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Understanding nonlinear saturation of reversed-shear Alfvén eigenmodes (RSAEs) in tokamaks is
crucial for high-performance burning plasmas. Employing both nonlinear gyrokinetic simulations and
theoretical analyses, we have discovered the novel result that, with energetic particle dynamics kept linear,
the nonlinear suppression and eventual saturation of RSAE occur via the downward frequency chirping
induced by the beat-driven zonal current. More specifically, as the mode frequency chirps downward, there
is enhanced mode conversion to radially propagating electron Landau-damped kinetic Alfvén waves;
resulting in enhanced convective (radiative) damping and, thereby, its suppression and saturation.
Theoretical results are in good agreement with simulations both qualitatively and quantitatively. This
Letter, thus, establishes a fundamental framework for zonal-current mediated saturation of Alfvén

eigenmodes in burning plasmas.

DOI: 10.1103/hh65-rgwv

Introduction—In tokamak reactors, achieving high-per-
formance plasma confinement is essential for efficient
fusion energy production. Reversed-shear Alfvén eigenm-
odes (RSAEs) [1-3], ubiquitous in advanced scenarios with
nonmonotonic safety factor profiles [4], however, can
destabilize the plasma and lead to significant losses of
energetic particles (EPs), which are crucial for sustaining
fusion reactions. A comprehensive understanding of RSAE
dynamics, particularly the mechanisms governing their
nonlinear evolution and eventual saturation, is therefore
crucial for optimizing plasma performance. A key candidate
for mediating this saturation is zonal electromagnetic fields
(ZFs), including zonal flows and zonal currents. ZFs are
prevalent self-organized phenomena from planetary atmos-
pheres to laboratory plasmas. In tokamaks, these toroidally
symmetric, zero-frequency corrugations of plasma equilib-
ria play a fundamental role in regulating microturbulence
and mediating cross-scale couplings [5-8]. Understanding
how ZFs govern RSAE nonlinear dynamics has been a
crucial challenge in fusion plasma physics, and motivated
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the present Letter, where we discover a novel nonlinear
saturation mechanism based on zonal-current-induced
downward frequency chirping. Our gyrokinetic simulations
and theoretical analyses show that this chirping enhances
mode conversion to electron Landau-damped kinetic Alfvén
waves (KAWs) [9,10], resulting in substantially increased
convective (radiative) damping. These findings reveal, for
the first time, zonal-current-mediated energy channeling as
one of the fundamental saturation mechanisms for Alfvén
eigenmodes in burning plasmas.

Numerical simulations have established that self-inter-
actions can lead to saturation of EP-driven RSAEs [11-13]
via two main routes [14]: one involving nonlinear thermal
plasma dynamics [12,15] yielding nonlinear beat-driven
ZFs, and the other producing long-lived nonlinear modifi-
cation of the EP phase-space structures, which are mani-
festation of EP nonlinear equilibria in the presence of a
finite level of fluctuations and are called phase-space zonal
structures (PSZS) [16-18]. The first route is typically
responsible for nonlinear frequency shift and/or modifica-
tion of the local current and safety factor profile, thereby
enhancing continuum damping [12,15]; while the second
route is responsible for the nonlinear modification of the EP
driving rate [16—18]. Contrary to conventional expectations,
recent simulations and theory [19] reveal that ZFs can
enhance the EP drive of RSAEs, rather than suppressing it,
suggesting that ZFs-induced suppression primarily takes
place through the thermal plasma route. However, present
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understanding of this process relies solely on large-scale
numerical simulations, lacking a first-principles theoretical
framework capable of predicting the dominant nonlinear
effect and its underlying physical mechanisms.

This Letter investigates the roles of ZFs due to the
nonlinear dynamics of thermal plasmas only in the sup-
pression and eventual saturation of a single-n RSAE.
Nonlinear gyrokinetic simulations of the RSAE interacting
with beat-driven ZFs exhibit clear downward frequency
chirping, excitation of KAWSs, and ultimate saturation. To
understand the underlying physics, we formulate the RSAE
eigenmode equations by self-consistently including both
zonal flow and zonal current in the magnetohydrodynamic
(MHD) framework. Analytical investigation reveals zonal
current as the dominant mechanism responsible for down-
ward frequency chirping, while zonal flow yields only a
minor upward frequency shift. Theory further shows
that Alfvén continuum resonant-damping is negligible.
As the frequency approaches the shear Alfvén wave
continuum, enhanced coupling to radially propagating
KAWs introduces significant convective (radiative) damp-
ing. To illustrate these processes, we develop an integrated
“RSAE-ZF-KAW” model incorporating finite ion Larmor
radius (FILR) and electron-Landau damping dynamics,
both indispensable for the proper description of KAW
propagation and absorption. In order to quantitatively
demonstrate this crucial point, we also solve a correspond-
ing “RSAE-ZF-MHD” model, where the shear Alfvén
continuous spectrum is considered in the ideal MHD limit;
i.e., without KAW dynamics. Numerical solutions of the
eigenvalue equations for the RSAE-ZF-MHD and RSAE-
ZF-KAW models verify the analytically predicted down-
ward chirping induced by zonal current and quantitatively
demonstrate the essential role of KAW radiative damping in
RSAE saturation.

Nonlinear gyrokinetic simulations of RSAE—We employ
the gyrokinetic toroidal code (GTC) [20] to investigate how
ZFs suppress RSAE through thermal plasma nonlinearity.
Adopting DIII-D discharge No. 159243 parameters at
805 ms [21] featuring reversed magnetic shear (with
minimum safety factor g,, = 2.947), we simulate an n =
4 RSAE with all poloidal harmonics included, retaining full
nonlinearity for thermal plasmas to isolate this route while
keeping EP dynamics linear. The simulation setup follows
the well-established configuration of Refs. [19,22], utiliz-
ing a global field-aligned mesh that resolves kinetic scales,
alow-noise df scheme, and a time step capable of capturing
both wave dynamics and electron motion. Electrons are
treated with a fluid-kinetic hybrid electron model [23],
while ions are fully gyrokinetic.

Our simulations demonstrate, in the present Letter,
RSAE saturation mediated solely by thermal plasma non-
linearities. Even with linear EP drive, the mode saturates at
finite amplitude [Fig. 1(a)], exhibiting three key signatures
of the underlying mechanism: suppression of the nonlinear
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FIG. 1. Saturation of the n = 4 RSAE in GTC simulation with
nonlinear thermal plasma and linear EP dynamics. Time evolu-
tion of (a) normalized electrostatic potential e5¢p/ T, (b) normal-
ized growth rate y /@y, and (c) frequency f (kHz) at the initial g,
surface, all for the dominant poloidal harmonic m = 12. Vertical
lines mark phases I-III; @y, =27 x 65.8 kHz is the linear
frequency.

growth rate [Fig. 1(b)], a pronounced downward frequency
chirping [Fig. 1(c)], and excitation of KAWs. The KAW
excitation is evidenced by a rapid, order-of-magnitude
increase in the parallel electric field ratio Ey/E| ¢, [with
E|j=—(V6¢ + 9,04 /c) and E| s = =V 5¢], as is quan-
titatively compared with theoretical predictions in Fig. 5, and
by the resulting KAWSs propagating radially away from ¢,
[Fig. 2(a)] with increased radial wave number k, [Fig. 2(c)].
This mode conversion is triggered as the downward-chirping
RSAE frequency approaches the accumulation point at g,,, of
the shear Alfvén wave continuum [Fig. 2(b)], opening an
efficient channel for energy dissipation.

Below, in order to elucidate the underlying physics, we
construct first-principles theoretical models to quantify the
dominant damping mechanism and distinguish the respec-
tive roles of zonal current and zonal flow.

RSAE-ZF-MHD model—We first analyze RSAE dynam-
ics with beat-driven ZFs in the MHD framework,
considering a large aspect-ratio tokamak [e =r/R~ O
(107') < 1] with circular magnetic surfaces. Following
the theoretical approach of Ref. [7], the fluctuating electro-
static potential, 6¢, and parallel vector potential, 54, are
decomposed into RSAE components with toroidal mode
number n, and zonal components

Spo = T TIEN "D, om0 fcc. S, = D (1. 1),
m

with analogous expressions for §A|. Here, the subscripts
“0” and “z” denote the RSAE and zonal components; &, 6,
and r are the toroidal-angle, poloidal-angle, and radial
coordinates, respectively.
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FIG. 2. KAW excitation and RSAE frequency evolution.
(a) Time evolution of E| radial profile, with Alfvén resonance
inside ¢, (dashed). (b) RSAE frequency relative to Alfvén
continua (black) from MAS [24]; g profile (red, right axis).
Horizontal lines mark phases I-III from GTC simulation (Fig. 1).
(c) Ej radial profiles at phases I-III (normalized to their
respective maxima), showing increasing k, with downward
chirping.

The zonal potentials beat driven by RSAE are derived in
[19] and given below by

C
5¢z = mkG’Ow*pl <|5¢0| )’
sA, = k kio|Swro |2 1
lz = By, 05, ( ||0| l//0| )- ( )

Here w, is the RSAE frequency, kyy and kj, are the
poloidal and parallel wave numbers, respectively, . ,; =
@,,j(14+mn;) is the diamagnetic drift frequency for
species j, with a)*n, (cT/eBo) (kxbg)-VInN;, by =
BO/BO ny = = a)05AH0/ckH0. These
expressions are Vahdated by GTC simulations [19].

The governing equations are the nonlinear gyrokinetic
equation [25], quasineutrality condition [25], and gyroki-
netic vorticity equation [26] (their explicit expressions are
given in the End Matter Appendix A). The particle non-
adiabatic perturbed distribution function for each particle
specws j is decomposed into linear [5g< >] and nonlinear

[égj b components. For electrons, noting |, |@4. |y <
|kjjvyelo and |k, p,[§ << 1, we obtain the massless electron
responses

1 e WDype
5920) = _T_eFMe<] 7, )054/0,
2 ; c k k
89l = =i =05 (yodg. = oybg)es (2)
0 @Wo

where Sy, = wy0A./ ck|o. For simplicity, we set 77, = 0 in
the electron response. Meanwhile, for thermal ions with
|wg| > |kjv,ily, we have

6gﬁé>=3FM,-<1 —“’*") Jo5¢o(1 +%> ,
T; w /) w /
. ¢ kyok,
Syl =i~k (.6.000 = Joddodgs)ie (3)
0 @o

Here, w,; = w,,;[1 + n;(v*/v% —3/2)] with v,; being the
ion thermal velocity, @y =k, vy, with v, =
bo X (MVBO + Uﬁ’c)]/Qj’ U= Ui/ZBo, K = bo . Vbo, and
Q; = e;By/mjc. The quantities dg,, and dg;., respectively,
denote the electron and ion responses to the ZFs as well as
beat driven by RSAE derived in Ref. [19] (their explicit
expressions are given in Appendix B). Substituting the
dg;’s expressions given by Egs. (2) and (3) into the
quasineutrality condition, Eq. (A2), yields the nonlinear

Ohm’s law [7]
a)oéA“z)
- . (4
CkHO ( )

kGOkz

o —511/0513—0 5¢0( b

Equation (4) describes the ZF-induced finite parallel
electric field, and its derivations are given in the
Appendix A. In this MHD description, the FILR correc-
tions (x k3p?) to Eq. (4) are neglected; they will be
incorporated when we consider the mode conversion to
KAWs [9,10].

The other field equation, the gyrokinetic vorticity equa-
tion [Eq. (A3)] [26], which combines the V-46J = 0 and
parallel Ampere’s law Vf_éAH = —4x6J | /c, can be cast as

v.ooslV +v.sg? = o, (5)
where V- 5]81) is the well-known linear response for the
RSAE [26]:

2
(1) _0B1g . c .C
V . 5]0 = BO . VJ”O - lk”o (E) ViéAHO + ZEVL
c?
X (600 w*pl)vl5¢0—l—vl
v} 4z
1 - @y i/a) C() am
: ( 217 0) . VJ_6¢0 + /111’ (6)
Uy (O
where the terms represent, respectively, the kink

drive, field-line bending, ion inertia including diamagnetic

045101-3



PHYSICAL REVIEW LETTERS 137, 045101 (2026)

drift, and the last two curvature-pressure couplings terms,
with 2, = —(c/Bo)bo x k- V[3_([(em/T)Fy ] ;(@.;/ @)
[(v1/2) + v7];),),0¢0 representing the favorable surface-
averaged curvature [27]. Here, (...), and [...]; denote
velocity-space integration and the flux-surface averaging,
respectively, and w,, = (v,;/R)*(t +7/4) is the geo-
desic-acoustic frequency [28-30] with ¢ =T,/T,. For
clarity, Eq. (6) retains only the reactive components,
neglecting wave-particle resonances in the present analysis.

\ 5J§€2> in Eq. (5) corresponds to nonlinear contribu-

tions due to the Maxwell stress and gyrokinetic Reynolds
stress [26]; that is, for RSAE,

3kook ko0 [
V.5(2):C 901k2_k2 [lo¥A _A(sA
Jo 477:300/24( = kip) on ) e )P
Wy pi
- (122 ). o 9

@y
The derivations of Egs. (6) and (7) are detailed in
Appendix C.

Combining Egs. (4)—(7) yields the “RSAE-ZF-MHD”
eigenmode equation (see End Matter IV for details):

V. - (eaV16¢g) + Aoy + V- [(Vayp)d¢o] = 0, (8)
where €4 = €49 + ay + a4, and
€10 = [(1 - w*pi/wO)(a}% - wéam)] - kﬁo”/%’

c
ag = woB—Ok(90[(k||01fA/600)2 +1 =@,/ w](35¢./or),
c
ay = —2600B—Okao(kuoUA/wo)(UA/C)(%AHZ/‘)V),
C
Ao = CUOB—Okeo[(k||ov,4/wo)2 -1+ w*pi/w0]<05¢z/ar)'

©)

Here, A incorporates effects from favorable average cur-
vature and toroidal couplings [27,31].

Variational analysis—We perform a variational analysis
of the “RSAE-ZF-MHD” eigenmode equation, Eq. (8), for
a RSAE localized near r = r,,, using the normalized radial
coordinate { = kg (r — ry,) with kyg = mg/ ry,. Introducing
v = e[l‘/ 25(/50, Eq. (8) leads to the variational form

1 [ dy|? 1/&,\?
R

1/e,\ A 1d,
— i : 10
2<6A>+2:A+26A (19)

é‘A = éAO + &,/,1 + &A, é:AO = (1 - Q*pi/QO)(Q%_
Qgum) — Kﬁo’ Q) = wy/w, with @y = v4/(g,R) and same

where

normalization adopted for other frequency variables,

Ky = (noq —my), A= A/(keowA)z, g =dg/df, ¢'=
d’*g/d¢?, and all other hatted quantities are normalized
by @3.

Considering first the case without ZFs. For nyq,, > 1,
the RSAE is strongly localized around ¢ = 0, allowing the
approximation Ko~ Ky, +5(8%/npg,,)%, with K, =
(nogm —mg) < 0 and S? = r2(d?q/dr*)/q,. This yields
€r0 = [|Km|S?/1oqum] (& 4 5) with &G = [(1 = Q,,:/Q)
(QF — Q%) — K3](nogm)/ (S?|K ). Using the trial func-
tion y, = exp(—|¢|), Eq. (10) then readily yields the linear
RSAE variational dispersion relation without ZFs:

Co = (7/2)[Anogm/ (| KulS?) = 1/2], (11)

in agreement with previous analytic results [27,32].

Continuum damping can be incorporated by evaluating
the Alfvén resonant absorption near { = +{,, where
€a0 = 0. Near the resonance, €40 ~ —[(1 — Q,,,;/Q0) (25 —
Qun)]2(82 /o) (= 3)  with 5 = (2n04m/S?)
{10 = ©,/20)(@ — Q)] + [Ky[}. The modified
dispersion relation including continuum resonant-absorp-
tion damping becomes

Co(1 +i8.) = (/2)[Anogm/(|KulS?) = 1/2],  (12)

where 5. = (7/2) exp(—2¢{,) is the continuum damping
rate, and Re({y), Re(¢,) > 0. This result, which recovers
established analytical theory [27], shows that §,. is typically
negligible due to the exponential factor [33].

We now extend the same approach to include ZFs.
Introducing @, = &, + &, and expanding around { =0,
we obtain &4, = A_({* + ¢3,) with

1 d’q 1/ ,da
A=—|IK 27 1 - 2 z
G (), 3 () )

é%z:[(l_Q*pi/QO)(Q%_Qéam)_Kr2n+azm}/Az’ (13)

where the subscript “m” denotes evaluation at r = ry,.
Using the same trial function y, = exp(—|¢|) yields the
RSAE-ZFs variational dispersion relation:

Corl1 +i80) = (#/2) (Au/B. = 172), (14)
with A, = A + (Payy/dC?) /2.
The nonlinear terms in Egs. (13) and (14) can be

evaluated explicitly using the beat-driven ZFs from
Eq. (1). For a,,, we have

w0 S (ma\* [ (Kp)?
«m B%wf‘ " Jm Q

_l *pi @ 2+1_Q*pi 02|5¢0|2
2 Qp |\ Q Q | o

. (15)

m
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while d?a,,/d?|,, is obtained analogously:

Pag| (g Qupi [ (Kpp\? |
d¢* | Bowi \ 1 Jm Qo [\
+Q*pi a4|5¢0|4 (16)
QO m aC4 m

For a mode peaking at { = 0, we have 0%|6¢|*>/dS> < 0.
Under the typical ordering [Qo| & |Ky,| > [, Eq. (15)
gives a,,, > 0. This positive a,;, lowers the SAW contin-
uum accumulation frequency at r,, via (1-9Q,,,/Q)
(Q} - Q2,) = K& — a,y, an effect dominated by zonal
current (54| . « K|o); zonal flow (6¢. o L, ;) alone would
give an opposite smaller upward frequency shift. Similarly,
|d*a,/dl?| o |Q, | gives a subdominant small correction.

This analysis predicts that ZF-induced downward fre-
quency chirping shifts the RSAE frequency toward the
accumulation point of the continuum spectrum, increasing
the effective radial wave number k, and, thereby, enhancing
mode conversion to KAWs. To self-consistently capture
this physics, we extend the our theoretical framework to
include the KAW dynamics and electron Landau damping.

RSAE-ZF-KAW model—For the coupled RSAE-KAW
system where electron Landau resonance becomes relevant
(|@g| ~ [kjovse]), the nonadiabatic electron response is
given by

e Oine o0
69, ~——F l———)Oyg——— ), 17
ge T, Mé‘( o ) < v kHODte — Wy ( )

where 6¢ = 5¢pg — dyp. The ion response remains
unchanged from the MHD description and is given by

69%) in Eq. (3). Substituting these responses into the
quasineutrality condition, Eq. (A2), yields dyy = 6,6¢,
where &k =1+ T(l - FO)(I - w*pi/CUO)/Kl - a)*ne/wO)
(1+¢,Z(¢,))] incorporates FILR effects via I'p =
Iy(b;) exp(—b;) and electron kinetics via the plasma
dispersion function Z({,), with {, = @y /(|kjp|v,.). Here,
I, is the zeroth-order modified Bessel function, and
bi = kip;.

Assuming |k, p;|> < 1, the nonlinear gyrokinetic vor-
ticity equation, Eq. (A3), then yields, after some straight-
forward manipulations, the fourth-order eigenmode
equation for the RSAE-ZF-KAW model:

3

(1= 0 ) {05 = )

A0 = fon)1 +£20) | 2

+ V1 - (eaV16¢pg) + Adpy + V - [(Vay,)dehy] = 0.
(18)

This extended model self-consistently describes the cou-
pling between RSAEs, ZFs, and KAWs, incorporating both
FILR effects and electron Landau damping. The FILR
terms not only regularize the singularity at ¢4 = O present
in the MHD description, Eq. (8), but also capture the
essential physics of mode conversion from RSAEs to
KAWSs. Thereby, the model provides a foundation for
analyzing the enhanced radiative damping responsible
for the nonlinear suppression and eventual saturation of
the RSAE.

Numerical validations—We present numerical solutions
of the RSAE-ZF-MHD and RSAE-ZF-KAW models to
quantitatively validate theoretical predictions and distin-
guish the roles of zonal flow and zonal current, with direct
comparison to those of gyrokinetic simulations.

Eigenmode solutions confirm the theoretical prediction
of zonal current dominance. When the both zonal compo-
nents are included, the RSAE-ZF-MHD model exhibits
clear downward chirping [Fig. 3(a), blue]. Artificially
removing zonal current reverses this trend, yielding a
smaller upward frequency chirping [Fig. 3(b), blue]; thus,
demonstrating that zonal current dominates the nonlinear
frequency shift. In both cases, continuum damping remains
negligible, of the order of 10~* to 10~3 [Figs. 3(a) and 3(b),
red], in excellent agreement with theoretical expectations.

Radiative damping via KAWs is identified as the primary
mechanism by which ZFs yield RSAE saturation. This
conclusion is supported by three key findings from the
RSAE-ZF-KAW model: (1) it reproduces the downward
frequency chirping and yields a radiative damping rate
nearly two orders of magnitude stronger than MHD
continuum damping [Fig. 4(a)]; (2) it predicts the develop-
ment of fine-scale radial structures in the perturbed electro-
static potential [Fig. 4(b)], confirming the increase in k,
predicted by the eigenmode theory and in agreement with

GTC observations [Figs. 2(a) and 2(c)]; (3) most
x10
0.394 0.6
0.392 0.8
0.390 -1
0.388 1.2
1.4
0.386 x10™
0.400 2
0.398 4
0.396 5

0.30 0.35 0.40 0.45 0.50
t (ms)

FIG. 3. (a) Time evolution of normalized frequency Q, =
Re(wy)/w, and damping rate Qg = Im(wgy)/w, from the
RSAE-ZF-MHD model with zonal flow and zonal current.
(b) Same with zonal flow only. Here € corresponds to the
MHD continuum resonant absorption; electron Landau damping
and EP destabilizing and damping effects are not included.
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' ®) 166,
0.384
0.5
0.380
0.376
0
0.30 0.40 0.50 1.90 1.95 2.00 2.05 2.10
t (ms) R (m)
FIG. 4. (a) Time evolution of Q, and Q; from the RSAE-ZF-

KAW model with zonal flow and zonal current. Here Q, includes
radiative (convective) damping from KAW mode conversion.
(b) Radial profile of normalized |5¢)| at # = 0.55 ms.

compellingly, it captures a rapid, order-of-magnitude
increase in E|/Ej. (Fig. 5, red squares), in excellent
agreement, again, with GTC simulations both qualitatively
and quantitatively (Fig. 5, black). This enhancement is a
clear signature of KAW excitation, which the RSAE-ZF-
MHD model (Fig. 5, blue circles) fails to describe as the
RSAE merges into the Alfvén continuous spectrum. In this
case, the ZF contribution to E I remains over an order of
magnitude smaller throughout, confirming KAW genera-
tion as the primary mechanism responsible for the strong
enhancement of Ej.

Conclusions and discussions—This Letter establishes a
comprehensive physical picture of RSAE suppression and
saturation via the thermal plasma nonlinearity route.
Combining gyrokinetic simulations and analytical theory,
we find that, in contrast to previous theoretical expectations
emphasizing zonal flow effects [5-7] or continuum damping
[12,15], the nonlinear frequency chirping is dominated by
zonal current rather than zonal flow, and energy dissipation is
governed by convective (radiative) damping via mode-
converted KAWSs rather than continuum damping. The
developed RSAE-ZF-KAW model qualitatively and quanti-
tatively captures this physics and provides a crucial extension
of the current GTC simulation framework by incorporating
the full electron kinetics necessary for describing long-time
global KAW dynamics. We emphasize that this work isolates

0.07 . .
0.06 ——GTC Simulation
—0—RSAE-ZF-MHD (x10)
_0.05[—=—RSAE-ZF-KAW
5004

—
50'03

0.02
-'.-'.'.'.'.'.- e

0 O “Pooy. A
0.35 0.4 0.45 0.5 0.55

FIG.S. Quantitative comparison of the evolution of E/E| :
GTC Simulation (black), RSAE-ZF-MHD model [Eq. (8), blue
circles, scaled x10], and RSAE-ZF-KAW model [Eq. (18), red
squares]. The GTC result is evaluated at the initial ¢,, surface
for m = 12.

the thermal-plasma nonlinearity route by keeping EP dynam-
ics linear; the complementary role of EP nonlinearities
(which can generate beat-driven zonal fields and induce
frequency chirping [21,34]), zonal fields from modulational
instability [7], and the parametric regime in which each
nonlinearity dominates will be addressed elsewhere.

Our Letter suggests that one may expect the processes
described to be generally applicable to Alfvén eigenmode
dynamics. They not only illuminate the key ambiguity
regarding the role of zonal electromagnetic fields in the
suppression and saturation of Alfvénic fluctuations, but
also unveil a novel energy transfer channel—from unstable
EP-driven-eigenmodes to damped KAWs, mediated by
zonal current. This paradigm, centered on zonal-current-
induced frequency chirping and subsequent enhanced
radiative damping, provides a fundamental framework
for understanding Alfvén eigenmode nonlinear evolution
in toroidal plasmas. Furthermore, the identified energy
channeling process opens up new avenues for future
research into alpha-particle transport in burning plasmas.
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End Matter

Appendix A: Nonlinear gyrokinetic formalism—The
nonlinear gyrokinetic equation for the perturbed
distribution function &g; of species j (j =i, e) is [25]

(0 +vybo -V +0y-V)dg

fe

= l<—> QFMj<5Lk>
"
- <i> > by (K" xK)(6Ly)dgue, (Al
BO k=K' +k"

with QFM] = (lata/ag + &)*k)FMJ’ & = 1)2/2, é)*kFM] =

—i<b0/Qj XVFMj) 'V, 5Lk = (5(]5—1)“514“/6'),(, and

|

B°<VH+B—O'V><B_O V2 A\ G ™

J

<5Lk> = Jk(stv Jk = JO(kJ_kpj)’ JO the Bessel func-
tion, p] = UL/Qj'
The quasineutrality condition is [25]

(A2)

J

Nye? T,
7 (1 + 7) 5= _(ejJidgi),,

with (...), denoting integration in velocity space. The
nonlinear vorticity equation is [26]

J? =1 2 J? =1
)Y Va0 Yectyw( 2 (851
v j v

J
VV3sp+ Y eV, - (v,Jodg;), + OB, - V<B—§> + Ze<]0 [Biobo X V(Job9) - V(ng]
J

By

v

(A3)
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with A2 = 2uByk% /Q. These three equations form the
foundation of our analysis.

Appendix B: Responses to ZFs and derivation of
nonlinear Ohm’s law—The explicit expressions of dg,,
and dg;,, which appear in Eqgs. (2) and (3) are derived in
Ref. [19] and given below.

For electrons, with trapped and circulating populations:

1 e
éggz?r = _T—FM€5¢Z’

1 0
s~ 19
ezt BO Te Me w% or

[(kew*e)o|5¢o 2]7

e _
Sgitle =~ Fure (6 = )54} /).,
) c e 1 4]
g\ = — [(kaw*e — o kgk))olocpol*].  (B1)

BO Te

where 9 is the transit-averaged parallel velocity.

For ions, noting || > |k|ov,;| for RSAE, we ignore the
(v)6A|/c); contributions from RSAE in the nonlinear
response [19]:

() _ (eFumi
agiz,t < >‘] /20 /zo&f’ jzléAH

eFy;
Sgin, = ( M)fgol (6¢p —06A /c)..

2 _ce FM,
5giz - _BO T CU ?0'] or |:k90w*pt|6¢0| :| ’ (Bz)
where 7 =exp(idy;) and 7 = (v)/c)exp (idy)

account for finite drift-orbit-width and banana-orbit-width

effects, with A, = k.p,;; and (...) denoting bounce
averaging.

With 69,0 = 8¢y + 8g% given by Egs. (2) and (3), the
quasineutrality condition [Eq. (A2)] for RSAE becomes,
assuming |k op;> < 1,

N()EZ
T,

a)*ne
(1 P >(5¢o—51//o) (10300 )y ~ (500},
R.H.S
(B3)

In R.H.S., noting d¢y ~dy, and the quasi-neutrality
condition for the zonal component é¢,, we find

N0€2 1
T,

Meanwhile, in 695(2)), 39jo z&gﬁ(?. We then derive, after

some straightforward algebra,

wol(eda. ), — (e0gi),] = 35 )oti

(B4)

RILS = & Kooks Noe®
By wy T,

.= 59) (1 =22 o,
(B5)

Combining Egs. (B3) and (BS5) yields Eq. (4) of the
main text.

Appendix C: Linear and nonlinear vorticity responses
—The linear RSAE response V - 5]0) in Eq. (6) follows
from Eq. (A3) [26] for single-n RSAE and neglecting
wave-particle resonances as well as FILR KAW physics:

5B 57 1
0 0

V. =

with

c? 1 c? 47
V‘5JT3_—EV'< )VL05¢0+ OXV[BZ(Q)] -VV3 1660+ - oXK'VZ<m ( +v”) Joég]> ,
i j v

where the first two terms combine to give (ic?/4z)V | - [(wy

7
(€2)

— ,,;)/v3]V16¢ in Eq. (6), representing the inertial and ion

diamagnetic response, while the last term Z corresponds to the ballooning-interchange contribution discussed in the main

text following Eq. (6).

Substituting the linear responses 695.1)

= ——bo X K- VZ<<

from Eqs. (2) and (3) into term Z and assuming |k op;|> < 1, we have

w,; (v? ‘ y 2
’U—L—{—vﬁ 6¢0+ib0x1c-V emlFMl- | =2 D—J'-f—l)ﬁ @di 5¢0
@y \ 2 il By T; wy ) \ 2 i

(C3)
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The first term gives rise to A, in Eq. (6), while the second
term gives the geodesic-acoustic frequency (wédm) arising
from thermal ion compressibility [30] [via v} (box
Kk - V)? o k% v%/R?]. Combining these expressions recovers
Eq. (6) of the main text.

The nonlinear response V - 5]0 in Eq. (7) arises from
Maxwell stress and gyrokinetic Reynolds stress in
Eq. (A3) [26].

The Maxwell stress term, originating from
(6B /By) - V(6J|/By), can be expressed in wave-number
space using 6B, = V| x (6Ab,) and parallel Ampere’s
law ViéAH = —47‘[5.]H/C2

— o 2 [Rx Bosa)]

0 k=k'+k"
. k”kl2 0A (&

2
vV 51(() )|MX =
(C4)

For beat-driven zonal fields generated by RSAE self-
coupling (k =k, + ky with k, = k_r), the two combina-
tions (k'.k") = (k_,ky) and (ky,k.) contribute. Using
(bo x k) - kg = —kgok, and Ay = (ckjo/@o)dyy with
the ideal MHD limit oy, = d¢py, we obtain

k 00A UA5A
= Kk (K = ki) = =28

2
V'5=]£))|Mx—43 @0

S¢bo.
(C5)

Meanwhile, the Reynolds stress contribution comes from
the last two terms of Eq. (A3). Taking Jo =~ 1 — k% p?/4, we
then find

V. 5Jo |Rs ~ [(k2 ko) (b x k) - k 1o(ep?8gio), 6.

- kio)(bo x ko) 'kz<ep125.giz>05¢0]‘
(Co)

- (kz

Noting that dg;, = 591(»? +5gg) given by Eq. (B2) and
5¢, given by Eq. (1), we find [(p?69;.),500!/
[(p76Gi0),00.| = O(lk.pyil*) < 1. Taking &g, = 591%) in
Eq. (C6), we then readily derive

2
V'a’(())hzsﬁ—

C3k90kz (1 Cl)*pi

— )62 = i)30.500

(C7)

20

Combining Eqgs. (C5) and (C7) gives Eq. (7) of the
main text.

Appendix D: RSAE-ZF-MHD model derivation—
Combining Eqs. (4)—(7), the linear vorticity response can
be written, after factoring out ic?/(4zwyv3), as

Wy pi 2 2 2
' |:<1 - )(COO - a)gam) - OUA
(@)

x 'V 8¢y + Ao,

V.ol =v,
(D1)

with A accounting for the favorable surface-averaged
curvature, toroidal couplings, and, if needed, wave-
particle interactions from both thermal and energetic
particles [27,31].

Organizing the nonlinear terms according to derivatives
of 6¢p. and 6A|;, the contribution from ¢, becomes

2

k2 0> .
0YA Wy pi
v.s1P (6¢.) = Owokgo[vL <a)2 +1__P>

0 @o

2 2

kuo“A Wy pi
-1+ —=

0)0 (O

< (5.5 + V5, - vlaqso)} (D)

X 6.V | 5¢py + <

while that from 6A . is given by

2¢
\E 5J(<)2) (5AHz) = B_o wokgV |

kino 040A!
: [—”“ - (—A )] Vispy.  (D3)
(O C
Summing these contributions, the eigenmode equation for
the “RSAE-ZF-MHD” model can then be cast in the form
given by Eq. (8).
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