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We study a stroboscopic quantum Ising model with Fibonacci dynamics. We use its boundary spin
correlation functions in long but finite chains to identify regions in the phase diagram which exhibit
Majorana zero modes (MZM) as well as Majorana golden-ratio modes (MGM). We find that these regions
evolve in a self-similar manner with increasing simulation time and identify the self-similarity transform
which governs this evolution of the phase diagram. Integrability-breaking perturbations lead to a temporal
decay of the boundary spin correlations, ultimately limiting the self-similarity of the phase diagram. Our
predictions are testable with current quantum information processors.
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Introduction—Quasiperiodicity has been a remarkably
rich source of intriguing physics. In quantum systems, it is
known to lead to self-similar spectra as exemplified by the
Hofstadter butterfly for Bloch electrons in strong magnetic
fields [1,2]. Moreover, quasiperiodic potentials are inter-
mediate between periodic and disordered, which makes
them model systems in relation to Anderson localization
[3–5]. In quantum dynamics, quasiperiodic driving intro-
duces dynamical localization in the energy domain,
which protects systems such as the paradigmatic kicked
rotor [6–9] against heating. Quasiperiodic driving with
multiple incommensurate frequencies realizes dynamical
localization transitions between phases with and without
protection against heating in the universality class of the 3D
Anderson transition [10,11].
More recent research on quantum dynamics with qua-

siperiodic driving focuses on quantum many body systems.
This is motivated by fundamental interest as well as
implementations on quantum information processors. In
particular, driven spin chains are readily implemented and
raise numerous fascinating and challenging questions.
These include the fate of many body localization and
glassy dynamics in quasiperiodically driven systems [12],
the possibility of discrete-time quasicrystals [13], as well
as the heating behavior of critical and noncritical systems
[14–18]. Recent work has also focused on the quantum

dynamics of topological phases in quasiperiodically driven
systems [19–26].
Here, we introduce and study the concept of a scale-

dependent dynamical phase diagram of quasiperiodically
driven many body systems. While their longtime dynamics
has been extensively studied, little attention has been paid
to phase diagrams. We address this question for a quantum
Ising model stroboscopically driven with a quasiperiodic
Fibonacci drive. The quantum Ising model and its phase
diagram are already well understood both in the
Hamiltonian [27,28] and the Floquet incarnations [29–32],
which made them central to Floquet time crystals [33–40]
and frequently implemented models on current quantum
information processors [40,41].
In our context, boundary modes in finite quantum Ising

chains (related to Majorana modes in the fermionized
version aka Kitaev chain) provide a convenient diagnostic
of the phase. We show that these can be used to uncover and
understand the scale-dependent and self-similar phase
diagram of the Fibonacci-driven quantum Ising model.
Moreover, the quantum Ising model readily admits intro-
ducing symmetry- and integrability breaking perturbations.
We find that breaking of integrability leads to a decay of
boundary correlations, providing an intrinsic cutoff of the
self-similarity of the phase diagram.
Fibonacci-driven quantum Ising model—Our driven

quantum Ising model obeys the Fibonacci rule [12,24]

Uðfn−1ÞUðfnÞ ¼ Uðfnþ1Þ; ð1Þ

with initial condition Uðf0Þ → U0 and Uðf1Þ → U1. Here,
UðfnÞ denotes the time evolution operator at time fn, with
fn being the nth Fibonacci number (f0 ¼ f1 ¼ 1). The
basic unitaries
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U0 ¼ e
iπJ
2

P
N−1
j¼1

ZjZjþ1 ; U1 ¼ e
iπg
2

P
N
j¼1

Xj ; ð2Þ

respectively implement the two-qubit exchange and the
single-qubit transverse-field gates on the qubits of the chain
(Pauli operators Xj and Zj at site j). As UðfnÞ has fn
factors, we define UðtÞ ¼ …U0U1U1U0U1 for general
(integer) times t < fn by retaining the t rightmost factors
in UðfnÞ [see quantum circuit in Fig. 1(a)].
We extract the phase diagram of the model from

numerical results for the infinite-temperature correlation
function GjðtÞ ¼ hZjðtÞZjð0Þi, which averages over the
entire many-body spectrum, h…i ¼ 2−N tr½…�. This is
motivated by the Floquet quantum Ising model [time
evolution operator UðtÞ ¼ ½UF�t with Floquet operator
UF ¼ U0U1 as illustrated in Fig. 1(a)]. Its phases
[Fig. 2(a)] are characterized by the appearance of Majorana
zero modes (MZMs) and Majorana π modes (MPMs) at the

ends of a finite chain. This is reflected in characteristic
behavior of the boundary correlation functions G1ðtÞ and
GNðtÞ [31,32,41]. After an initial transient, the boundary
correlation function plateaus in the MZM case and exhibits
period doubling G1ðtÞ ∝ ð−1Þt in the MPM case. This is
reflected in ω ¼ 0 and ω ¼ π peaks in the Fourier trans-
form G1ðωÞ, respectively. Bulk spin correlations GjðtÞ
(j ≠ 1; N) decay rapidly.
Figure 2(b) shows a phase diagram of the Fibonacci-

driven quantum Ising model obtained in an analogous way.
Unlike for classical integrable spin models on quasicrystals
[42,43], quasiperiodic driving alters the phase diagram
qualitatively from its Floquet counterpart in Fig. 2(a). For
transverse fields near g ¼ 0, we find that the boundary
correlation functions exhibit plateau-like behavior and
hence an ω ¼ 0 peak similar to the Floquet quantum
Ising model. Figure 2(b) (lower half) maps the height of

FIG. 1. Quasiperiodically driven quantum Ising model. (a) Quantum circuit for Fibonacci drive. Purple box: Floquet operator UF of
Floquet quantum Ising model. (b) Boundary correlation function G1ðtÞ ¼ hZ1ðtÞZ1ð0Þi without longitudinal fields in the MZM (red)
and MGM (blue) regime (gray: ideal MGM case g ¼ 1). (c) Fourier transform G1ðωÞ (MGM) peaks at 2πðnþ 1=2Þ=Φ (blue), while
driving sequence w peaks at 2πn=Φ (orange). (d) G1ðtÞ for longer simulation times with oscillations due to Majorana hybridization
(superimposed on fast quasiperiodic pattern for MGM). (e) Hybridization splitting of dominant MGM peak. (f) Splitting δΦ decreases
exponentially with system size N. Inset: Majorana localization length ξΦ extracted from splittings diverges at J ¼ δgΦ. Parameters:
J ¼ 0.1 (all), g ¼ 0.04 (MZM), g ¼ 0.96 (MGM), (b,c) N ¼ 100, (d) N ¼ 16.

FIG. 2. Phase diagrams of driven quantum Ising models. (a) Floquet model with MZM and MPM. (b) Quasiperiodic Fibonacci drive.
Map of peak heights of G1ðωÞ at ω ¼ 0 (lower half) and ω ¼ π=Φ (upper half), indicating stable/unstable regions of MZM and MGM.
White solid lines: dominant phase boundaries J ¼ gΦ and J ¼ ð1 − gÞΦ. Dashed cones originating from unstable points Jc show
additional phase boundaries for t ¼ 1597 time steps. (c) Zoom of stable/unstable regions in the MGM phase for t ¼ 1597 and
t ¼ 10946. Longer simulations reveal a self-similar structure with more instability points. Top: self-similarity transformation describing
the evolution of stable/unstable regions with simulation time t. Parameter: N ¼ 40.
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this peak in the g–J plane, revealing triangular regions
exhibiting MZMs. Cones with slopes of about �0.62
originate from unstable points at g ¼ 0, tracing critical
lines. G1ðω ¼ 0Þ drops sharply across these lines.
Near the line g ¼ 1, the dominant Fourier peak of the

boundary correlation function has frequency ω ≃ 0.62π
[Figs. 1(b) and 1(c)]. This contrasts with the Floquet case,
where the dominant peak appears at ω ¼ π. For reasons
that will become clear below, we refer to the underlying
boundary mode with frequency ω ≃ 0.62π as the Majorana
golden-ratio mode (MGM). We map the MGM peak
in Fig. 2(b) (upper half). As emphasized by the zoom in
Fig. 2(c), the fine structure of the MGM regions is due to
unstable points at Jc ≃ 0.76; 0.47;… on the line g ¼ 1. The
fine structure around g ¼ 1 [Figs. 2(b) and 2(c)] mirrors the
one near g ¼ 0 for MZMs.
Remarkably, we find that the fine structure depends on

the simulation time, i.e., the time interval over which the
Fourier transform G1ðωÞ is computed. This is illustrated
in Fig. 2(c), which shows phase diagrams obtained at two
Fibonacci times f16 ¼ 1597 and f20 ¼ 10946. At larger
times, the phase diagram exhibits more unstable points with
their associated phase boundaries. We find by inspecting
a sequence of phase diagrams for consecutive Fibonacci
times that up to boundary effects, the structure of the stable
triangular regions is generated by iterating the initial self-
similarity transformation shown in Fig. 2(c) (top). For each
Fibonacci time, there are three triangle types (labeled A,B,
C) with distinct base lengths (ratios ≃0.62), but identical
slopes of the isosceles. In each step, there are fn triangles
(starting with f4 ¼ 5), which one concatenates with a copy
truncated by fn−3 (fn−4) triangles on the left (right).
Quasiperiodic driving and boundary correlation

functions—We turn to understanding this self-similar phase
diagram. An explicit expression for the time-evolution
operator of the Fibonacci-driven quantum Ising model
is UðtÞ ¼ UwðtÞ…Uwð1Þ with driving pattern wðtÞ ¼
bðtþ 1Þ=Φc − bt=Φc, where Φ ¼ ð1þ ffiffiffi

5
p Þ=2 is the

golden ratio, see Ref. [44]. The number of U1 factors in
UðtÞ equals N1ðtÞ ¼

P
t
t0¼1

wðt0Þ ¼ bðtþ 1Þ=Φc. The
Fourier transform of the driving pattern wðtÞ has peaks
at 2πn=Φ (n∈Z) [Fig. 1(c)]. We note that due to the
stroboscopic time evolution, these frequencies can be
folded back into the basic frequency interval ½−π; π�.
The irrational nature of Φ implies that the model involves
quasiperiodic driving, with a dense spectrum of measure
zero in ½−π; π�.
A Jordan-Wigner transformation to Majorana operators,

a2j−1 ¼ ðQl<j XlÞZj and a2j ¼ ðQl<j XlÞYj, maps the
basic unitaries into the free-fermion unitaries

U0 ¼ e
πJ
2

P
N−1
j¼1

a2ja2jþ1 ; U1 ¼ e
πg
2

P
N
j¼1

a2j−1a2j : ð3Þ

The transverse field couples Majoranas from the same
site, the exchange coupling from different sites. The

free-fermion nature implies that the time evolution of the
Majorana operators, ajðtÞ ¼ U†ðtÞajUðtÞ ¼ P

l WjlðtÞal,
can be described in terms of the Bogoliubov-de Gennes
time evolution operator WðtÞ. This allows for efficient
computation of boundary spin correlations as G1ðtÞ ¼
ha1ðtÞa1ð0Þi ¼ W11ðtÞ [44].
We gain intuition for the boundary correlation function

by considering special cases. First consider J ¼ 0, where

U0 ¼ 1. Then, eigenstates of UðtÞ ¼ UN1ðtÞ
1 are eigenstates

of U1, which dimerizes Majoranas of the same site. One
readily finds GjðtÞ ¼ cosðπgN1ðtÞÞ for all j. Its Fourier
transform GjðωÞ has a dense spectrum of peaks at frequen-
cies ð�πgþ 2πnÞ=Φ. The peak replicas reflect the incom-
mensurate frequencies 2πn=Φ of the quasiperiodic driving
pattern wðtÞ. Consistent with the phase diagram, there are
no stable boundary modes along the line J ¼ 0.
Next, consider g ¼ 0, where U1 ¼ 1. Thus, eigenstates

of UðtÞ ¼ Ut−N1ðtÞ
0 are eigenstates of U0, which dimerizes

Majoranas of neighboring sites. One finds GjðtÞ ¼
cos (πJðt − N1ðtÞÞ) with a dense Fourier spectrum for
all bulk sites (j ≠ 1; N). In contrast, the boundary corre-
lation function becomes G1ðtÞ ¼ 1, since the two end
Majoranas decouple and turn into Majorana zero modes
(MZMs) [44]. Unlike the finite-frequency peaks of GjðωÞ
for bulk sites, the ω ¼ 0 MZM peak of G1ðωÞ does not
have replicas due to the quasiperiodicity.
Finally, for g ¼ 1, the transverse-field unitary flips

all spins, U1 ¼ P ¼ Q
j Xj, so that both U0 and U1 are

nontrivial. Due to the decoupling of the end Majoranas and
the identification a1 ¼ Z1, we find the boundary correla-
tion function G1ðtÞ ¼ ð−1ÞN1ðtÞ, while the bulk dynamics
depends on the value of J [44]. Unlike for g ¼ 0, G1ðωÞ
exhibits a dense spectrum after backfolding, with peaks at
the half-integer harmonics 2πðnþ 1=2Þ=Φ of the golden
ratio. This motivates the designation as MGM. Importantly,
the MGM spectrum differs from the driving pattern wðtÞ
with peaks at 2πn=Φ [Fig. 1(c)].
The dominant phase boundaries [full lines in Fig. 2(b)]

can be understood by writing UðtÞ ≃ e−iH
MZM
eff t (g small)

and UðtÞ ≃ PN1ðtÞe−iH
MGM
eff t (g ≈ 1). For g and J small,

higher commutators can be neglected, and the effective
Hamiltonian becomes the quantum Ising model,

HMZM
eff ≃ −

πg
2Φ

X

j

Xj −
πJ
2Φ2

X

j

ZjZjþ1: ð4Þ

HMGM
eff is obtained by replacing g → 1 − g in HMZM

eff . The Φ
dependence of the prefactors reflects the multiplicities
of U0 and U1 in UðtÞ. The dominant lines correspond to
the self-duality lines J ¼ gΦ (MZM) and J ¼ ð1 − gÞΦ
(MGM) of the effective quantum Ising Hamiltonian.
The fine structure of the phase diagram can be under-

stood from the dynamics of the single-particle bulk modes.
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At the unstable points, the bulk gap collapses and the edge
modes are suppressed. This can be seen from the single-
particle time-evolution operator WðtÞ. The bulk dynamics
is captured by a chain of N sites with periodic boundary
conditions, so that modes can be labeled by momentum k.
In the Majorana basis, the elementary single-particle
unitaries read [44],

W0ðkÞ ¼ ei
k
2
σzeiπJσ

y
e−i

k
2
σz ; W1ðkÞ ¼ e−iπgσ

y
: ð5Þ

At g ¼ 0, we find Wðk; tÞ ¼ ½W0ðkÞ�bt=Φ2c ≈ eiπJðt=Φ2Þσy .
Here, the last step is accurate when t is a Fibonacci time
[44]. The unstable points can now be identified as Jc ¼
2mΦ2 with m∈Z. At these points, we have Wðk; tÞ ≈ 1,
corresponding to a gapless bulk single-particle spectrum for
all k. At small but nonzero g, the gap closes only at k ¼ 0,
where Wðk ¼ 0; tÞ ≈ eiπ½Jðt=Φ2Þ−gðt=ΦÞ�σy . In view of the
symmetries of the phase diagram under J → J � 2 and
J → −J, this reproduces phase boundaries at

J ∓ gΦ ¼ 2mΦ2 mod 2; ð6Þ

i.e., the dashed lines in Fig. 2(b). This uses that for
1 < J < 2, the symmetries imply a phase boundary at
2 − J. For MGM modes near g ¼ 1, one replaces
g → 1 − g. This follows by analogous arguments, using
that the gap now closes at k ¼ π [44]. Equation (6) implies
that all phase boundaries have slopes of the same magni-
tude 1=Φ.
All unstable points have irrational Jc, so that they

eventually cover the entire lines g ¼ 0, 1. To estimate
the number of unstable points at a given simulation time t,
we note that at Fibonacci times, t=Φ2 approximates bt=Φ2c
with a precision which increases ∼1=t. This implies
that Wðk ¼ 0; tÞ ≃ 1 provided that πJc=ð

ffiffiffi
5

p
tÞ ≪ 1, i.e.,

for t ≫ 2πjmjΦ2=
ffiffiffi
5

p
[44]. Thus, the number of unstable

points which are resolved increases linearly with simulation
time t, consistent with our numerical results. The t → ∞
limit at fixed g is discussed further in [44].
Majorana modes—The interpretation in terms of

Majorana modes is supported by the long-time dynamics.
For long simulation times, the boundary correlation func-
tions display sinusoidal oscillations [Fig. 1(d)]. For MGMs,
these oscillations are superimposed on the quasiperiodic
pattern ð−1ÞN1ðtÞ. The oscillations translate to splittings δ0;Φ
of the Fourier peaks in G1ðωÞ [Fig. 1(e)]. The splitting can
be interpreted as hybridization of the Majorana modes at
the two ends. Indeed, we find an exponential dependence of
the splittings δ0;Φ ∼ e−N=ξ0;Φ on N. The localization lengths
ξ0 (ξΦ) of the MZM (MGM) mode extracted from fits of
the splittings diverge at the phase transition lines J ¼ gΦ
(MZM) and J ¼ ð1 − gÞΦ (MGM) [Fig. 1(f)] and are
consistent with the Majorana localization lengths ξ0 ≃
−1= lnðgΦ=JÞ (ξΦ ≃ −1= lnðð1 − gÞΦ=JÞ) predicted by
the effective Hamiltonian in Eq. (4) [inset Fig. 1(f)].
In keeping with the Majorana interpretation, we also
identify a single-particle gap that changes sign across
the phase transitions [44].
The presence of MGM can be viewed as a generalization

of strong modes [31,36,45–50] to quasiperiodic systems.
The instantaneous many-body spectrum of the circuit,
UðtÞjnðtÞi ¼ e−iEnðtÞjnðtÞi [Fig. 3(e)], has paired eigen-
phases EnðtÞ∈ ½−π; π�. The pairs are degenerate for even
and π-paired for oddN1ðtÞ, with the pairing being strongest
at Fibonacci times. This implies that the corresponding
mode operator ΨΦ satisfies ΨΦUðtÞ ≃ eiπN1ðtÞUðtÞΨΦ.
Random longitudinal field—We investigate the robust-

ness of the self-similar phase diagram against breaking
of integrability and spin-flip symmetry P by considering
quenched random longitudinal fields. This modifies the

FIG. 3. Boundary correlations with random longitudinal fields [full circuit in Fig. 1(a)]. (a) MZM. Longitudinal fields rapidly suppress
hybridization-induced oscillations in disorder-averagedG1ðtÞ and polarize edge spins. (b) MGM. Oscillations remain robust up to much
larger dh. Dashed line: fit to exponential decay. (c),(d) Fourier transforms G1ðωÞ. (e) For MGMs, many-body eigenphases of UðtÞ are
π-paired when eiπN1ðtÞ ¼ −1, up to a state-dependent splitting δΦðtÞ which grows linearly with t. (f) Splitting distribution of zero pairs,
normalized to splitting for dh ¼ 0 and rescaled by t. Longitudinal fields (dh ¼ 10−4) rapidly broaden the distribution. (g) Distribution
of normalized splittings of π pairs. Splittings mostly decrease for nonzero dh ¼ 10−2. Parameters: N ¼ 10, N ¼ 100 realizations,
g ¼ 0.03 (MZM), g ¼ 0.97 (MGM), J ¼ 0.1 (both).
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exchange gates U1 → e
iπJ
2

P
j
ZjZjþ1e

iπ
2

P
j
hjZj with spatially

disordered hj ∈ ½−dh; dh�. In computing G1ðtÞ, we replace
the trace by sampling over random initial product states in
the fZjg-basis.
Breaking of integrability introduces an intrinsic cutoff

of the self-similar structure of the phase diagram. Due to
the dense spectra, it generically opens scattering channels,
which induce a decay of the boundary spin correlations.
This effectively provides an upper limit for the simulation
time and hence the structural details of the phase diagram.
Figure 3 shows simulation results for the disorder-averaged
boundary correlation function. In the MZM case, the
amplitude of the hybridization-induced oscillations
decreases with increasing disorder strength dh and crosses
over into a slowly decaying nonoscillatory dependence;
see Fig. 3(a). In the MGM case, the envelope oscillations of
the boundary spin correlation persist to larger disorder
strength, but decay exponentially at long times [Fig. 3(b)].
Corresponding Fourier transforms G1ðω) are shown in
Figs. 3(c) and 3(d).
Breaking of the spin-flip symmetry P by the random

longitudinal field allows for asymmetry between the MZM
and MGM regions. A pronounced asymmetry is seen in the
dependence of the distribution of zero and π splittings on
the strength of the longitudinal field; see Figs. 3(f) and 3(g).
This reflects the distinct response of degenerate and
π-paired many body states to the longitudinal field [32].
The longitudinal field couples the two (zero or π) paired
many-body eigenstates. This induces a splitting for degen-
erate levels, while the coupling between π-paired levels
pushes them closer to π.
Conclusions—We find that quasiperiodically driven

quantum many body systems can exhibit dynamical phase
diagrams with self-similar scale dependence. While generi-
cally requiring protection by integrability, some features
such as the Majorana-like golden-ratio modes which we
find exhibit remarkable resilience against integrability-
breaking disorder. Interestingly, self-similar phase dia-
grams should be experimentally accessible on current
quantum processors [44]. While our results for the
Fibonacci-driven quantum Ising model establish the exist-
ence of self-similar phase diagrams, it will be interesting to
delineate the class of models which exhibit such phase
diagrams and to explore whether extended models have
more elaborate fractal phase diagrams.
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