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Multivariate information theory provides a general and principled framework for understanding how the
components of a system are connected. Existing analyses are coarse in nature—built up from character-
izations of discrete subsystems—and can be computationally prohibitive. In this work, we propose to study
the continuous space of possible descriptions of a composite system as a window into its organizational
structure. A description consists of specific information conveyed about each of the components, and the
space of possible descriptions is equivalent to the space of lossy compression schemes of the components.
We introduce a machine-learning framework to optimize descriptions that extremize key information
theoretic quantities used to characterize organization, such as total correlation and O-information. Through
case studies on spin systems, sudoku boards, and letter sequences from natural language, we identify
extremal descriptions that reveal how system-wide variation emerges from individual components. By
integrating machine learning into a fine-grained information theoretic analysis of composite random
variables, our framework opens a new avenues for probing the structure of real-world complex systems.
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Multivariate information theory has emerged as a power-
ful lens for the understanding of complex systems, offering
tools to uncover structure in the variation of multiple
interacting components. From broad explorations of the
nature of complexity [1–6] to detailed investigations of
specific systems such as the brain [7–11], collective
behavior in nature [12–15], gene regulatory networks
[16], and toy models from condensed matter physics
[17,18], information-theoretic approaches characterize
organizational structure and reveal hidden interdependen-
cies. These methods bridge disciplines, providing a
domain-agnostic framework for quantifying how compo-
nents interact to give rise to system-wide phenomena.
Prior work has predominantly focused on analyses of

discrete subsystems in relation to the whole system, mean-
ing that the variation of each component in the system is
considered in its entirety. Here we propose to study the

space of partial entropy allocations, which we call “descrip-
tions,” as a route to characterizing the interrelationships of a
composite system. A description conveys partial informa-
tion about each component and can be characterized by any
of the commonly used summary quantities, such as total
correlation [19] and O-information [5,20]. By formulating
descriptions as a collection of communication channels,
one per component [Fig. 1(a)], we can optimize descrip-
tions with neural networks that maximize or minimize
various information theoretic quantities.
We are interested in the space of possible descriptions for

multiple reasons. First, we posit that the space of descrip-
tions is relevant to the way that humans view complex
systems: due to limited processing capacity [21], we focus
on specific variation and ignore the rest, making the space
of partial entropy allocations a natural object of study.
Consequently, the range of possible descriptions might
reasonably be related to the perception of complexity [1].
Second, extremal descriptions shed light on the system’s
interrelationships by sifting noteworthy connections out of
an abundance of variation [18]. For example, the descrip-
tion with maximal total correlation [19] reveals the specific
variation among components that is most connected.
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Finally, as we will show, the space of descriptions can be
navigated with machine learning, offering practicality for
real-world data and the potential to scale with continued
advances in machine learning. By contrast, practicality is a
significant issue for a popular framework for analyzing
multivariate information content, partial information/
entropy decomposition (PID/PED) [22,23]. The number
of PID/PED terms to evaluate grows superexponentially
with system size, rendering it impractical for more than
around five components [24]. The terms generally require
exhaustive calculation, though we note a recent exception
that proposes to optimize a subset of terms with machine

learning [25]. With continuing advances in machine-
learning methods to compress data for revealing important
variation [26–30], there are new opportunities to study the
structure of systems through the space of their descriptions.
Consider a system of N components whose states are

represented with random variables Xi [Fig. 1(a)]. The full
state of the system is represented with the random vector,
X ¼ ðX1;…; XNÞ. Let U ¼ ðU1;…; UNÞ be a description
of the system state that conveys information about each
component. Each Ui is generated from Xi via a probabi-
listic transformation, Ui ¼ fiðXi; ϵiÞ, where ϵi is an inde-
pendent noise variable that introduces stochasticity into the
transformation but carries no information about any com-
ponent of X. As a result, Ui is conditionally independent
from all Xj≠i given Xi.
A description U is equivalent to a selection of entropy

from each component. The mutual information IðXi;UiÞ is
the amount of entropy from Xi contained in Ui:
IðXi;UiÞ ¼ HðXiÞ −HðXijUiÞ, with HðXiÞ the Shannon
entropy [31]. We can view the pieces of information in the
description as a new composite system derived from
measurements of the original one, and then characterize
the new system’s information theoretic properties.
Among quantities that characterize the structure of

entropy in a composite random variable, total correlation
[19] measures the reduction in entropy when components
are considered jointly versus independently, TCðXÞ ¼P

N
i HðXiÞ −HðXÞ. Because of the conditional independ-

ence of each Ui given Xi, we have HðUSjXSÞ ¼P
i∈S HðUijXiÞ for any subset of components S and

can therefore evaluate the total correlation of the selected
entropy in U in terms of transmitted information,

TCðUÞ ¼
XN

i

IðXi;UiÞ − IðX;UÞ: ð1Þ

Another quantity, O-informationΩ [5,20], characterizes the
interactions between components as dominated by redun-
dancy (Ω > 0) or synergy (Ω < 0). Redundant information
is available from individual components, whereas syner-
gistic information emerges only from their combinations
[9]. For a description U of a system X, the O-information is
equal to

ΩðUÞ ¼ ðN − 2ÞIðU;XÞ þ
XN

i

½IðUi;XiÞ − IðU=i;X=iÞ�;

ð2Þ

with the notation U=i indicating the set that excludes index
i, fUj∶ j ≠ ig. We seek to extremize these and other
quantities that are composed entirely of entropy measure-
ments of subsets of components.

(a)

(c)

(e) (f)

(d)

(b)

FIG. 1. Descriptions of a system. (a) The state X of a system of
five interacting spins with ferromagnetic and antiferromagnetic
couplings (straight and zigzag connectors, respectively) can be
described by communicating information about each spin Xi.
(b) The space of descriptions charted in terms of the total
component information,

P
i IðXi;UiÞ, and the system informa-

tion, IðX;UÞ. Possible descriptions include the accounting of
discrete subsystems—i.e., subsets of components (black circles)
—as well as a continuum of compression schemes for each
component, which we randomly sample (gray dots) and optimize
over (blue trace, standard error visualized). The space of possible
descriptions can also be characterized by the total correlation (c),
O-information (d), or other quantities from multivariate informa-
tion theory. (e) Description space in terms of total correlation for
the system in (a) at different temperatures. (f) Description space
in O-information for various five-spin systems at kBT ¼ 0.625,
with the blue trace the system in (a).
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To find descriptions that extremize a summary quantity
like total correlation, we devised a deep learning setup
based on constrained communication. Information about a
component Xi was transmitted to a representation Ui by
encoding each outcome xi to a probability distribution in
latent space, pðuijxiÞ. The sum total information about all
components

P
i IðUi;XiÞ ≔ Iin was set to a desired value,

Îin, through a loss proportional to jIin − Îinj [32]. We
estimated IðUi;XiÞ with a lower bound based on likelihood
ratios computed from a batch of data [33], and then
sampled latent points for the description components ui ∼
pðuijxiÞ in the remaining loss calculations.
The remaining mutual information terms include subsets

with multiple components and were optimized with
InfoNCE [34], a variant of noise contrastive estimation
(NCE) common in representation learning [35]. InfoNCE
approximates the mutual information between two varia-
bles by contrasting positive and negative pairs of their
outcomes. This process employs two neural networks: one
to encode the first variable and another to encode the
second, mapping them into a shared representation space.
The InfoNCE loss for a batch of B samples, indexed by
superscripts α and β, is given by

LNCEðU;XÞ ¼ −
1

B

XB

α¼1

log
exp½sðuα; xαÞ�

P
B
β¼1 exp½sðuα; xβÞ�

; ð3Þ

where sðuα; xβÞ measures the similarity between the rep-
resentations of uα and xβ in the shared space, taken to be the
squared Euclidean distance in this work. Positive pairs
ðuα; xαÞ are contrasted against negative pairs ðuα; xβÞ
sampled within the batch.
To summarize, the training loss combines (i) a sum total

information constraint on the pieces of the description with
(ii) any remaining terms in the summary quantity that
we wish to extremize. For example, to minimize total
correlation would require minimizing L ¼ γjIin − Îinjþ
LNCEðU;XÞ. We note that this formulation closely resem-
bles a distributed information bottleneck (IB) scenario with
the joint variable X serving as the relevance variable
[23,29].
To maximize total correlation requires minimizing

IðU;XÞ, and InfoNCE, as a lower bound, cannot be directly
used. For any such minimization term, we employed an
adversarial setup where auxiliary networks were trained to
maximize mutual information via InfoNCE, and then the
loss was negated and applied to the description encodings.
For evaluation, mutual information terms were estimated

via Monte Carlo sampling using likelihood ratios. Standard
error is reported and lies within plot markers for all results
presented in this work.
We examined the space of descriptions for three systems.

A spin system with N ¼ 5 sites has ferromagnetic and
antiferromagnetic couplings [Fig. 1(a)]. The probability
distribution over states x ¼ ðx1;…; xNÞ is given by

pðxÞ ¼ 1

Z
exp½−HðxÞ=kBT�: ð4Þ

Z is a normalization constant called the partition function
and HðxÞ ¼ −

P
hiji Jijxixj is the energy of the state x.

Jij ¼ 1, −1 for the ferromagnetic and antiferromagnetic
couplings, and 0 otherwise; we set kBT ¼ 0.625.
In Figs. 1(b)–1(d), we surveyed the space of descriptions

for the 5-spin Ising system in several ways. First, descrip-
tions were randomly sampled by creating a binary sym-
metric channel [31] for each spin with random noise (gray
dots). Second, we formed descriptions corresponding to
complete information about each possible discrete sub-
system (black circles). Third, we probed the boundaries by
extremizing total correlation or O-information (light blue
curve). The descriptions that extremize total correlation
also extremize system information [Fig. 1(b)]. The method
successfully found descriptions that closely trace the
bounds of the randomly sampled descriptions, which can
be densely sampled for this small system.
We interpret the space of descriptions globally through

its overall shape when charted in terms of different
quantities, and locally through specific extremal descrip-
tions. From a global perspective, the space of descriptions
can tell of the nature of interactions between components
across different levels of information. The spin system in
Fig. 1(a) has three-bit descriptions that are either redundant
or synergistic, even though the full state description is
redundant [Fig. 1(d)]. Intuitively, the range of descriptions
narrows and drops in total correlation as the temperature of
the system grows [Fig. 1(e)]. With different connections
between the spins, description space boundaries can vary
dramatically and highlight qualitatively distinct multivari-
ate relationships [Fig. 1(f)].
From a local perspective, the extremal descriptions

reveal subsystems of interest. Among three-bit descrip-
tions, the maximal total correlation for the five spin system
in Fig. 1(a) links the ferromagnetic chain (orange, blue,
green) [Fig. 1(c)]. The minimal total correlation connects
the most distant spins (orange and red), then incorporates a
second spin (purple) from the frustrated triangle—i.e., three
spins connected by couplings for which there must be at
least one inconsistent edge. In terms of O-information,
maximal redundancy lies in the ferromagnetic chain
while maximal synergy resides in the frustrated triangle
([Fig. 1(d)]. For the case of binary variables, broadening the
space of descriptions from discrete subsystems to include
partial information merely fills in the space between
subsystem descriptions and reveals nothing new, though
it facilitates optimization.
The second system is a 4 × 4 sudoku board (Fig. 2),

where every square contains a digit from one to four and no
digit can be repeated in a row, column, or quadrant. Sudoku
is representative of constraint satisfaction problems, which
are rich in structure and central to a wide variety of practical
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and theoretical challenges, from scheduling to combinato-
rial optimization [36–38]. We took the probability of states
pðxÞ to be uniform across valid boards and zero otherwise.
The dense constraints severely restrict the number of valid
boards from 416 (≈109) to 288, suggesting an intricate
organizational structure linking the states of the squares.
For this and remaining analyses, we found it necessary to
run a different optimization per value of Îin, in contrast to
the spin system where a single optimization spanned the
full range of description information Îin. For each opti-
mization, the coefficient of the transmitted information
loss, γ, was constant for the first half of training, and then
increased exponentially over the second half.
We focused on O-information to highlight modes of

information sharing [Fig. 2(a)]; analysis using total

correlation, more revealing of component (in)dependence,
is in the Supplemental Material [39]. All descriptions
become highly redundant after around 16 bits, reflective
of the dense constraints between squares. The discrete
subsystems of a board state have minimal O-information
(maximal synergy) at six squares and include the distantly
connected triplets of squares shown in scheme vii.
In contrast to the spin system, the machine-learning-

optimized boundaries for the sudoku board reach beyond
the descriptions of discrete subsystems. The optimized
compression schemes are soft, meaning that the informa-
tion conveyed about each square resides in the layout of
distributions pðuijxiÞ in latent space and communicates
partial distinguishability between possible outcomes. For
ease of interpretation, we converted each square’s com-
pression scheme to a hard clustering of outcomes. After
optimization, gradient descent was performed directly on
the compression scheme to drive the statistical distinguish-
ability between probabilistic representations to perfect
distinguishability and indistinguishability, as measured by
the Bhattacharyya coefficient [28,40,41].
The hardened compression schemes show which digits

for each square were clustered together [having the same
color in the insets to Fig. 2(a)], and are intuitive for
the maximal O-information (redundant) descriptions. The
same partial information is communicated about every
square, from 0.8 bits per square to distinguish one number
from the other three (descr. i) to distinguishing all
four digits (descr. iv). The descriptions with minimal
O-information (synergistic) (v–vii) are less comprehen-
sible. Description v communicates one bit three different
ways, spread out across a row and a quadrant. The most
synergistic description found for any level of communi-
cated information, vi, is an intricate pattern of partial
information, with a symmetry across the diagonal
that was also present in the subsystem with minimal
O-information (descr. vii).
The space of hard compression schemes of a discrete

random variable with m outcomes is equivalent to the
partitions of a set ofm elements. There are 15 possible hard
compression schemes for a variable with four outcomes,
and 16 squares, making 1516 ≈ 1018 different hard descrip-
tions of a 4 × 4 sudoku board. Without accounting for
symmetries, a manual search through these descriptions is
impractical; by contrast, the machine-learning approach
identified extremal descriptions on the order of a few
minutes per optimization. To ground the performance of the
extremized descriptions, we employed rejection sampling
to obtain 106 random hard descriptions for two ranges of
component information [Fig. 2(b)]. The extremized
descriptions are several standard deviations away from
the mean O-information of the sampled descriptions.
Importantly, while there is no guarantee of global opti-
mality, extremized descriptions bound the optimum, can be
improved through hyperparameter tuning or repeated runs,
and nevertheless highlight notable entropy allocations.

(a)

(b)

FIG. 2. The space of descriptions of a 4 × 4 sudoku board.
(a) Discrete subsets of squares (black circles) and machine-
learning-optimized boundaries (blue circles), in terms of
O-information. Optimized soft compression schemes are con-
verted to hard compression schemes (black stars) and visualized
according to the corresponding Roman numerals. The hard
compression scheme for each square in a board is displayed
by coloring numbers according to groupings. For example, if one
number in a square is blue and the rest are white, the blue number
is distinguishable from the remaining three, and the three are
indistinguishable from each other. (b) We randomly sampled 106

hard descriptions within the information range at the top of each
plot. The optimized descriptions have O-information values (blue
vertical lines) far from the distribution of randomly sampled
schemes (gray).
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Finally, we analyzed the statistics of 4-grams in the
English language based on data fromWikipedia. Letters are
combined with numerous soft constraints that facilitate
learning and error correction and have long been used as an
object of study in information theory [42] and statistical
mechanics [43]. We surveyed the space of descriptions of
4-grams that are themselves 4-letter words and the first or
second half of 8-letter words. From a global perspective,
total correlation varied less across the different 4-grams
than did O-information [Figs. 3(a) and 3(b)]. The space of
descriptions is almost entirely synergistic for the first four
letters of 8-letter words, whereas 4-letter words contain
variation that is more redundant. A typical O-information
assessment, without the notion of a description and
corresponding to full information about each letter, would
also be negative for the former and positive for the latter
(rightmost points). The most negative O-information
occurs around 10–12 bits of component information—well
beyond the full-information value. Discrete subsystems,
shown for the 4-letter words in Figs. 3(a) and 3(b)

(squares), are far too coarse to capture the shape of the
space of descriptions.
We hardened optimized descriptions [stars in Fig. 3(a)]

and focused on maximal total correlation here due to its
relative interpretability (other hardened descriptions are
given in the Supplemental Material [39]). After hardening,
each 4-gram cluster corresponds to a particular code u and
contributes ΔTCðuÞ ≔ pðuÞtcðuÞ, where tcðuÞ is the
local (pointwise) total correlation [44] and TCðUÞ ¼P

u ΔTCðuÞ with u∈U the set of possible codes.
Evidently, to maximize total correlation, it is important
to group 4-letter words starting with th, and the second
half of 8-letter words that end in ed and ing. These
schemes provide a starting point for a deeper linguistic
analysis, serving as a sieve on the space of groupings of
letters.
In this work, we introduced a machine-learning frame-

work to study the space of partial descriptions of composite
systems—a space too vast to adequately explore, even by
random sampling, for all but the simplest cases. Crucially,
each learned mapping from X to U defines a valid
description of the system, so the method does not depend
on convergence in the conventional sense: even suboptimal
solutions yield interpretable and potentially informative
points in the space of descriptions. Additionally, though our
focus was on discrete variables, the approach extends
naturally to continuous ones. Finally, the framework is
flexible enough to extremize a broad class of quantities,
such as the binding entropy [20], S-information [5,9,20]
and ΔI [45], Tononi-Sporns-Edelman complexity [1], and
specific atoms of PED [23], with each offering a different
view of how entropy is distributed across components.
Altogether, the framework opens new avenues for explor-
ing the structural underpinnings of complex systems,
offering both theoretical insights and practical tools for
uncovering a scaffold of interconnected variation across
components.
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