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Flavor Nonsinglet Splitting Functions at Four Loops in QCD: Fermionic Contributions
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We have determined the fourth-order n, contributions to the two splitting functions governing the
evolution of all flavor differences of quark distributions of hadrons in perturbative quantum chromody-
namics with n; light flavors. The analytic forms of these functions are presented in both Mellin N space and

momentum-fraction x space for a general gauge group. In the small-x limit double logarithms occur, but the

small-x rise of both splitting functions is confined to extremely small-x values, x < 1075, The large-x limit
includes the n¢-part of the four-loop quark virtual anomalous dimension. Using this result we obtain also
the n; contributions to the corresponding gluonic quantity and the complete threshold-enhanced logarithms
from soft-gluon emission for a large class of inclusive observables, including Higgs boson production in

gluon-gluon fusion.
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Splitting functions are universal quantities in quantum
chromodynamics (QCD), the gauge theory of the strong
interaction. They describe collinear parton dynamics and
govern the scale dependence of parton distribution func-
tions (PDFs) of hadrons, playing a crucial role in predicting
scattering processes with initial-state hadrons. They are
computed in perturbation theory and are currently fully
known at three-loop accuracy [1,2], corresponding to the
next-to-next-to-leading order. The precision measurements
achieved now at the Large Hadron Collider [3], as well as
anticipated advancements at the forthcoming Electron Ion
Collider [4], challenge the existing theoretical accuracy.
This development requires the inclusion of the next
quantum loop, specifically four loops (N’LO), in QCD
evolution equations.

For the nonsinglet quark PDFs g (x, 4?) of hadrons,
given by flavor differences of quark—antiquark sums (+)
and differences (—), the evolution equations read as

d_ . + +
WQnS:Pns®Qnsv (1)
with PE(x,a0) = 32,_o a1 P* (x) denoting the split-
ting functions in an expansion in the strong coupling
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a, = ay(u*)/(4x). The convolution ® is taken in the
momentum-fraction variable x, and the anomalous dimen-
sions y (N) are obtained by a Mellin transform,

1
7OE(N) = - / dx V1P (x), @)
0

where the relative sign is a standard convention. Note that
the total valence distribution evolves with Py (x) =
P (x) 4 P3s(x); the latter function is not considered here.
For the current state-of-the-art regarding the evolution of
the singlet quark and gluon PDFs, see [5-8] and the
references therein.

Exact results for Pfs’)'i are available in the large-n, limit
of the color SU(n,) gauge group [9] and for the (small)
leading and subleading contributions in the limit of a large
number of flavors n, [10-12]. In addition, the n fC13F

contribution is now known [13], as are all terms in yr(é)‘i

which are proportional to values of the Riemann ¢ function
[9,14-16]. Beyond these all-N results, the fixed-N values
up to N =22 have been computed for the complete

anomalous dimensions y,(,?'i [9,16], together with partial
results reaching higher values of N.

In this Letter we provide, for the first time, the complete
fermionic contributions, i.e., all terms proportional to 7.

The analytic forms of both yg)'i(N) and, by virtue of

Eq. (2), of P,(i)’i (x) are presented for a general gauge group.
The determination of all n terms in yr(é)’i(N ) is accom-
plished by reconstructing the entire functional form from
fixed-N results using techniques developed by Lenstra,
Lenstra and Lovasz (LLL) [17,18] for systems of

Diophantine equations. This all-N analytic reconstruction

Published by the American Physical Society
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can be restricted to those parts of the anomalous dimensions
which are invariant under conformal symmetry. This sig-
nificantly reduces the necessary number of fixed-N values.

Our new results have wide-ranging implications due
to the universality of soft and collinear parton dynamics.
The n; terms in Pr@‘i enable the analytic determination
of the quark virtual anomalous dimension at four loops, i.e.,

the terms proportional to §(1 — x) in IS except for one
coefficient known numerically to high accuracy. Exploiting
the known correspondence between collinear gluon radi-
ation oft quarks and gluons, we also find the gluon virtual
anomalous dimension at this order. In addition, due to the
universal structure of subleading infrared poles [19,20], the
complete soft corrections at four loops for a large class of
inclusive observables are now known analytically up to the
same one numerical coefficient. These include the coef-
ficient functions for single-inclusive electron-positron anni-
hilation (SIA) [21,22], inclusive deep-inelastic scattering
(DIS) [23], the Drell-Yan (DY) process and Higgs pro-
duction in gluon-gluon fusion (ggF) [24,25].

Fixed-N values of y,, in Eq. (2)—even-N for y; and
odd-N for y,,—can be obtained from matrix elements of
leading-twist spin-N local nonsinglet quark operators,

01{1;1 ..... Ay} = l/_/ﬂay{/‘lDﬂz"'DﬂN}w’ (3)

where w(y) are (anti)quark fields, D, are covariant
derivatives and A* are the flavor SU(n;) generators with
a=3,8, ..., (nj% — 1). The symmetric and traceless parts of
operators O™, denoted by {...} in Eq. (3), are inserted into
quark two-point functions, and the workflow for the
computation of the operator matrix elements (OMEs),
depicted in Fig. 1, follows [9,16]. The Feynman diagrams
for the calculation of the OMEs are generated using
Qgraf [26] and then processed by the computer algebra
system Form [27-29], which classifies them according to
their color factors [30] and topologies. The resulting
propagator-type integrals for fixed N are computed with

the Forcer package [31]. In this manner, the complete
y,g)’i(N ) are obtained at N <22 and their n, parts to at
least N = 24 [9,16]. The computations are limited by the
run-time (up to several weeks of wall-time for individual

diagrams) and the size of intermediate expressions [up to

p p

FIG. 1. Two-point functions with an insertion of the operator
0?;1“”1%} (represented by ®), computed up to four loops.

O(20) TByte] in the four-loop integral reductions of the
Forcer program.

The analytic expressions for y,(fs)‘i(N ) can be written in
terms of powers of N and N + 1 and harmonic sums [32],

Siml,mz ..... md(N) = Z il)jj_mlsmz ..... md(j)’ (4)

Jj=1

of depth d and weight w=> 4, |m] <7, where
m; > 0. Sums with index —1 do not occur, leaving
1,3,7,17,41,99, ... sums at w=1,2,3,4,5,6,..., ie.,
their number is given by the Pell-Lucas numbers [33],
which can be evaluated by [(1 —+/2)" + (1 +v/2)"]/2.
The resulting large size of the space of functions can be
dramatically reduced by exploiting theoretical constraints
on the nonsinglet anomalous dimensions. In particular, y
is expressible through a universal evolution kernel v,
as [34-36]

yns(N) = }/u[N - Yns(N) _ﬁ(as)/as]’ (5)

which is reciprocity-respecting (RR), i.e., invariant under
the replacement N — —1 — N. Here f(ay) is the standard 8
function in QCD, known to five loops [37-40]. The
perturbative expansion of Eq. (5) separates the RR part
from non-RR terms, so we have schematically

(n) (n)

yns = 7u -+ terms fixed by lower orders.  (6)

A suitable space of RR functions for yl(ln) is provided by

powers of 7 =1/[N(N + 1)]—with 5" contributing n to
the overall weight—and the binomial sums [32]

S, (V) = ]i(—l)wf (7) (N .”) S )

J

Here all m; are positive; the number of sums of weight w is
2%=1 At four loops, 2"*! —1 functions with up to an
overall weight w <7 can contribute to the most compli-
cated (non-¢) parts of y,, but considerable fewer enter its n,
contributions. This total size of the space of basis functions
is much smaller than that for y,(é), which is given by
a(w + 2) of sequence [41], with, e.g., 127 and 255 instead
of 407 and 984 functions up to w =6 and w = 7.

A considerable number of coefficients of the basis
functions (which are integer in a suitable normalization)
is further fixed by information on the behavior of y,
for N -0 and N - o0. In x space, these correspond
to the expansions of the splitting functions at small x

(n).£ 2n—k

in terms of double logarithms, P’ (x) o« In*""%x, where
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0 < k < 2n — 1 [42-44], and at large x, where P\ (x) =

ASY/(1 =), + BV —x)
cusp anomalous dimension Ag), known to Z = 4 [45,46],
and the virtual anomalous dimension B,.

The color structure of the ny part of yr(lz

in terms of the

I+ s given by

the quadratic (quartic) Casimir invariants C F(dgf}) of the
fundamental representation and the quadratic adjoint one
C,. We confirm the nf-C13p part computed in [13]. The

contributions with 7,C4C%, n;C3Cr, and n;dyy are new.

. 32
7’ (N)

(4)
nedpp

Only two of the latter are independent, as the large-n, limit

of yffs)’i is completely known [9]. We choose to reconstruct

the all-N form for n;C,C% from the moments N < 32 and

that for nfdl(f} from N <24. Following [47] and sub-
sequent works [9,11,15,48-50], we have determined the
coefficients of a suitable ansatz by solving a system of
Diophantine equations using the LLL algorithm [17] as
implemented in the £fpl111 package [18].

The nyd ;‘ # contribution to yys is RR by itself since this
color factor does not enter any lower-order terms:

=3 [4S1212 = 4S1311 = 4S0112 F4S0000 F 12(S1 121 = Si20)0(1 =1) = 65,4

— 4S5 15n + 2851134 217) +3S5,1 (1 = 4n7) = 128, 5.17(1 = 7*) + 28,11 (5 4 617 — 617°)
—S$7,(13 = 1217) +2S,,(6 = 2 + 1> + 217*) — $,.1(5 = 39n) — S$,(59 — 28y + 57 + 617)

+ S1.0(24 = 397) + S13(43 — 85n) + 18 + 475 — 621 + 6(2S3n(3 + 1+ 217)

+3S,n(1 =57 =217) = (59 = 621))] + {3, {5-terms, (8)

where the arguments N of the S sums have been omitted.
Remarkably, the few terms of overall weight w = 7, such as
n S,.1.1,in Eq. (8) are exactly those that already occurred in
the all-N expression in the large-n, limit [9]. The complete
ansatz for the LLL-reconstruction of the n fdg; part had
148 coefficients, of which as many as 106 turned out to be
zero and 25 differed by powers of 2. As expected, the
highest-weight functions, with overall weight w > 5, have
particularly simple coefficients. Together, these observa-
tions provide a powerful check of the correctness of the all-
N result in Eq. (8).

The complete expressions for the n, parts of yr(é)’i(N)

can be found in Supplemental Material [51], together with

the corresponding splitting functions Pﬁ’:)’i (x) expressed in

terms of harmonic polylogarithms [55,56]. The small-x

limit of P

more checks of our new exact expressions for the n fd(;},
n;C,C% and n;CiCr contributions since none of the
corresponding coefficients derived in [43,44] were used
as constraints in the determinations of the result [Eq. (8)]
and its n;C,C% counterg)art.

The n} parts of P[(fs * and PSS)’_ are shown, in a
normalization very close to an expansion in ¢, in
Figs. 2(a) and 2(b), together with their common large-n,
(Lnc) limit and the error bands of [9], respectively, based on
the first eight even-N and odd-N moments [Eq. (2)]. The latter

provide very good approximations of P,(i)'i atx > 1072, but
they cannot sufficiently constrain these functions at much
smaller values of x. The Lnc limit is very close to both QCD
results for x > 0.3 and is a good guide to x < 1073,

(x) in terms of In" x, n = 1, ...,5 provides

[

Figure 2(c) shows the cumulative effect of the leading

small-x log (LL), In> x, the next-to-leading log (NLL), etc.,

for Pg) ’+; the pattern for Pr(fg) "~ is similar. The LL, NLL, ...

small-x expansions by themselves are thus of no phenom-
enological use at any small-x values relevant to measure-
ments, a pattern that has been observed before, e.g., in
Refs. [1,44]. As shown in Fig. 2(d), the n} parts of Py
exhibit a small-x rise only below x ~ 107® for ¢ = 1 and
below x = 1077 for ¢ = —1. Furthermore, the comparison
of the results for an SU(2) gauge group with those for QCD
(n. = 3) and the Lnc limit of the SU(n,.) illustrates both the
size and quality of convergence of the 1/n, corrections as
n,. grows. Clearly, only exact results in full QCD, like the

ones presented here, can reliably provide P[(f;)’i (x) down to
values of x relevant to DIS off ultrahigh energy neutrinos;
see, e.g., [57,58].

The quark virtual anomalous dimension B, can be
read off from the §(1 —x) terms of PZ(x). We find
for QCD

B = 23393.79 + 0.02 — 5550.0446n,
+193.85504n7 + 3.0149820n3, 9)

where exact results have been rounded to eight significant

digits. The complete n; part of B(({‘) at four loops is a new

result; the full color results are given in Supplemental
Material. The corresponding four-loop gluon virtual

anomalous dimension Bf;) reads as [see also [59]]
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FIG.2. Exactn; terms of () Piy* (x) and (b) P (x) (always in solid red) compared with their large-n, limits (dashed blue) and the
previous error bands (dotted black) presented in [9]. The exact results down to very small values of x, compared (c) to the successive
“approximations” by the leading, next-next-to-leading, ... logarithms, and (d) to the large-n, limit (dashed blue) and the results for the

gauge group SU(2) instead of SU(3) (dotted black).

BYY = 68587.64 + 0.3 — 18143.982n,

+ 423.81 135n]2f + O.90672154n}. (10)
This result has been derived with the help of the four-loop
quark and gluon form factors in QCD [60,61]: their infrared
poles are related to the respective virtual anomalous
dimensions, B, and B,, and eikonal anomalous
dimensions, f, and f,, corresponding to color-charged
Wilson lines [20]. The latter exhibit the same maximal non-
Abelian color structure as the cusp anomalous dimensions;

thus f, and f, are related by (generalized [62]) Casimir

scaling. The non-n parts of B((]4> and B;(;) are therefore also

related and share one color coefficient which is not
known analytically so far. In view of the known large-n,.
limit, there is some freedom in the parametrization
of this remaining unknown. We choose the coefficient of
the quartic Casimir invariant dﬁ in B((f), for which a
precise numerical result is available [16,59], b}, =
—998.02 £ 0.02. This value has been used in Egs. (9)
and (10) and the equations below.

The corresponding numerical QCD results for the four-
loop eikonal anomalous dimensions read as

£ = =22284.01 + 0.04 4 3242.924n,

+26.3324813 + 0.48580661, (11)
f) = —52384.87 + 0.6 + 7210.446n,
+59.24807n3 + 109306513 (12)

The full results are given in Supplemental Material. Other
factorizations of soft and collinear parton dynamics, such
as Soft-Collinear Effective Theory (SCET), introduce
partonic jet functions; see, e.g., [22,63,64]. The anomalous

dimensions y,; of quark and gluon jet functions in SCET
are given by y,; = =By — fj for I = q, g and can be read
off from Eqgs. (9)—-(12), where the numerical uncertainties
are anticorrelated in the differences.

Inclusive cross sections for processes like SIA, DIS,
DY, or ggF are evaluated via partonic coefficient
functions, calculable in perturbative QCD. They exhibit
threshold enhanced double logarithms proportional to
Dy = [In*(1 —x)/(1 — x)], in terms of a momentum space
variable x related to Feynman (or Bjorken) x in the case of
SIA (DIS), or the ratio x = M?/S of the boson’s invariant
mass M and the center-of-mass energy /S for DY and ggF.
At large x, the dominant channels read as

2n—1
n \n n n.k
cp(x) = E ascﬁ,ﬂ(x):ﬁ(l—x)—l— E g ascg, D,
n=0 n=1 k=0

(13)

for the projections P = T, q for SIA (transverse fragmen-
tation function), P = 2, q for DIS (F, structure function),
as well as for quark-antiquark annihilation (P = qq) in DY
and ggF Higgs-boson production (P = gg).

The all-order resummation of the threshold logarithms in
Eq. (13) is currently established to the fourth logarithmic
order (N*LL), cf. for resummations in SIA [21,22],
DIS [23], DY, and ggF [24,25]. The above virtual and
eikonal anomalous dimensions provide the input for the
determination of the coefficients of D, in Eq. (13) at four
loops. Egs. (9)—(12) lead to new results:

ey = 140708.73£0.02 - 30298.49n,
+1131.851n% — 12.08488n3 +47.55183n,f1,,.
(14)
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o0 = 38840.45 +0.02 - 34964.90n,
+2062.715n% — 12.08488n3 +47.55183n,.f1,,.
(15)
o 40 = —1279330.4 4 0.1 — 73197.45n,
+10025.71n% — 135.1441n3, (16)
B0 — _14987411.0 + 1.1 — 595317.8n,
+33907.65n7 — 304.0743n3, (17)

where, in terms of the fractional quark charge ey, f1;; =
3(e) = (3/ny) Zq eq for flavor nonsinglet and f1,; =
(1/n) ) /{e%) = (1/n,)(Xy eq)/ (S ¢2) for singlet
coefficient functions [65]. For charged-current DIS one
has fl;; = 0. The complete results with full color infor-
mation are given in Supplemental Material [51].

The new D, terms in Eqgs. (14)—(17) also readily allow
for an analytic determination, up to the same one color
coefficient by ,, of the process-dependent resummation
coefficients governing soft-gluon exponentiation at N*LL
accuracy for SIA, DIS, DY, or ggF, cf. [22-24,64] for the
relevant formulae. In particular, for Higgs boson production
in ggF, this leads to an improved perturbative stability of
the QCD predictions, characterized by a small residual
scale dependence of less than 3% at approximate N*LO
accuracy for variations of the renormalization scale pup
in the range ug € [my/4,2my] relative to the Higgs
boson mass my, and an apparent convergence of the
perturbative expansion at the point of minimal sensitivity
g ~mg/2 [24]. This underscores the importance of the
above results, which are largely attributable to the universal
nature of soft and collinear parton dynamics.

Exact full-QCD results for the nﬁl parts of the four-loop
nonsinglet splitting functions will require considerable
further progress, either on their computation via differential
equations [12,13] or via the determination of more fixed-N
moments for the LLL-based reconstructions, supplemented
by improved insights into their analytical structure. The
complete determination of the flavor-singlet cases is even
more challenging. Already the determination of their
x~!1n x contributions would suffice, though, in combina-
tion with the moments of [5-8], to reduce their presently
remaining numerical uncertainties at small x to a phenom-
enologically irrelevant level.
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