the equation of motion for a damped pendu-
lum subject to an external torque [, (externally applied bias
current). Now, suppose that the total current-phase relation of
the system consists of two contributions I = I + I,. The
first term, I; = I..; sin(¢ + ¢), incorporates a phase shift ¢
arising from a source of time-reversal symmetry breaking.
The second term, I, = I, cos(wt) sin(¢), indicates a peri-
odically modulated critical current at frequency w. Taking
into account the analogy with the classical Kapitza pendu-
lum, one expects that the resulting supercurrent has a
nonreciprocal behavior when the amplitude of one of the
Josephson components is parametrically driven in time.

Identifying the Josephson phase x with the pendulum
angle @, the equation can be expressed in a dimensionless
form as

C . o 1.
X+ P + ige + iyc cos(wt)] sinx + i, sin(x+ ) =5 b (1)
where currents are normalized to a reference scale I,
chosen as the characteristic Josephson critical current of
the junction, and time is measured in units of plasma

frequency w,o = /27ly/(C®,) and dimensionless damp-
ing parameter § = 1/(RCw,y). Equation (1) can be read as
the equation of motion of a damped rotor (pendulum) with
angular coordinate x(f) under an external torque [see
Secs. I-III of [59] for the detailed reduction of the
Josephson dynamics to Eq. (1)]. The damping term JBx
is the usual viscous friction, while the bias i} plays the role
of a constant tilting torque that favors rotation in one
direction. The term [ig. + i, cos(wt)]sinx is a restoring
torque whose strength is modulated over time, providing
the parametric driving force. The additional component
i.,sin(x + ¢) is a second restoring torque that, however, is
shifted in phase by ¢. Mechanically, this corresponds to
adding a second periodic potential whose minimum is
displaced relative to the first one.

More broadly, Eq. (1) represents a generic class of
parametrically driven nonlinear phase oscillators, sug-
gesting that the same Kapitza-type rectification mechanism
may extend well beyond superconducting tunnel junctions
[60—62]. In particular, related implementations may be
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FIG. 1. Current-voltage characteristics of a parametrically
driven Josephson junction with anomalous phase ¢ = z/2 at
ige = 0 for i, = 0.25, 0.5 (w/w, = 5, black and blue curves),
and i,. = 2.25, 20 (w/wpo = 50, green and red curves). Inset:
diode efficiency # extracted from each curve. Filled markers
indicate /3, and color-matched dotted lines guide the eye. The
dimensionless damping is f = 0.1, and the amplitude of the
additional phase-shifted component is i., = 2.

envisioned in bosonic Josephson junctions, driven polar-
iton weak links, spin-torque oscillators [63], and other
nonlinear rotators with phase-shifted restoring components.

To illustrate the emergence of nonreciprocal supercurrent
behavior, we start performing numerical simulations of the
driven Josephson junction [Eq. (1)]. Here, we concentrate
on a single time-dependent harmonic component (i,.) in the
time-reversal symmetric contribution to the supercurrent
amplitude, while the time-reversal broken contribution i,
is kept constant over time for given values of the anomalous
phase ¢. Modifying the time-dependent profile of the
driving term does not alter the qualitative features of the
resulting nonreciprocal behavior. The profile of the current-
voltage characteristic is reported in Fig. 1, assuming a
representative case for the anomalous phase, ¢p = 7/2. We
find that the forward (IJ) and backward (I) critical
currents of the zero-voltage state differ in magnitude,
leading to a nonvanishing rectification amplitude defined
asn = (I7 —|I7]|)/(If + |I7|). The rectification amplitude
is found to depend on both the frequency and the amplitude
of the driving mode, reaching 50% supercurrent rectifica-
tion when the driving frequency significantly exceeds the
plasma frequency w ,o. The critical currents [ * are extracted
from a fixed phase-locked initialization protocol, which
yields a single-valued current-voltage characteristic (see
Sec. VI of [59] for a detailed description of the numerical
integration scheme). Hysteresis on the running branch
(switching-retrapping asymmetry) is a separate phenome-
non that does not affect the definition of # and is left for
future study.

The frequency dependence of I} and I indicates that, in
the slow-driving regime, the two quantities are nearly
identical and that there exists a threshold at w/w,, ~ 2,
above which the rectification increases significantly
(Fig. 2). This trend is qualitatively reproduced when the
anomalous phase ¢ is varied. Indeed, a sizable rectification
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FIG.?2. (a),(c) Critical currents I and (b),(d) diode rectification
of a driven Josephson junction versus @/, for ¢ = /2 (a),(b)
and ¢ = /3 (c),(d) with ig. = 0, i, = 0.25. Magenta dotted lines
show high-frequency asymptotics from the weak-amplitude ex-
pansion (see main text). Dimensionless damping # = 0.1, i, = 2.

amplitude of the order of 15% is obtained close to the
resonance at @/w,y ~ 1, accompanied by a decrease in
amplitude when moving to higher frequency [Figs. 2(c)
and 2(d)].

It is both instructive and useful to analyze the emergence
of nonreciprocal behavior by examining the analytical
expression for the frequency-dependent rectification ampli-
tude of the driven Josephson junction within the Kapitza
framework (see Sec. IV of [59] for the detailed derivation).
One can proceed by decomposing the phase as
x(t) = X(t) + &(t), where X(z) is a slow variable and
£(¢) is a small, rapidly oscillating correction induced by
the driving field. Substituting into Eq. (1) and expanding to
the second order in & yields

X+E+pX+8
; . . I, .
+ [ige + iac cOS(wt)] | sin X + Ecos X — 55 sin X
+i., <sin(X +¢) + Ecos(X + ¢)
1 1

— Efz Sil’l(X + ¢)) = 5 ib-
In the spirit of the Kapitza method, the equation can be
separated for the fast variable &(7), neglecting the slow

velocity and acceleration terms, X, X, on the fast timescale.
Then, by keeping only the terms linear in £ and proportional
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to the oscillatory part of the prefactor, i,. cos(wt), we obtain

&+ PE+ w}E = —iy cos(wt) sin X, (2)

where the local curvature (stiffness) of the effective poten-
tial is

W} (X) = igecos X +i.,cos(X + o). (3)

On the fast timescale, X can be considered to be approx-
imately constant, so @3(X) is treated as a parameter.
Equation (2) describes a damped harmonic oscillator driven

at frequency w. The steady periodic solution can be written as

e SIN X
03(X) - + ipo’

(1) = Re[fe]. E=- O
We now return to Eq. (2) and perform the time average over
the fast oscillations, keeping terms up to order &2. The
averaged equation for the slow variable thus becomes

X+ pX +igesinX + i, sin(X + ¢)
+ i, cos X{cos(wr)&(1)),

- % (€2), |ige sin X + i, sin(X + ¢)} = %ih.

The time average of the product between the paramet-
ric modulation and the induced fast oscillation,
ioc cOs X (cos(wr)&(1)),, generates the leading effective sec-
ond harmonic, producing a static contribution to the current-
phase relation of the form

IM(X) = A, sinX + By cos X + Ay(w) sin2X,  (5)

with the first-harmonic coefficients A; = iy, + i, ,cos ¢,
and By =i.,sin¢. The second-harmonic coefficient,
instead, can be expressed as
2 2 2
w5 (x9) — @

AT T

where X has been evaluated at the static equilibrium X = x
with xy = —arctan[—<=?_] We neglect higher-order

terms in i,, and nonlinear corrections. Introducing the
first-harmonic amplitude and phase shift Q = \/A? + B3,
6 = arctan(B;/A;), we can rewrite Eq. (5) as
IET(X) = Qsin(X + 8) + A, (@) sin 2X. For |A,| < Q, the
extrema of [I¢T(X) = Qsin(X +8) +A,sin2X give
I}~ 0+ Ay)(w)sin(28), I ~—Q + Ay(w) sin(28), and
therefore the diode efficiency

i 0§(x0) — @®]sin 25
40 [wj(x0) — @’” + (fw)*’

with @ (xg) ~ @,9. From Eq. (7), one observes that, in
agreement with the numerical analysis, it attains a maximum

n(w) ~ (7)

when @ ~ wq(xg). Although not vanishing, the rectification
is suppressed at high frequencies and decays as n(®) «
i2./w* for |w| — oo within the weak-amplitude expansion of
the driving field, as one can see in Figs. 2(b) and 2(d)
(magenta dotted lines). Moreover, the rectification ampli-
tude scales with the strength of the driving field and changes
sign in the vicinity of the resonance at @ ~ wg(xg). It is
important to recall that Eq. (7) is valid in the regime (|&| < 1),
i.e., to the leading order in i2.; a strong-driving field with
large i,. can lead to sizable quantitative deviations due to
the occurrence of higher harmonics beyond sin2X.
More precisely, Eq. (7) requires the separation of timescales
® > wy(xy) (good agreement is found already for
w/wy) 2 2-3) and a small fast-oscillation amplitude
€| =] sinxg|/ v/ (@3 (x0) —@?)*+ (Bw)? < 1, which away
from resonance reduces to i,. < ®* and near resonance to
i,e < Pw. No specific condition on f is required: the
damping enters Eq. (7) only through the Lorentzian denom-
inator, controlling the resonance width and the peak height
of A2 (CU) .

The physical (dimensional) amplitudes A?™*, B"™*, and
AR follow from Eq. (5) by multiplying by I, with
(Opo = 4/ 27TIQ/(DOC. For ¢ = ﬂ/3, idC = O, l.c’[ = 2,
lpe =025, p=0.1, Iy = 1 pA, and w,(/27 = 10 GHz,
one obtains AP =1pA, B™™® ~ 1.73 pA, and [AD™|..
156 nA, yielding 7,,,,, £ 0.068, in agreement with Fig. 2(d).
These expressions are valid within the weak-drive approxi-
mation i,. < 1; all three amplitudes scale linearly with [,
while @, sets only the resonance frequency at which

~
~

|AP™| s maximized.

The classical RCSJ description adopted here is valid
when the Josephson energy E; = [,®,/2x greatly exceeds
the charging energy E. = ¢?/2C, ie., E;/Ec>1, a
condition readily satisfied for pA-scale critical currents
and fF-scale capacitances where E,;/E; ~ 10°~10*. In this
regime, quantum-phase fluctuations produce only quanti-
tative corrections (e.g., broadening of switching statistics).
In the complementary regime E;/E-~1, a quantum
treatment is required. The Kapitza mechanism can be
formulated at the Hamiltonian level via the Floquet-
Magnus expansion: to leading order in 1/Q?, the effective
potential acquires a cos2¢ term with an amplitude
Ej, « (8E;)*Ec/(R*Q?), in direct analogy with the
classical result (see Sec. V of [59]). The drive-induced
generation of higher harmonics is therefore expected to
persist in the quantum regime, while the critical currents
become probabilistic.

Having established the nonequilibrium supercurrent
diode effect both numerically and analytically, we now
discuss possible implementations of the Kapitza super-
current diode. Two distinct design strategies can be
pursued, both relying on interferometric schemes to break
the time-reversal symmetry. The first approach is based on
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FIG. 3. Schematic implementations of the Kapitza supercurrent
diode using superconducting interferometers. (a) Gate-controlled
SQUID, with time-dependent gate modulation (V,) and a static
flux (®)-induced phase shift. (b) Double-loop interferometer with
parametric flux drive and static flux breaking time-reversal
symmetry. In both cases, parametric driving combined with
symmetry breaking yields nonreciprocal supercurrent transport.

gate-controlled supercurrents [64—69], where the super-
current is driven by a time-dependent gate voltage. The
second relies entirely on magnetic control using super-
conducting interferometers, in which the parametric modu-
lation of the supercurrent is induced by a periodically
time-dependent magnetic flux. In the first implementation
[Fig. 3(a)], time-reversal symmetry is broken using an
electrically controlled superconducting interferometer in a
SQUID-like geometry. The device consists of a supercon-
ducting loop interrupted by Josephson tunnel junctions whose
critical currents can be tuned via electrostatic gates. A time-
dependent gate voltage is applied to one of the junctions,
inducing a periodic modulation of the supercurrent, while an
externally applied magnetic flux is used to introduce an
anomalous phase shift in the other Josephson junction [59].
We note that, compared to flux-biased multiarm interfero-
metric designs such as SNAIL-based diodes [70], which
achieve passive nonreciprocity at the expense of increased
circuit complexity, the Kapitza approach offers a complemen-
tary route based on the dynamical generation of higher
harmonics, enabling in sifu tunability and reconfigurability
within a minimal architecture, albeit requiring an external drive.
The second implementation exploits time-dependent
magnetic control in a superconducting interferometer with
double-loop geometry. One loop is threaded by a periodi-
cally time-dependent magnetic flux, providing the para-
metric drive, while the other loop is biased by a static flux
and acts as a source of time-reversal symmetry breaking.
By expressing current-phase relations in terms of average
and relative phases, the dynamics of the system can be
mapped to that of a driven Josephson junction with an
effective static time-reversal symmetry-breaking term in the
supercurrent, leading to nonreciprocal transport [59].

The relevant frequency window for the time-periodic
modulation is set by the Josephson plasma frequency,
which defines the intrinsic dynamical scale of the
junction. For typical parameters (/. ~1 nA —5 pA and
C ~ 1-100 fF) [71], one obtains a)po/27z ~0.2-100 GHz.
To realize the proposed nonreciprocal dynamical regime,
the drive frequency @ should satisfy w; < ® < 5w,
where w; is the characteristic Josephson frequency asso-
ciated with slow phase dynamics (typically in the
MHz to sub-GHz range). This condition defines an exper-
imentally accessible window ®/2xz ~ 1-10 GHz, well
within the range achievable by using either microwave
gate modulation or on-chip flux control in superconducting
interferometers.
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