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The path-integral approach to the double well has long been limited by the dilute instanton gas
approximation. We show that if the finite Euclidean-time structure is taken seriously by using exact saddles,
the dilute gas can be sidestepped, allowing the partition function and energy levels to be computed
systematically. At each instanton order, the full resurgent structure—which saddles contribute, what
asymptotic growth is expected, and how ambiguities cancel—is encoded in a finite-dimensional Picard-
Lefschetz contour integral over the quasizero modes with a clear geometric interpretation. Working at finite
T is essential: the dilute instanton gas can only access the ground-state splitting, whereas the exact finite-T
computation systematically produces the nonperturbative energy splittings for all excited states, including
their full dependence on the level number. The key ingredients—Weierstrass elliptic functions for the
saddles, Lamé operators for the fluctuations, and Picard-Fuchs equations for the periods—form a coherent
mathematical framework that both overlaps and complements that of exact WKB.
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Perturbation theory in quantum mechanics generically
produces divergent asymptotic series whose factorial
growth encodes nonperturbative physics [1,2]. The sym-
metric double well is the simplest arena in which the full
resurgent structure can be worked out. Two complementary
approaches address it: exact WKB, which gives a complete
algebraic solution through Voros symbols and connection
formulas [3–5], and the Euclidean path integral, which
provides the physical picture through expansions about
instanton saddle points. While exact WKB has been
developed into a powerful tool [6–11], the path-integral
side has mostly been organized around enhancing the dilute
instanton gas (DIG) in Bogomolny [12] and Zinn-Justin
[13] (BZJ). In the DIG, multi-instanton configurations are
built by sewing together well-separated one-instanton-like
tanh kinks on a Euclidean circle of circumference T and
taking T → ∞. A key ingredient of the path-integral
approach is a prescription to compute the path integral
around the various instanton–anti-instanton saddles at next-
to-leading order. Such integrals are divergent due to the
presence of a quasizero mode, whose integration contour
runs along a ridge of the action, with a decreasing direction
toward the small instanton–anti-instanton separation
regime. BZJ handle this mode by performing an analytic
continuation of the coupling g → −g, dropping subleading
terms, and continuing back. The BZJ prescription produces

imaginary contributions that precisely cancel the Borel
ambiguities of the perturbative series, providing compel-
ling evidence for resurgence. Within that framework, Zinn-
Justin and Jentschura [14,15] conjectured a generalized
Bohr-Sommerfeld quantization condition and gave the
multi-instanton trans-series of the ground-state energy to
high order.
Despite these successes, the BZJ approach has funda-

mental limitations. First, taking T → ∞ discards all finite-T
corrections, so this limit gives the same splitting for every
level and only the ground-state energy can be extracted.
Second, the DIG ignores instanton interactions, only
providing the leading contribution at each instanton num-
ber, with no systematic framework for computing sublead-
ing corrections. Instanton–anti-instanton interactions are
only derived when sewing together tanh functions, merely
leading to approximate solutions. Third, the BZJ prescrip-
tion is ad hoc—it produces the right answer but is not
derived from a principled Picard-Lefschetz decomposition
of the path integral. Several groups have worked toward
bridging this last gap. Richard and Rouet [16,17] first
classified the exact finite-T periodic saddle points as
Weierstrass elliptic functions on the curve defined by the
quartic potential, a result revisited by Tanizaki and Koike
[18] in the context of real-time Picard-Lefschetz theory and
placed in the broader framework of algebraic integrable
systems by Nekrasov [19]. Behtash et al. [20] recast the
BZJ prescription in Lefschetz-thimble language, starting
from an action parametrizing the dependence on the
instanton–anti-instanton separation, analyzing its associ-
ated thimble structure, and describing the cancellation of
the imaginary parts. While these works make progress, a
few questions remain open: how to justify the thimble
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decomposition, how to systematically verify the trans-
series, and how to actually compute the energies purely
within the path integral. In this Letter we carry out that
program. Working with the exact finite-T saddles enables a
clean Picard-Lefschetz decomposition, with no dilute-gas
approximation, no ad hoc analytic continuations, and a
transparent connection between thimble geometry and
resurgent trans-series.
Exact saddles—We consider the double well VðxÞ ¼

1
8
ðx2 − 1Þ2 with wells at x ¼ �1. The Euclidean equations

of motion ẍ ¼ V0ðxÞ admit a family of solutions para-
metrized by the conserved energy ε ¼ 1

2
ẋ2 − VðxÞ, with the

four turning points defining an elliptic curve. The two
independent half-periods of this curve are

ωPðεÞ ¼
1

2

I
P

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εþ 2V

p ; ωNðεÞ ¼
1

2

I
N

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εþ 2V

p ;

ð1Þ

where the P cycle encircles the classically allowed region
within a single well (ωP is purely imaginary) and the N
cycle encircles the barrier region (ωN is real), as illustrated
in Fig. 1.
The corresponding period integrals of the momentum

P0ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εþ 2VðxÞp

are

S0PðεÞ ¼
1

2

I
P
P0dx; S0NðεÞ ¼

1

2

I
N
P0dx: ð2Þ

For example, integrating between the turning points delim-
iting the barrier region we find

S0NðεÞ ¼
πð1þ 8εÞ

4
ffiffiffi
2

p 2F1

�
1

4
;
3

4
; 2; 1þ 8ε

�
; ð3Þ

while the integral for the allowed region gives

S0PðεÞ ¼ −πiε2F1

�
1

4
;
3

4
; 2;−8ε

�
: ð4Þ

S0P and S0N are the leading order WKB phases in the allowed
and forbidden regions, respectively. These integrals and the

half-periods are related by ωP;N ¼ ∂εS0P;N and satisfy the
Picard-Fuchs equation (for P and N) εð1þ 8εÞðS0Þ00 ¼
− 3

2
S0. This equation allows one to express any ∂

k
εS0 as a

linear combination of S0 and ðS0Þ0 with coefficients that are
rational functions of ε. In fact, the higher-order WKB
actions Sm ¼ 1

2

H
Pmdx, built from the quantum momentum

P ¼ P
m ℏmPm, reduce in the same way: each Pmdx is a

meromorphic differential on the same genus-one curve,
whose two independent cycles make its period cohomology
two dimensional, so each is decomposed as amðεÞS0 þ
bmðεÞðS0Þ0 and the entire all-orders WKB expansion is
fixed by the single leading period S0 [9].
The general solution to the Euclidean equations of

motion for the double well is parametrized by [16]

xk;k0 ðtÞ ¼ xj

�
1þ 6ðx2j − 1Þ

1 − 3x2j þ 24℘ðt − t0;ωP;ωNÞ
�
; ð5Þ

where xj is a turning point, ℘ is the Weierstrass function,
and t0 is the time-translation zero mode. With this para-
metrization, the equation for the conserved energy becomes
the Weierstrass equation ℘̇2 ¼ 4℘3 − g2℘ − g3, with g2, g3
rational functions of ε. Looking for saddles with periodic
boundary conditions imposes a quantization condition on ε
expressed using the half-periods as

T ¼ 2kωNðεÞ þ 2k0ωPðεÞ; ð6Þ

with integers k ≥ 1, 0 ≤ k0 ≤ k. The instanton number is
n ¼ 2k and k0 counts windings around the imaginary period
such that the real saddles have k0 ¼ 0. The on-shell action is
the Legendre transform of the period integral:

Sk;k0 ¼ 2kS0NðεÞ þ 2k0S0PðεÞ − εT; ð7Þ

where at large T (small ε), S0N → SI ¼ 2=3 and

Sk;k0 → 2kSI − 16ke−iπk
0=ke−T=ð2kÞ þ � � � : ð8Þ

With the exact zero-mode removed, the one-loop deter-
minant around the ðk; k0Þ saddle factorizes exactly into
elliptic-curve data:

det0Ok;k0 ¼ −ð2k∂εωN þ 2k0∂εωPÞð2kS0N þ 2k0S0PÞ; ð9Þ

valid at any finite T with no approximation.
Path-integral decomposition—The Picard-Lefschetz

decomposition of the partition function Z ¼ Tre−HT=ℏ is
Z ¼ P

k;k0 ηk;k0Zk;k0 , where Zk;k0 is the contribution from the
steepest-descent thimble J k;k0 passing through the ðk; k0Þ
saddle and ηk;k0 is the intersection number of the associated
steepest-ascent thimble with the real cycle ΓR. From
Eq. (8), Sk;k0 → 2kSI þ � � � at large T, so each ðk; k0Þ saddle
contributes an overall factor e−nSI=ℏ with instanton number

FIG. 1. The double well VðxÞ, with its turning points (black
dots) where VðxÞ ¼ −ε. The P cycle (green) encircles the
classically allowed region within the left well; the N cycle
(red) encircles the barrier region.
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n ¼ 2k, regardless of k0. Since the action functional is real
on ΓR, gradient flow preserves real paths; so if ΓR
intersected the unstable manifold of a complex saddle,
the downward flow would remain real, while needing to
converge to a complex saddle point—a contradiction.
Hence ηk;k0 ¼ 0 for k0 ≠ 0 and only real saddles contribute
to the Picard-Lefschetz decomposition of the partition
function. Complex saddles still govern the Stokes structure
indirectly [e.g., the (1,1) saddle is the Stokes point of the
J 1;0 thimble] but do not enter the decomposition directly.
For the n ¼ 0 saddles (constant solution at x ¼ �1) the

partition function is

Z0 ¼ ZSHOeΔVT; ð10Þ

where ZSHO ¼ detO0 ¼ 1=½2 sinhðT=2Þ� is the harmonic-
oscillator partition function and ΔVT are the connected
vacuum bubbles. These can be computed via Feynman
diagrams with the periodic propagator ΔPðt1; t2Þ ¼
coshðT=2 − jt1 − t2jÞ=½2 sinhðT=2Þ�. At order ℏ there are
three two-loop graphs that sum to

ð11Þ

Expanding Z0 in powers of e−T and matching to the
spectral decomposition Z0 ¼

P
N expð−ENTÞ gives

EN ¼ ℏκ − ℏ2

�
1

16
þ 3

4
κ2
�
þOðℏ3Þ; ð12Þ

with κ ¼ N þ 1
2
, in exact agreement with Bender and Wu

[1]. The DIG, which discards e−T corrections, can only
produce the N-independent constant −ℏ2=4 for the ground-
state energy.
For the real ðk; 0Þ saddles with n ¼ 2k ≥ 2, the partition

function factorizes at large T as

Zk;0 ¼
T
n

�
nSI
2πℏ

�
n=2

ðdet⊥Ok;0Þ−1=2eΔVTþnΔLe−nSI=ℏZk;0;

ð13Þ

where ½nSI=ð2πℏÞ�n=2T is the integral over the exact zero
mode along with the collective-coordinate Jacobian arising
from isolating n collective modes. The n−1 prefactor is a
correction to the measure that comes from introducing the
collective coordinates [21]. We call this the CC-fix factor
and it counts the number of times the path crosses the
origin. The fluctuation determinant with the zero mode and
n − 1 quasizero modes removed is det⊥Ok;0, related to
Eq. (9) by det⊥ ¼ det0=

Q
n−1
m¼1 λm, where λm are the qua-

sizero mode eigenvalues. ΔV is the same as in Eq. (10)

coming from connected vacuum bubbles around the n ¼ 0
saddle, while ΔL gives corrections to the connected
diagrams from the instanton background. Zk;0 is the
thimble integral over the n − 1 quasizero modes excluding
their Jacobians. At large T, ΔV , ΔL, and det⊥Ok;0= detO0

are all real and T independent while Zk;0 is a polynomial of
degree n − 1 in T. The entire resurgent structure is encoded
in Zk;0 alone.
Instanton–anti-instanton contribution—For the n ¼ 2

contribution, there is a single quasizero mode α (the
instanton–anti-instanton separation). Near the real (1,0)
saddle, the effective action is [12,13]

SeffðαÞ ¼ 2SI − 12SI½e−α þ e−ðT−αÞ�; ð14Þ

where the 12SI coefficient is determined by matching
Eq. (14) near its saddle to the large T limit of the exact
action [Eq. (8)] at k0 ¼ 0; k ¼ 1. Contours of ReðSeffÞ and
the thimble geometry are shown in Fig. 2. This action
increases from α ¼ 0 to a maximum at α ¼ T=2 [the (1,0)
saddle] and then decreases back to α ¼ T. The complex
saddle at α ¼ T=2þ iπ corresponds to the (1,1) saddle of
the full action. The real integration contour decomposes
into ΓR ¼ J −1 þ J 1;0 þ J 1, where the thimble integralsR
J dαe−Seff=ℏ can all be decomposed into sums of 3
components. The vertical segment between the real and
complex saddles gives

FIG. 2. Real contours of the n ¼ 2 effective action (14) with
ℏ → ℏeiε. The real saddle (orange, α ¼ T=2) and complex saddle
(blue, α ¼ T=2þ iπ) are connected by a vertical segment. The
thimbles J 1;0 and J �1 can be expressed using three parts, all
labeled on the plot: the arm from ∓ ∞� iπ (giving K0), the
vertical segment (giving I0), and the real line segment (encoding
the Borel pole at t ¼ 2SI).
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IvertðTÞ ¼ −iπe−2SI=ℏI0
�
24SI
ℏ

e−T=2
�

!T→∞ − iπe−2SI=ℏ; ð15Þ

where I0 is the modified Bessel function. The arm from
−∞þ iπ to the complex saddle gives

IarmðTÞ ¼ e−2SI=ℏK0

�
24SI
ℏ

e−T=2
�

!T→∞
e−2SI=ℏ

�
T
2
− γE − ln

�
12SI
ℏ

��
: ð16Þ

The thimble through the real (1,0) saddle is 2Iarm þ 2Ivert,
giving 2e−2SI=ℏK0½−ð24SI=ℏÞe−T=2 þ iε�, or at large T,

Z1;0 ¼ T − 2γE − 2 ln
12SI
ℏ

� 2πi; ð17Þ

with the sign of the imaginary part fixed by the small
deformation ℏ needed to disambiguate the Stokes phe-
nomenon. This imaginary part comes entirely from the
vertical segment Ivert (Iarm is real), and is exactly canceled
by the imaginary part of the J −1 and J 1 thimbles. These
thimbles have a very important interpretation: their integral
along α is precisely the (lateral) Borel resummation of the
perturbative (n ¼ 0) series, which generates a matching
imaginary part, as we show next.
To extract the perturbative asymptotic series correspond-

ing to the n ¼ 0 sector, we can focus on the real segment,
where we start near the boundary at αmin ¼ ln 6 [the point
where SeffðαÞ ¼ 0] and integrate up to the real saddle. The
result encodes the Borel singularity at t ¼ 2SI [22]:

IrealðTÞ ¼ e−2SI=ℏ
�
−Ein

�
−
2SI
ℏ

�
þ T

2

�
þ � � � ; ð18Þ

where EinðzÞ ¼ R
z
0 dtð1 − e−tÞ=t is the complementary

exponential integral and the centered dots represent finite
corrections from the small α region that Seff does not model
accurately.
The full thimble integrals, which sum to an integral along

ΓR, are the Borel resummation of the asymptotic series
associated with the expansion about the various saddle
points. In perturbation theory, we only see those series.
For the x ¼ �1 saddles, the integral along α generates
an asymptotic series which comes from the Ireal seg-
ment. Indeed, we have that Einð−zÞ∼γEþ lnð−zÞ−
ez
P

m≥0m!=zmþ1. Since z ¼ 2SI=ℏ, this is an asymptotic
series in ℏ that would arise in perturbation theory from the
vacuum bubbles in ΔV . To appropriately include these
contributions to the partition function, we have to use the
same path-integral measure in the n ¼ 0 and n ¼ 2 sectors,
including both α and the collective coordinate t0 whose
integral leads to the extensive T factor in the vacuum

bubbles. Including both x ¼ �1 contributions, the CC-fix
factor and the Jacobian for ðt; αÞ coordinates, the n ¼ 0 and
n ¼ 2 contributions to Z combine as

Z¼ZSHO
6SI
πℏ

T

�
2
X
m

m!

�
ℏ
2SI

�
mþ1

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n¼0

þe−2SI=ℏðT�2πiÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
n¼2

þ���
�
;

ð19Þ

where the centered dots indicate finite real subleading
corrections. The n ¼ 2 term follows from using Z1;0 from
Eqs. (17) and (13) [23]. The imaginary part of the lateral
Borel resummation of the n ¼ 0 series exactly cancels the
2πi from the n ¼ 2 term Z1;0, as guaranteed by the
geometry.
Multi-instanton pairs contribution—At n ¼ 4, the (2,0)

saddle has three quasizero modes. Two “separation” modes
x1, x2 independently collapse adjacent instanton–anti-
instanton pairs (connecting n ¼ 4 to n ¼ 2), while one
“breathing” mode y compresses all odd separations and
expands all even ones (connecting n ¼ 4 directly to n ¼ 0):

ð20Þ

Near the (2,0) saddle the effective action generalizes
Eq. (14),

Seff ¼ 4SI − 12SI
X4
p¼1

e−αp ;
X4
p¼1

αp ¼ T; ð21Þ

where the αp are the four successive instanton–anti-instan-
ton separations. In coordinates up ¼ ðT=4Þ − αp (p ¼ 1, 2,
3) centered on the saddle, the thimble integral can be

calculated directly. Using Sð4Þeff ¼ Seff − 4SI, it is useful to
continue ℏ → eiπℏ so that the integral is over a real cycle
R3. The physical thimble integral is then obtained by
rotating the coupling back, which yields

Z�
2;0 ¼

Z
J �

2;0

d3u e−S
ð4Þ
eff =ℏ ¼ G4ðκ4e�4πiÞ;

κ ≡ 12SI
ℏ

e−T=4; ð22Þ

where G4ðzÞ ¼ G4;0
0;4ðzj0; 0; 0; 0Þ is an all-zero-parameter

Meijer G function. At large T this is a cubic polynomial in
T whose imaginary part is
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ImZ�
2;0 ¼ �32πl2 ∓ 28π3

3
; l≡ T

4
− ln

12SI
ℏ

− γE:

ð23Þ

As before, this ambiguity is matched and canceled by the
lateral Borel resummation of a perturbative asymptotic
series. At leading order in T only the series around the
n ¼ 2 saddle is needed. Its asymptotic growth comes from
integrating along a single quasizero mode leaving the
others modes well separated. The relevant integral is
Zasy

2→4¼4e−4SI=ℏ
R u0
0 dueκe

u R
ΓðuÞdw1dw2, where u0 ¼ T=4−

ln 6 and ΓðuÞ¼fðw1;w2Þ∶w1≤u;w2≤u;w1þw2≥−2ug
define the integration simplex, the analog of the real
segment ½αmin; T=2� used in Eq. (18). The overall factor
of 4 is a symmetry factor from the equivalence of picking
any adjacent pair as the one whose separation is integrated
over. Retaining the leading order of the expansion near u0
one can find

Zasy
2→4 ¼ 32l2e−2SI=ℏ

X∞
n¼0

n!

�
ℏ
2SI

�
nþ1

þ � � � ; ð24Þ

whose Borel resummation yields the required imaginary
part at order T2. Closing the cancellation at all orders in T
additionally requires the perturbative n ¼ 0 sector (reached
by the breathing mode), giving the three-way structure

1

2
Im½Δ4Z0� þ

1

2
Im½Δ2Z2� þ Im½Z4� ¼ 0; ð25Þ

where ΔnZm denotes the alien derivative [24], i.e., the
discontinuity of the lateral Borel resummation of Zm across
the singularity at t ¼ nSI . This equation has an energy
trans-series avatar 1

2
Im½Δ4E0� þ 1

2
Im½Δ2E2� þ Im½E4� ¼ 0

which we have verified explicitly using exact WKB.
Energy spectrum—Next, let us turn to the nonperturba-

tive splittings of the energy levels. These are simplest to
extract from the twisted partition function Z̃ ¼
TrðPe−HT=ℏÞ where P is the parity operator. Since states
split by parity, we anticipate E�

N ¼ EN � expð−SI=ℏÞΔN

so that to leading order in e−SI=ℏ, after using the leading
order expression for the energy EN ¼ ðN þ 1=2Þℏþ � � �,
the splitting is

Z̃ ≈
X
N

− e−SI=ℏe−ENT=ℏ
2TΔN

ℏ
¼ −e−SI=ℏ

2T
ℏ
e−T=2gð0ÞðuÞ;

ð26Þ

where gð0ÞðuÞ ¼ P
N ΔNuN is a pure power series with

u ¼ e−T . The path integral corresponding to the twisted
partition function has antiperiodic boundary conditions. Its
saddle points are the same elliptic functions as in Eq. (5) but
with a half-period quantization condition T ¼ ð2kþ

1ÞωNðεÞ þ 2k0ωPðεÞ. The least-action saddle is the one-
instanton saddle which can be written in Jacobi elliptic
form,

xIðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2

1þ σ2

s
sn

�
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ σ2Þ
p ; σ2

�
; ð27Þ

where σ2 ¼ ð1 − ffiffiffiffiffiffiffiffi
−8ε

p Þ=ð1þ ffiffiffiffiffiffiffiffi
−8ε

p Þ. The one-loop fluc-
tuation operator around a generic saddle x� is

O ¼ −∂2t þ V 00ðx�Þ ¼ −∂2t þ
1

2
ð3x2� − 1Þ: ð28Þ

As T → ∞, the instanton xI approaches the DIG form x� ¼
tanhðt=2Þ and O reduces to the Pöschl-Teller operator
OPT ¼ −∂2t þ 1 − 3

2
sech2ðt=2Þ. Around the exact Jacobi

saddle (27), after using s ¼ t=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ σ2Þ

p
, we instead find

OI ¼ −∂2s þ 6σ2sn2ðs; σ2Þ; ð29Þ

which is a Lamé equation. Both operators are exactly
solvable. Both have a bound state and an infinite tower of
positive modes, but the Pöschl-Teller spectrum has a
quasizero mode with λ0 ∼ e−T while the Lamé spectrum
has an exact zero mode at finite T.
The exact instanton action is S½xI � ¼ S0NðεÞ − εT which,

after using Eq. (3) and expanding the quantization con-
dition to find εðTÞ, expands at large T as

S½xI � ¼ SI − 8e−T þ ð136 − 48TÞe−2T þ � � � : ð30Þ

Combining the exact action, the collective-coordinate
integral and Jacobian T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S0N=ð2πℏÞ

p
, and the determinant

in Eq. (9) at 2k ¼ 1, we obtain for the one-instanton sector
of the twisted partition function

Z̃1ðTÞ ¼
Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πℏ∂εωNðεÞ
p e−S½xI �=ℏ; ð31Þ

where ∂εωN can be related to S0N by the Picard-Fuchs
equation. Equation (31) is exact at one loop and finite T.
Expanding at large T and matching to Eq. (26) gives

gðuÞ ¼ −2
ffiffiffi
ℏ
π

r
½1 − 46u − 12u ln uþ � � ��

× eð8u−136u2−48u2 ln uþ���Þ=ℏ: ð32Þ

Since gð0ÞðuÞ ¼ P
ΔNuN , the leading contribution e8u=ℏ ¼P

mð8u=ℏÞm=m! immediately yields the leading nonper-
turbative splitting for all levels. For κ ¼ N þ 1=2 we get
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ΔN ¼ −
ℏffiffiffiffiffiffi
2π

p ð8=ℏÞκ
Γ
�
κ þ 1

2

	 : ð33Þ

This splitting agrees with the result from exact WKB,
which requires either resumming the Voros symbol to all
orders in the WKB expansion [3,5,8,25] or using a
connection-formula approach [6,14,15]. From the path
integral, we can just directly read off the leading T
dependence in the exact action.
Recall that in the DIG path integral [13,26], the T → ∞

limit is taken before extracting energies. There, the equiv-
alent result is Z̃1 ∝ KTe−SI=ℏ, where K is the usual one-
loop DIG prefactor from the collective-coordinate Jacobian
and the Pöschl-Teller determinant, which yields ΔN ¼
−Kℏe−SI=ℏ, a uniform splitting for each level. It is uniform
because the e−T corrections to the action have been
discarded. If we try to keep the corrections using the
DIG action S½tanhðt=2Þ� ¼ SI − 4e−T þ � � � the splitting
would come out with a ð4=ℏÞN factor instead of ð8=ℏÞN
which is incorrect. This mismatch originates from the hard
truncation of the instanton profile in the overlap region with
the boundary. To get all the factors right, one must use the
exact finite T instanton solution.
To proceed to the two-loop nonperturbative correction,

we must contend with the ln u terms in the full gðuÞ of the
instanton result Eq. (32). These cannot match to the pure
power series form gð0ÞðuÞ ¼ P

N ΔNuN used in Eq. (26).
This apparent discrepancy is resolved by including the
corrections to the perturbative energies EN in Eq. (26).
Using the two-loop energies in Eq. (12), expanding
expð−ENT=ℏÞ perturbatively around expð−κTÞ gives addi-
tional T ¼ − ln u terms. Then the spectral decomposition
reads

gðuÞ ¼
X∞
N¼0

ΔNuN
�
1− ℏ

3N
2

lnu− ℏ
3NðN − 1Þ

4
lnuþ � � �

�
:

ð34Þ
Independently, expanding the instanton result Eq. (32)
gives the same gðuÞ as

gðuÞ¼
X∞
N¼0

ΔNuN
�
1−46u−12u lnu−

136u2

ℏ
−
48u2

ℏ
lnu

�
:

ð35Þ
Using ΔN−1=ΔN ¼ Nℏ=8 to convert the N-independent
coefficients in Eq. (35) to theN-dependent ones in Eq. (34),
the ln u terms in the two expressions are seen to agree
exactly. Remarkably, the 12u ln u term comes from the one-
loop functional determinant det0 OI , the 48u2 ln u comes
from the tree-level action S½xI �, and both match the spectral
ln u generated by the two-loop vacuum bubbles (11). This

three-way cancellation from three different loop orders is a
stringent consistency check on the exact finite-T compu-
tation, involving data from three different sources that are
superficially unrelated.
Computing the Oðℏ2Þ nonperturbative corrections from

the path integral requires evaluating the two-loop vacuum
bubbles in the instanton background. This is significantly
harder than the perturbative calculation because the
instanton propagator breaks time-translation invariance.
Although a direct diagrammatic calculation has not yet
been performed, the sophisticated mathematical structure
surrounding the exact solutions—the Lamé spectrum of the
fluctuation operator, the Picard-Fuchs differential equation
relating periods and actions, and the closed-form elliptic-
curve data entering the determinant (9)—suggests that an
exact two-loop result may be within reach.
In summary, the central result of this Letter is that the

path integral cleanly separates resurgence from spectral
extraction, but this only works if exact results are kept at
finite T, which is not possible within the dilute instanton
gas. All nonperturbative dynamics—which saddles con-
tribute, what asymptotic growth is expected, and how
ambiguities cancel—is captured by finite-dimensional
Picard-Lefschetz integrals over the quasizero modes, with
a transparent geometric interpretation. This approach
cleanly upgrades the ad hoc BZJ analytic continuation
prescription and the dilute instanton gas approximation.
After translating to the energy spectrum, the clean resurgent
structure gets lost in a web of contributions from different
orders in perturbation theory.
Looking forward, the geometric understanding of resur-

gence developed here, in which ambiguity cancellation
follows directly from Picard-Lefschetz theory, may extend
to quantum field theories where the interplay between
perturbative and nonperturbative effects is even richer and
less well understood. In QCD [27] the dilute instanton gas
is similarly unreliable. Its most visible failure, the diver-
gence of the integral over the instanton size, is related to
renormalon effects [28–30] and is not a problem of the
instanton expansion itself. The genuine instanton difficulty
is the treatment of multi-instanton states. Just as in the
double well, exact multi instanton-anti-instanton saddles do
not exist at infinite time or volume in QCD, and dilute-gas
approximate solutions have an unstable attraction. This
decay under gradient flow can be handled by an ad hoc
valley prescription [31] with analytic continuation similar
to BZJ. By analogy with the double well, one expects that
compactification on R3 × S1 or T4 should replace these
approximate configurations with genuine critical points
[32–34] and make the Picard-Lefschetz decomposition
rigorous. Although the calculations are much more diffi-
cult, it is reasonable to expect that a rigorous resurgent
structure can emerge from the QCD path integral, provided
that exact finite-volume saddles are used.
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