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We compute the potential-graviton contributions to the conservative scattering angle of two nonspinning
bodies in maximal supergravity at fifth order in Newton’s constant, including second-order self-force
effects. Our goal is to tackle the challenging integrals arising at this order in Einstein gravity, but within the
technically simpler framework of supergravity. The calculation employs the scattering-amplitude
framework, effective field theory, and multiloop integration techniques based on integration by parts
and differential equations. The final result is expressed as a series expansion around the static limit, thereby
avoiding the explicit evaluation of intricate special functions. This series solution for the master integrals
applies, as well, to the corresponding computation in general relativity. Remarkably, we observe nontrivial
cancellations among contributions associated with Calabi-Yau integrals, alongside a distinct contribution
governed by a Heun differential equation.
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Introduction—The detection of gravitational waves [1,2]
marked a milestone in physics, opening a new window into
the Universe. Upcoming improvements in gravitational-
wave detectors [3–7] anticipate dramatic gains in both
sensitivity and frequency coverage. Realizing the full sci-
entific potential of these observations, however, demands
high-precision theoretical modeling across a large
parameter space. Meeting this formidable challenge will
require significant advances in multiple complementary
frameworks, including numerical relativity [8–11], the
gravitational self-force (SF) program [12–15], effective field
theory (EFT) [16,17], and both post-Newtonian (PN)
[18–22] and post-Minkowskian (PM) [23–28] methods.
In the end, advances in the various approaches must
be synthesized into accurate and robust waveform models,
such as those within the effective-one-body (EOB) frame-
work [29,30].
The PM expansion in powers of Newton’s constant G is

the natural perturbative framework for scattering problems

with large minimal separation, as well as for bound motion
on eccentric orbits [31]. By preserving manifest Lorentz
symmetry, relativistic quantum field theory and scattering-
amplitude methods provide a systematic, gauge-invariant
route to higher-order PM dynamics, which can also include
finite-size, tidal, spin, and environmental effects (see, e.g.,
Refs. [22,32–34]). This approach builds on important
advances in the understanding of scattering amplitudes
and in the ability to compute them. They include gener-
alized unitarity [35–40], the double-copy construction
[41–44], and powerful integration methods [45–51]. A
number of field-theory formalisms have been developed,
including those based on matching to effective field theory
[17], eikonal exponentiation [52,53], an exponential rep-
resentation of the S matrix [54], an observable-focused
setup [55], heavy-particle effective theories [56], extreme
mass-ratio EFT [57,58], and classical worldline methods
[59–62]—and were applied to the gravitational two-body
problem at higher PM orders; see, e.g., Refs. [63–74] for
spinless configurations, with the current frontier being to
complete the fifth order, OðG5Þ, 5PM.
In this Letter, we address a key bottleneck toward

achieving 5PM-order accuracy for the two-body problem
in Einstein’s gravity, organized following the gravitational
self-force mass-ratio expansion [75]. Substantial recent
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progress [65,69,76–79] includes the computation of the
conservative 5PM sector through 1SF [68]. Although the
1SF correction to the probe limit suffices to determine the
scattering angle through 4PM, at 5PM it receives a 2SF
contribution for the first time. The central difficulty lies in
evaluating the loop integrals entering the 2SF sector.
Integration-by-parts (IBP) reduction [45,46] of high ten-
sor-rank integrals to a relatively small number of master
integrals poses a considerable challenge. Here we use a
modified version of FIRE7 [80] for this step. Subsequently,
the master integrals are evaluated by differential-equation
methods [47–51]. At present, these are the only viable
methods capable of handling the relevant integrals.
However, they require substantial computer resources as well
as advanced algorithms, such as finite-field methods [81,82].
Because the 2SF integrals are highly nontrivial, we

instead work in the simpler setting of N ¼ 8 supergravity.
This theory retains the essential features of general rela-
tivity, including the same integral families and master
integrals, and allows us to carry over solutions directly
to the gravitational case. The key advantage is that the most
complicated integrals have a lower tensor rank than in
Einstein’s gravity, enabling quicker access to gravitational
2SF results. Supersymmetric setups have long served as
effective laboratories for gravitational calculations
[52,53,83,84] and, in particular, have already been used
to study the 1SF integrals in Ref. [65].
From quantum amplitudes to classical observables—At

large distances, black holes can be modeled as massive
point particles, and their post-Minkowskian dynamics
can be captured by the classical limit of quantum
scattering amplitudes [17,52–55,66]. By the correspon-
dence principle, this limit amounts to an expansion at
large angular momentum, J ≫ ℏ, or equivalently at small
momentum transfer, q ¼ p1 þ p4 [85]. Each term
depends nontrivially on the dimensionless boost parameter
σ ¼ p1 · p2=ðm1m2Þ ¼ ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
Þ, or equivalently the

relative velocity v. The classical limit further selects loop
momenta of order jqj ≪ mi;

ffiffiffi
s

p
so that,within theEFT-based

method of regions [86], the relevant contributions come from
the soft region. At OðG5Þ this procedure yields a classical
amplitudeMcl

5 proportional toq
2 lnð−q2Þ, corresponding to a

1=r5 potential.
We focus on the potential region, the subset of the soft

region describing instantaneous interactions between mas-
sive particles, where loop momenta scale as l ¼ ðl0;lÞ ∼
jqjðv; 1Þ with v ≪ 1. This region suffices to capture the
challenging integrals. Classical observables are then
extracted from the radial action, which is related to the
massive-scalar 2 → 2 scattering amplitude [66] by

iMclðqÞ ¼
Z
J
ðeiIrðJÞ − 1Þ; ð1Þ

where the integration measure will be defined in Eq. (5)
below. The classical radial action [87], IrðJÞ ¼

R
γ prdr, is

an integral over the radial momentum pr along the
trajectory γ. It corresponds to the classical action with
fixed total energy E and angular momentum J and
determines the scattering angle

χ ¼ −
∂IrðJÞ
∂J

¼ π − 2J
Z∞
rmin

dr

r2
ffiffiffiffiffiffiffiffiffiffiffi
p2
rðrÞ

p : ð2Þ

In the PM expansion, the amplitude, the radial action, and
the scattering angle are series in Newton’s constant,

M ¼
X
k¼1

Mk; Ĩr ¼
X
k¼1

Ĩr;k; χ ¼
X
k¼1

χk; ð3Þ

where Mk ¼ OðGkÞ; Ĩr;k ¼ OðGkÞ, and χk ¼ OðGkÞ trun-
cate exactly at the classical order, and we leave implicit
their kinematic dependence. At the fifth order

M5ðqÞ ¼ Ĩr;5ðqÞ þMit:
5 ðqÞ; ð4Þ

Mit:
5 contains all the classically singular terms (see, e.g.,

Ref. [65] for details). As noted there, such terms are
separated by the boundary conditions in the differential
equations for the master integrals. The classical part of the
2 → 2 amplitude, i.e. the radial action, is

ĨrðqÞ ¼
Z
J
IrðJÞ ≔ 4Ejpjμ−2ϵ

Z
dD−2beiq·bIrðJÞ: ð5Þ

In the center-of-mass frame, the asymptotic impact param-
eter b and the momentum transfer q are Fourier conjugate;
p is the spatial momentum. We use dimensional regulari-
zation, with D ¼ 4 − 2ϵ and regularization scale μ.
The energy E, jpj and σ are related as E2 ¼ m2

1 þ
m2

2 þ 2m1m2σ, and jpj ¼ ðm1m2=EÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
. The 5PM

radial action is organized by independent mass structures

Ĩr;5
m4

1m
4
2

¼ ðm4
1 þm4

2Þ
m2

1m
2
2

Ĩ0SFr;5 þ ðm2
1 þm2

2Þ
m1m2

Ĩ1SFr;5 þ Ĩ2SFr;5

¼ M8ν2

m4
1m

4
2

h
Î0SFr;5 þ νÎ1SFr;5 þ ν2Î2SFr;5

i
; ð6Þ

where we define M ¼ m1 þm2, ν ¼ ðm1m2=M2Þ,
Î0SFr;5 ¼ Ĩ0SFr;5 , Î

1SF
r;5 ¼ Ĩ1SFr;5 − 4Ĩ0SFr;5 , and Î

2SF
r;5 ¼ Ĩ2SFr;5 − 2Ĩ1SFr;5 þ

2Ĩ0SFr;5 . While the first form in Eq. (6) is more natural from
an amplitudes perspective, the second ν-dependent form is
more standard for the self-force expansion.
Computational setup—We extract classical conservative

5PM observables from the classical scattering amplitude of
massive particles at OðG5Þ, i.e., at four-loop order.
On-shell techniques have proven useful for deriving

loop integrands for classical massive scattering
amplitudes, including in general relativity. Here we follow
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Refs. [65,83,84] and construct the massive-scalar 2 → 2
amplitude integrand at four loops in N ¼ 8 supergravity
by dimensionally reducing the corresponding higher-
dimensional massless supergravity integrand. These
higher-dimensional amplitudes were constructed in
Refs. [88,89], through OðG6Þ using the generalized
unitarity method [35–40] in conjunction with the double
copy [41–44]. Upon an appropriate dimensional reduction
from six or higher dimensions, the components of the
external momenta in the extra dimensions act as inde-
pendent masses for the four-dimensional scalar fields.
Furthermore, we retain the dependence on the BPS-angle
through the variable cϕ ≡ cosϕ − σ.
As discussed above, we extract the classical potential-

region contributions to the massive scalar amplitude by
expanding it up to Oðjqj2Þ. Upon expansion, the complete
jqj2 andmi dependence can be separated so that all integrals
are functions of the single kinematic variable σ. The even
and odd powers of jqj are decoupled, so, without affecting
the classical contributions, we will restrict to terms that
contain only even powers of jqj. The result is organized
diagrammatically in terms of 394 integral families with
only cubic vertices. Sample diagrams are shown in Fig. 1.
Notably, the third and fourth diagrams appear for the first
time at 2SF order, whereas the first twowere present already
in previous 1SF computations. All matter lines represent
linearized (eikonal) propagators. Compared to classical
worldline methods, our setup involves more integral fami-
lies. For all but the most complicated 2SF cases, the extra
integrals are, however, computationally subleading. To
eliminate remaining undesirable redundancies in the inte-
grand, we map it to a global basis following Ref. [90].
Given an integrand, the main bottleneck is loop inte-

gration. As usual, we first IBP reduce the Oð106Þ integrals
of the classical amplitude to a set of Oð103Þ master
integrals. These are chosen to prevent nonfactorized
dependence on kinematic variables and the spacetime
dimension in denominators [91,92]; integrals with up to
four units of complexity (defined as the sum of the tensor
rank and of the propagators’ powers above 1) are needed in
some 2SF integral families to realize this property. We use
FIRE7 [80] with enhanced performance for finite fields
[81,82] and automatic MPI-parallelized reduction and
reconstruction of analytic master integral coefficients.
The most difficult integral families are reduced with an
experimental FIRE setup with improved seeding, which
was implemented outside FIRE in Ref. [65] (see also
Refs. [68,93,94]). In N ¼ 8 supergravity, supersymmetry
lowers the tensor rank of the most difficult integrals by four
units relative to Einstein’s gravity, greatly simplifying IBP

reduction and providing a faster path to examining 2SF
results in a gravitational theory.
The difficulty of the IBP reduction depends on several

key factors; chief among them are the complexity of the
integrals, the topology of the diagram, and the number of
master integrals at the top level. The nonplanar classical
integral topologies, especially for families that only con-
tribute to classical parts at 2SF, are particularly challenging
and a dominant part of the calculation. Because of this, we
planarize the most complicated integrand contributions,
which arise from permuting vertices on the matter lines in
the third and fourth diagrams in Fig. 1, by judiciously using
the support of cut matter lines [95,96] following the
discussions in Sec. 3.2 of Ref. [65].
Having completed the IBP reduction of the classical

four-loop amplitude, the result is expressed in terms of
approximately 4,000 master integrals that are functions of
the spacetime dimension D ¼ 4 − 2ϵ, and of σ. They are
evaluated with the method of differential equations
[47–51]. In the most condensed form, all master integrals
are collected into a single vector I⃗ and differential equations
are derived with the help of IBP identities,

d
dσ

I⃗ðσ; ϵÞ ¼ M̂ðσ; ϵÞI⃗ðσ; ϵÞ; ð7Þ

subject to appropriate boundary conditions. In our case, it is
convenient to supply boundary conditions in the static
σ ¼ 1 limit. The form of the connection matrix M̂ðσ; ϵÞ
depends on the initial choice of basis I⃗ðσ; ϵÞ, but is guaranteed
to be in a block-triangular form, with diagonal blocks
representing the differential equations of the relevant sectors,
and off-diagonal couplings between parent and daughter
sectors [97]. In cases where the solutions to Eq. (7) can be
written in terms of (generalized) polylogarithms [98], it is
convenient to rotate the basis, I⃗, to bring the differential
equation into canonical form [51], where the dependence on
the spacetime dimension via ϵ factors out, and the matrix
simplifies M̂canðσ;ϵÞ¼ϵ

P
αM̂αðd=dσÞlogwαðσÞ. ThewαðσÞ

are the letters and the entries of the matrices M̂α are rational
numbers. In this form, the solutions of the differential
equations are given in terms of Chen iterated integrals over
logarithmic integration kernels to the desired order in the ϵ
expansion. These integrations are algorithmic and are imple-
mented in various codes, e.g., [99,100].
There are significant ongoing efforts to extend such

methods to elliptic integrals [101,102], and Calabi–Yau
geometries [77,79,103,104], which not only appear in the
classical binary problem, but also in amplitudes with
internal masses relevant for particle-physics applications,
see, e.g., Ref. [105]. Despite the recent progress, solving
differential equation systems for the complicated under-
lying geometries still requires a case-by-case analysis.
We take a different approach here. Instead of seeking a

closed-form solution in terms of special functions, we first

FIG. 1. Four-loop sample diagrams contributing through 2SF.
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note that in the potential region the master integrals are
meromorphic functions in σ̄ ¼ σ − 1 near σ̄ ¼ 0 and there-
fore locally admit a Laurent-series representation about the
static limit [106]. We thus solve the differential equations
by the Frobenius method (see, e.g., Refs. [107–110] for
applications in collider physics), of the form

I⃗ðσ; ϵÞ ¼
Xnmax

n¼n0

σ̄nc⃗nðϵÞ þOðσ̄nmaxþ1Þ: ð8Þ

The coefficients c⃗nðϵÞ are rational functions of the dimen-
sional regulator ϵ. The lower limit n0 can be inferred from
the leading velocity scaling of the master integrals in the
static limit. The upper limit nmax is fixed by the highest
desired order of the solution.
Combining Eq. (8) with a σ̄ expansion of M̂ðσ; ϵÞ, which

has poles up to eighth order at σ̄ ¼ 0, we solve the
differential system order by order in σ̄. At each order,
the coefficients cn;j are determined by a linear system; we
rationally reconstruct [111,112] the ϵ dependence of their
solutions from multiple numerical points over prime fields.
We construct the solution through Oðσ̄15Þ, but going to
higher orders is, of course, possible.
Having planarized the most complicated classical 2SF

diagram topologies, we find 371 boundary conditions that
are identical in maximal supergravity and general relativity.
They are linked to the static limit of scalar integrals
encompassing both classically singular and regular con-
tributions; in this limit, their evaluation is relatively simple.
Notably, we recover all the 312 that appeared at 1SF order
[65], thus having a strong consistency check.
Results—Individually, these abstract static boundary

integrals are ill defined without additional regularization.
However, upon inserting the series solution for the master
integrals I⃗ðσ; ϵÞ through Oðσ̄15Þ into the IBP-reduced
classicalN ¼ 8 supergravity amplitude, they organize into
well-defined combinations—eikonal sums [95,96]—which
we denote by E. All diagrams within a given sum are related
by permuting vertices on matter lines, forcing them to be
cut. The ability to planarize the classical 2SF diagram
topologies, as discussed above, relies on the emergence
of such combinations. In terms of eikonal sums, the jqj-
expanded potential-region amplitude through classical
order has the form

M5 ¼
�jqj2
μ2

�−4ϵ X2
k¼−2

jqjk
XNk

n¼1

fk;nðσ̄; ϵÞEk;nðϵÞ; ð9Þ

where Nk counts the independent eikonal sums and
depends on the power, k, of jqj. As mentioned above,
we focus on the even-in-jqj terms. The functions fk;nðσ̄; ϵÞ
are given as series in the velocity variable σ̄, and we
suppress their mass and BPS-angle dependence. Retaining
the computationally simpler classical iterations serves as a

nontrivial check of our setup. We have verified that the
k ¼ −2, 0 terms agree with our previous results in [65] and
refrain from repeating them.We focus instead on the classical
contributions Ĩr;5, obtained from M5 by dropping iteration
terms; cf., Eq. (4). This corresponds to taking the k ¼ 2 term
in Eq. (9). In order to generate a classical contribution, the
combination f2;nðσ̄; ϵÞE2;nðϵÞ needs to develop poles in ϵ. At
the classical order, there are 16 eikonal sums—one in the 0SF
sector, six in the 1SF sector, andnine at 2SF.The0SFand1SF
sums have already been discussed in Sec. 5.2 of Ref. [65],
so we give representative examples:

ð10Þ

The dashed lines denote spatial propagators, and the sums
reduce to three-dimensional Euclidean integrals upon evalu-
ating theenergy integral ineach loop.The remainingnine2SF
eikonal sums are

ð11Þ

Three of them, E2;2, E2;3, and E2;5, have already appeared in
the 2SF result for classical electrodynamics [76]. Having
exploited the emergence of eikonal sums in the planarization
of classical 2SF integrals, we treat all analogous terms by
identifying the corresponding scalar boundary integrals with
their counterpart in which all matter lines are cut. In all terms
independent of the planarization procedure (i.e., those pro-
portional to cn≥3ϕ ), the eikonal sums emerge as expected and
are a check of our integration procedure.
Interestingly, in N ¼ 8 supergravity, we find that the

coefficients of three classical 2SF eikonal sums—E2;7, E2;8,
and E2;15—vanish up to a sufficiently high order in ϵ so they
do not contribute to the scattering angle. Two of them tag
interesting classes of nonpolylogarithmic integrals. The E2;8

sector is associated with a Heun-type [113], or special
symmetric-square K3 [78] Picard–Fuchs equation, while
E2;15 corresponds to a Calabi-Yau threefold [77–79]. Their
vanishing contribution, reminiscent of a similar cancellation
in the 4PNOðG5Þ term of Einstein’s gravity [114], makes it
natural to conjecture that these integrals will be absent from
the final result. Similar cancellations are observed for the
elliptic functions at 4PM inN ¼ 8 and gravitational theories
at 5PM 1SF [65,68]. Lastly, although E2;7 is not tied to a
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special geometry, it likewise does not contribute to classical
observables in N ¼ 8 supergravity. After evaluating the
eikonal sums and adding all contributions, we find

ĨnSFr;5 ¼ G5πc4ϕjqj2
�jqj2
μ̄2

�−4ϵ"ĨnSF;div:r;5

ϵ2
þ ĨnSF;fiv:r;5

ϵ
þOðϵ0Þ

#
;

ð12Þ

where μ̄2 ¼ 4πe−γEμ2 is the MS renormalization scale. The
nonanalytic jqj2 ln jqj term encoding the classical physics at
5PM, isobtainedbyexpandingEq. (12) inϵ; i.e., ĨnSF;fin.r;5 is the
term accompanying the single pole in ϵ. The 1=ϵ2 pole is due
to the overlap between the potential and radiation contribu-
tions [115,116]. The divergence should cancel once tail
contributions are included, leaving behind a term with
logarithmic dependence on σ̄. This cancellation first occurs
at three loops [67] and is, in fact, a generic feature of the
method of regions [86].
Although we solved the differential equations through

Oðσ̄15Þ, due to various poles in σ̄ in the amplitude
coefficients, we obtain only the first 11 orders of the
classical radial action around the static limit σ̄ → 0, which
corresponds to the 10PN terms at G5. For ease of
comparison with Ref. [65], we keep the dependence on
cϕ. At 0SF, we find Ĩ0SF;div:r;5 ¼ 0, and

Ĩ0SF;fin:r;5 ¼
�
−

1

20σ̄4
þ 1

10σ̄3
−

1

8σ̄2
þ � � �

�
c6ϕ; ð13Þ

where higher-order terms in the σ̄ expansion are
suppressed. We provide them in Supplemental Material
[117] and checked that Eq. (13) agrees with the
expansion of Eq. (5.30) in Ref. [65], Ĩ0SF;fin:r;5 ¼
−4c6ϕ=5ððσ̄ þ 1Þ2 − 1Þ4 on the overlap.
The divergent part of the 1SF radial action is

Ĩ1SF;div:r;5 ¼ 16c2ϕ

�
c2ϕ

�
−

1

6σ̄
þ 1

20
þ 19σ̄

840
þ � � �

�

− cϕ

�
1

σ̄
þ 5

6
−
49σ̄

60
þ � � �

�

−
�
4 −

4σ̄

3
þ 8σ̄2

15
þ � � �

��
; ð14Þ

which agrees with the expansion of Eq. (5.32) in Ref. [65]
to the order computed here. The finite part of the radial
action, Ĩ1SF;fin.r;5 , contains six cϕ structures and is too lengthy
to print here, but is provided in Supplemental Material
[117]. It also agrees with our earlier exact-in-velocity result
for the overlapping orders.
The key new result of this Letter is the 2SF contribution

to the classical radial action, which determines the corre-
sponding potential-region scattering angle. Interestingly,

the 1=ϵ3 singularity of the three eikonal sums E2;2, E2;3, and
E2;5 turns out to be spurious. It cancels in the full sum,
leaving a divergent 1=ϵ2 term,

Ĩ2SF;div:r;5 ¼ 16c2ϕ

�
c2ϕ

�
−

1

3σ̄
þ 19

90
−

41σ̄

1260
þ � � �

�

− cϕ

�
2

σ̄
þ 1 −

173σ̄

90
þ � � �

�

−
�
8 −

16σ̄

3
þ 136σ̄2

45
þ � � �

��
: ð15Þ

The presence of this 2SF divergence highlights new
features, extending beyond leading order, in the relation
between the lower-loop energy loss and the tail divergence.
Comparing the series solutions of the divergent parts of the
1SF and 2SF radial actions through Oðσ̄5Þ, we find the
surprising relation,

Ĩ2SF;div:r;5 ¼ 4ffiffiffī
σ

p arcsinh
� ffiffiffiffiffiffiffiffi

σ̄=2
p �

Ĩ1SF;div:r;5 ; ð16Þ

which is confirmed through the sixth order, indicating that
the relation is in fact exact. Interestingly, this relation
signals an increase in transcendental weight (assigning
weight 1 to arcsinh) of the singular term between the 1SF
and 2SF radial actions, hinting at a more complicated
function space for the finite part of the 2SF radial action,

Ĩ2SF;fiv:r;5 ¼16cϕ

�
c5ϕ

�
−

3

160σ̄4
þ 1

80σ̄3
þ���

�

þc4ϕ

�
−

4

3σ̄
þ38

45
þ���

�
þc3ϕ

�
1

2σ̄2
−
121

18σ̄
þ���

�

þc2ϕ

�
−
12

σ̄
−
370

9
þ���

�
þc1ϕ

�
−102þ232σ̄

9
þ���

�

þc0ϕð−72σ̄þ36σ̄2þ���Þ
�
: ð17Þ

Interestingly, the relation (16) holds also for the coefficient
of c5ϕ in Ĩ2SF;fin.r;5 and Ĩ1SF;fin.r;5 , but not for the others.
To extract the scattering angle from the momentum-

space radial actions ĨnSFr;5 , we Fourier transform the q
dependence to impact parameter space [invert (5)], relate
b≡ jbj to the angular momentum via b ¼ J=jpj, and take
a derivative with respect to J, see Eq. (2). Following the
same steps that led to Eq. (5.44) in Ref. [65], we can write
the SF-split 5PM scattering angle as

χ5
m2

1m
2
2

¼ ðm4
1 þm4

2Þ
m2

1m
2
2

χ0SF5 þ ðm2
1 þm2

2Þ
m1m2

χ1SF5 þ χ2SF5 : ð18Þ

In impact parameter space, the χnSF5 are related to the
momentum-space radial action coefficients via
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χnSF5

m2
1m

2
2

¼
G5

�
μ2b̃2

�
5ϵ

b5
c4ϕ

jpj2E
�
−
16

ϵ
ĨnSF;div:r;5

þ
�
184ĨnSF;div:r;5 − 16ĨnSF;fiv:r;5

��
þOðϵÞ; ð19Þ

where b̃2 ¼ b2πeγE . As in the radial action, the singular
term should cancel once the 2SF radiation-reaction con-
tributions to the scattering angle are included.
Our result passes several nontrivial checks. As stated

above, at 0SF and 1SF, we agree with the expansion of our
exact-in-velocity results of Ref. [65]. Following the dis-
cussion in Ref. [63], the leading in velocity terms of the
scattering angle are predicted by lower-order iterations.
These velocity iterations arise from the integral represen-
tation of the scattering angle in terms of the radial
momentum, see Eq. (2), and they determine the angle at
orders σ̄−j, j ¼ 2, 3, 4, 5,

χ5 ¼
16χ1χ4½1þ ϵA�

3π
−
9χ51
80

−
3

2
χ3χ

2
1 þO

�
1

σ̄
; ϵ

�
; ð20Þ

where we used the vanishing of the 2PM scattering angle,
χ2 ¼ 0, in N ¼ 8 supergravity, and A ¼ 55

6
− 16 ln 2. We

checked (using the unpublished 4PM angle χ4 [118]) that
our results in Eq. (19) agree with this prediction. Note that
the ð1=ϵÞ divergence of the 2SF angle is partially checked
by the velocity iteration consistency at order σ̄−2 and the
presence of a similar divergence of the 4PM angle χ4.
Discussion—To gain insight into the quantitative features

of our series solutions, in Fig. 2 we show the finite parts of
the 1SF and 2SF momentum-space radial actions, which
are directly related to scattering angles via Eq. (19). We
explore the robustness of different expansion schemes at 1SF
order (left panel) and compare them to the exact velocity
dependence available from Ref. [65]. At 2SF order (right
panel), the exact velocity dependence is not available, so we
rely on different truncation orders to assess convergence.
It is important to note that a judicious choice of variables

makes the series solution converge over the entire physical
region. So far, we have expressed results in terms of the

relativistic factor σ (or σ̄), although the relative velocity v
(used in PN expansions) is another natural parameter near
the static limit. Here, the radius of convergence of the series
solution to the differential equations is set by the nearest
singularity of the matrix M̂, whose location depends on
the chosen variables. Both the σ and v parameterizations
introduce spurious poles that restrict convergence.
However, in terms of the variable x, defined by
σ ¼ ð1þ x2Þ=ð2xÞ, these poles either lie outside the
domain jx − 1j < 1 or fall within the physical region
x∈ ½0; 1�, where they are expected to cancel in observables.
This indicates that, rather than expanding in terms of σ or v,
a more suitable choice is the variable x, expanded around
the static limit x ¼ 1. Such an expansion is expected to
converge across the full physical region. Current evidence
indicates that this structure is more general, a conjecture
that future studies of classical integrals at 6PM and beyond
could substantiate.
Padé approximants are well known to improve power-

series expansions both in the construction of accurate
waveforms [119–121], and in earlier applications in particle
physics, e.g. [122–124]. To gauge their effectiveness in our
setting, we apply Padé resummation to the Laurent-series
expansion of the radial action, organizing terms by powers
of cϕ and normalizing by σ̄4 to obtain a power series
through Oðσ̄10Þ. We then construct the Padé approximant
Rm;nðσ̄Þ ¼ Pmðσ̄Þ=Qnðσ̄Þ with ðm; nÞ ¼ ð6; 4Þ, matched to
this series. At 0SF order, the approximant reproduces the
exact analytic result, while at 1SF order, it extends the
agreement with the exact velocity result of Ref. [65] to
higher v (see left panel of Fig. 2), compared to a series
expansion in x, and a series expansion in σ̄. In all cases, the
agreement is better than 1% for v ≲ 0.9. The σ̄ expansion
deviates significantly starting from v ¼ ð2 ffiffiffi

2
p Þ=3 ∼ 0.94

due to a singularity at σ ¼ −1. At 2SF, performing a Padé
approximation leads to a spurious pole for certain choices
of ðm; nÞ parameters, suggesting a more complicated
structure. We therefore omit the 2SF Padé approximation
in the right panel of Fig. 2 and show the convergence
properties of the x expansion for different truncation orders
of the finite part of the 2SF radial action. This series exhibits
rapid convergence for v ≲ 0.8. If complementary informa-
tion on the asymptotic behavior of the radial action at v → 1
were available (following ideas on the high-energy resum-
mation of Refs. [125,126]), one could anchor the approx-
imants across the full kinematic range and further improve
their accuracy, a direction we defer to the future.
Conclusions—In this Letter, we carried out the first 2SF

computation in a gravitational theory, obtaining the poten-
tial-region scattering angle in N ¼ 8 supergravity. Our
calculation leveraged state-of-the-art Feynman integration
tools, including new advances in IBP codes [80], which
should likewise benefit multiloop collider physics.
After deriving the four-scalar amplitude integrand and

IBP reducing it, we solved the differential equations for all
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FIG. 2. Potential region momentum-space radial actions in
N ¼ 8 supergravity at 5PM as a function of the velocity v for
cosϕ ¼ 0. In the left panel, we show the exact finite part of the
1SF result of Ref. [65] compared to various series expansions.
The right panel shows series expansions of the finite part of the
2SF radial action.
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master integrals as a series expansion in σ̄ around the static
limit σ̄ → 0 through Oðσ̄15Þ. These solutions determine the
classical amplitude through 11 expansion orders; the loss of
some orders is due to various poles in master coefficients.
By comparing with 0SF and 1SF results where exact
velocity is available, we find that significant improvements
can be obtained via Padé approximations. One may
anticipate that combining the static-series solutions with
complementary expansions around the high-energy limit
(σ̄ → ∞) could yield reliable results throughout the entire
kinematic range. Motivated by graviton dominance
[52,84,127–129], the high-energy limit [130–132] is also
relevant for probing connections between different gravi-
tational theories with classical scattering observables. We
leave such explorations to future work.
From a formal perspective, it would be interesting to

promote our series solution to an exact analytic result, with
complete control over (generalized) polylogarithms, elliptic
integrals, and Calabi–Yau sectors. While we found evi-
dence of nontrivial cancellations of elliptic and Calabi–Yau
sectors inN ¼ 8 supergravity, reminiscent of cancellations
at 1SF order both in this theory [65] and in Einstein’s
gravity [68], a closed-form analytic 2SF calculation would
confirm this.
Although the present analysis was carried out in N ¼ 8

supergravity, it is important to extend these results to
Einstein’s gravity. This entails more demanding IBP
reductions than those performed here. Radiation modes
would also need to be included. While complete physical
results should be independent of a separation scheme
between conservative and dissipative effects, a choice
of scheme is necessary to compare with results of other
computational frameworks [15,68,133–135]. For improved
waveform modeling, the PM results should then be
incorporated into the EOB framework, as in, e.g.,
Refs. [31,136], including a suitable analytic continuation
scheme to bound orbits, for instance, along the lines of
Refs. [31,137–139] or resummations incorporating the
detailed singularity structure of observables [140–142].
While the path to 2SF results at the fifth post-

Minkowskian order in Einstein’s gravity is nontrivial, it
is increasingly clear that the remaining challenges can be
overcome with existing ideas and methods.
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Energy Phys. 03 (2022) 071.

[75] T. Damour, Phys. Rev. D 102, 024060 (2020).
[76] Z. Bern, E. Herrmann, R. Roiban, M. S. Ruf, A. V.

Smirnov, V. A. Smirnov, and M. Zeng, Phys. Rev. Lett.
132, 251601 (2024).

[77] H. Frellesvig, R. Morales, S. Pögel, S. Weinzierl, and M.
Wilhelm, J. High Energy Phys. 02 (2025) 209.

[78] D. Brammer, H. Frellesvig, R. Morales, and M. Wilhelm,
J. High Energy Phys. 10 (2025) 212.

[79] C. Duhr, S. Maggio, C. Nega, B. Sauer, L. Tancredi, and
F. J. Wagner, J. High Energy Phys. 06 (2025) 128.

[80] A. V. Smirnov and M. Zeng, arXiv:2510.07150.
[81] A. von Manteuffel and R. M. Schabinger, Phys. Lett. B

744, 101 (2015).
[82] T. Peraro, J. High Energy Phys. 12 (2016) 030.
[83] S. Caron-Huot and Z. Zahraee, J. High Energy Phys. 07

(2019) 179.
[84] J. Parra-Martinez, M. S. Ruf, and M. Zeng, J. High Energy

Phys. 11 (2020) 023.
[85] All momenta are taken incoming: p1 þ p2 þ p3 þ p4 ¼ 0.
[86] M. Beneke and V. A. Smirnov, Nucl. Phys. B522, 321

(1998).
[87] L. D. Landau and E. M. Lifschits, The Classical Theory of

Fields, Course of Theoretical Physics, Vol. 2 (Pergamon
Press, Oxford, 1975).

[88] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson, and
R. Roiban, Phys. Rev. D 85, 105014 (2012).

[89] Z. Bern, J. J. Carrasco, W.-M. Chen, A. Edison, H.
Johansson, J. Parra-Martinez, R. Roiban, and M. Zeng,
Phys. Rev. D 98, 086021 (2018).

[90] Z. Bern, E. Herrmann, R. Roiban, M. S. Ruf, and M. Zeng,
J. High Energy Phys. 06 (2025) 115.

[91] A. V. Smirnov and V. A. Smirnov, Nucl. Phys. B960,
115213 (2020).

[92] J. Usovitsch, arXiv:2002.08173.
[93] X. Guan, X. Liu, Y.-Q. Ma, and W.-H. Wu, Comput. Phys.

Commun. 310, 109538 (2025).
[94] F. Lange, J. Usovitsch, and Z. Wu, arXiv:2505.20197.
[95] R. Saotome and R. Akhoury, J. High Energy Phys. 01

(2013) 123.
[96] R. Akhoury, R. Saotome, and G. Sterman, Phys. Rev. D

103, 064036 (2021).
[97] A sector is a subset of Feynman integrals where the same

propagators appear with a positive power in the denom-
inator.

[98] A. B. Goncharov, Math. Res. Lett. 5, 497 (1998).
[99] E. Panzer, Comput. Phys. Commun. 188, 148 (2015).

[100] C. Duhr and F. Dulat, J. High Energy Phys. 08 (2019) 135.
[101] L. Adams and S. Weinzierl, Phys. Lett. B 781, 270 (2018).
[102] L. Görges, C. Nega, L. Tancredi, and F. J. Wagner, J. High

Energy Phys. 07 (2023) 206.
[103] H. Frellesvig, R. Morales, and M. Wilhelm, Phys. Rev.

Lett. 132, 201602 (2024).
[104] A. Klemm, C. Nega, B. Sauer, and J. Plefka, Phys. Rev. D

109, 124046 (2024).
[105] J. L. Bourjaily et al., in Snowmass 2021 (2022) [arXiv:

2203.07088].

[106] In the potential region, the meromorphicity follows from
potential-region scaling of the loop momenta lμ ¼
ðω;lÞ ∼ ðvλ; λÞ which leads to an expansion containing
only integer powers of v. In other regions, e.g. the radiation
region, the scaling is different and factors of the form σ̄−αϵ

appear. See, e.g., Refs. [63,66,67].
[107] B. Mistlberger, J. High Energy Phys. 05 (2018) 028.
[108] F. Moriello, J. High Energy Phys. 01 (2020) 150.
[109] S. Pozzorini and E. Remiddi, Comput. Phys. Commun.

175, 381 (2006).
[110] M. Hidding, Comput. Phys. Commun. 269, 108125 (2021).
[111] P. S. Wang, in Proceedings of the Fourth ACM Symposium

on Symbolic and Algebraic Computation, SYMSAC ’81
(Association for Computing Machinery, New York, 1981),
pp. 212–217.

[112] P. S. Wang, M. J. T. Guy, and J. H. Davenport, SIGSAM
Bulletin 16, 2 (1982).

[113] M. Ruf, Towards gravitational scattering at the fifth order
in g, in Amplitudes 2023 Conference (2023), https://indico
.cern.ch/event/1228963/.

[114] S. Foffa, P. Mastrolia, R. Sturani, and C. Sturm, Phys. Rev.
D 95, 104009 (2017).

[115] A. V. Manohar and I. W. Stewart, Phys. Rev. D 76, 074002
(2007).

[116] R. A. Porto and I. Z. Rothstein, Phys. Rev. D 96, 024062
(2017).

[117] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/jmby-htz9 N8_2SF_classical_
momentum_space_radial_action.m for terms
through 11th order in the small σ̄ expansion of the probe,
1SF and 2SF radial actions.

[118] Z. Bern, J. Parra-Martinez, R. Roiban, M. S. Ruf, C.-H.
Shen, M. P. Solon, and M. Zeng (to be published).

[119] T. Damour, B. R. Iyer, and B. S. Sathyaprakash, Phys. Rev.
D 57, 885 (1998).

[120] A. Nagar and A. Shah, Phys. Rev. D 94, 104017 (2016).
[121] A. Nagar, D. Chiaramello, R. Gamba, S. Albanesi, S.

Bernuzzi, V. Fantini, M. Panzeri, and P. Rettegno, Phys.
Rev. D 111, 064050 (2025).

[122] A. Bultheel, Laurent Series and their Padé Approxima-
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