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Consistent Time Reversal and Reliable and Accurate Inference in the Presence of Memory
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Thermodynamic inference from coarse observations remains a key challenge. Memory, in particular
correlations between consecutively observed mesostates, blur signatures of irreversibility and must be
accounted for in defining physical time reversal, which remains an open problem. We derive an
experimentally accessible kth order estimator for the entropy production rate. Using novel measure-
theoretic techniques we prove necessary and sufficient conditions for guaranteed lower bounds on the
dissipation even in the strongly non-Markovian setting. The proof reveals that estimators saturated in the
order unravel the duration of memory that needs to be considered in defining physically consistent time
reversal. We show that Markovian estimators in the absence of a timescale separation lead to artifacts that
convey no physical meaning. Similarly, estimators not saturated in the order may overestimate the
dissipation. The necessity of correctly accounting for memory in thermodynamic inference from strongly
non-Markovian observations underscores the still underappreciated challenges and intricacies in defining
and understanding irreversibility in presence of memory. Our results will hopefully stimulate experiments
systematically considering thermodynamic inference on multiple scales consistently accounting for memory.

DOI: 10.1103/gwf7-6kvr

Measurements in complex systems usually have finite
resolution [1-4] or do not resolve all relevant degrees of
freedom—they just probe some low-dimensional projec-
tions of the dynamics, where many microscopic states
become “lumped” onto the same observable ‘“state.”
Examples are macroscopic observables in condensed mat-
ter systems, such as magnetization [5], dielectric response
[6], and diverse order parameters [7-9], as well as other
observables (e.g., molecular extensions or Forster reso-
nance energy transfer efficiencies and lifetimes) in neural
activity [10], single-molecule [11-20], and particle-
tracking [21,22] experiments.

It is well known that such coarse graining introduces
memory in the dynamics of the observable quantities
[23-26] (see Ref. [3] for the effect of a finite resolution).
Much less is understood about out-of-equilibrium systems
that display memory. In particular, a consistent formulation
[26-36] and inference [35,37—41] of dissipation in the
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presence of slow dissipative hidden degrees of freedom is
often a daunting task. It is very difficult to reliably infer
violations of time reversibility (i.e., the detailed balance)
from experiments on individual molecules [36,38,42].

Violations of detailed balance on the level of individual
stochastic trajectories I', = (x,)o<,<, may be quantified via
the steady-state dissipation (entropy production) rate S.
Given a physically consistent time-reversal operation 0
accounting for the highly nontrivial (anti)persistence due to
memory [36], S is defined as the relative entropy between
the probability measure of a path P[I",] and its time reverse
P[OT,] per unit time [43-45], i.e.,

. .1/ dPT,
SI] = kplim - <lm> m

where (-) denotes the average over dP[[',] and kg is
Boltzmann’s constant. When x, is an overdamped
Markov dynamics, we simply have OI', = (x,_)o<,<-
Specifically, for an ergodic Markov process on a discrete
state space V with transition rates L ;; from state i to j and
stationary probabilities P*, Eq. (1) becomes [43-45]

. L
Smll] = kBZ(LjiP? - L;;P3) lni. (2)

i<j ij
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For thermodynamic consistency we must always have
L;>0= L;>O0foralli,j#i€V [45]. We henceforth
express all estimates of S in units of kg.

When a coarse-grained version X, of the process is
observed, where several microscopic states are lumped into
the same observable state, provided a physically consistent
time reversal operation 6 [27,33,40,46], the definition in
Eq. (1) with lumped paths I', = (X.)o<e<: may still hold,
whereas Eq. (2) does not. The reason is that X, displays
memory due to coarse graining, i.e., correlations between
consecutively observed mesostates, which must be
taken explicitly into account in the time reversal
[33-35,40,47,48]. Determining the precise manner in
which memory must enter the consistent time reversal
remains elusive. If one simply replaces the rate L ;; between
microscopic states in the Markovian result (2) with the
effective rates between (mesoscopic) lumped states aver-
aged over P*, one finds [29] Sy[["] < Sy[T,]. However,
unless ones assumes the existence of a (potentially unphys-
ical [34]) infinite timescale separation between dynamics
within and between lumped states, Sy[[;] is nor the
physical dissipation. In particular, this inequality does
not imply that a dependence of Sy[[";] on the properties
of the lumped state space carries any physical meaning
since Sy [f \] is not the dissipation rate of the coarse-grained
process, Sy[[",] # S[I",]. In absence of an infinite timescale
separation thermodynamic interpretations of Sy [ft] (see,
e.g., Refs. [49,50]) may lead to misconceptions and
guaranteed higher-order estimators S are required, as
we explicitly show below. A timescale separation on some
scale does not imply a separation on coarser scales. Under
timescale separation on all scales, Sy; does not display any
scale dependence; see Appendix C.

Energy dissipation is a critically important quantity since
it measures how the system deviates from the equilibrium.
It also sets the thermodynamic cost of biological functions
[51,52] and transport phenomena [53-59], such as molecu-
lar-motor mediated transport of cargo [60,61], biochemical
oscillations [62,63], error correction in biochemical reac-
tions [64—66], or cellular computations [67]. These func-
tions typically involve many processes coupled over
multiple spatial and temporal scales [49,51,52]. It is thus
of great interest to unravel how much energy is dissipated
on different length scales.

Physically inconsistent time reversal ignoring memory
may lead to misinterpretations [49]. More importantly,
memory implies correlations between consecutively visited
mesostates but the extent and manner in which these need
to be accounted for when defining time-reversal symmetry,
and in turn when estimating the entropy production rate,
remain a grand challenge.

We prove here with measure-theoretic techniques that the
only relevant transition probabilities that enter the estimation
of S are those accounting for the relevant extent of memory
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FIG. 1. (a) Six-state Markov system lumped to a process of
order n > 3. The order is at least 3 because a transition out of L5
depends on whether we arrived from L; or L, two state changes
before. Since multiple jumps between L, <> L; may have
occurred before, the order is in fact higher, but the influence
of back-and-forth jumps vanishes exponentially. (b) Entropy
production rate (with error bars from 30 independent identically
distributed simulations) estimated with $$* from trajectories as a
function of k; saturation is observed from k = 5 onward. Each
depicted Si“ was evaluated from path data with 10° transitions
with our code optimized for GPUs (available at [68]) within
seconds (i.e., 1.2 s for order k = 1, and 2.4 s for k = 8 on an
H100 GPU). For details see Supplemental Material [69].

(but not those accounting for shorter or longer memory).
This means that saturation in the order is an inherent
quantifier for the extent of memory that enters the definition
of physical time reversal. We construct an experimentally
accessible estimator of S for strongly non-Markovian
observations (see examples in Figs. 1 and 2) and prove
that it yields guaranteed sharp lower bounds. Further
examples, with strong memory and hidden cycles, demon-
strate the power and necessity of the framework, by high-
lighting pitfalls in using inconsistent Markovian estimators.

In particular, we present fractal networks dissipating
(i) only on a single (i.e., largest) length scale and (ii) net-
works dissipating mostly on the smallest length scale and
less on larger scales (i.e., networks with an “inverse energy
dissipation cascade” [49]) whereby both display the same
scaling of Sy;. A self-similar network structure is shown to
not imply a power-law scaling of Sy, therefore there is

Arrows have
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ratel o get [49) 0.03
St 0.21
Syneond /o (73] 0.12
Sgst 0.39
555t 0.41
Sest 0.41
Sgst 0.40

FIG. 2. Coarse graining (left) and estimators (right) for
u=v=2:5" allows for good inference of $ already for k =
2 and saturates in the order for k > 3 up to statistical fluctuations,
indicated in gray.
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generally no relation between the power-law scaling of Sy,
and the energy dissipated on a given scale. The apparent
power-law dependence of Sy has no relation to the actual
energy dissipated on a given scale and may simply be an
artifact of an inconsistent time reversal, i.e., of neglecting
correlations between consecutively visited mesostates due
to memory. Most importantly, when no dissipative cycles
become hidden by the coarse graining, any scale depend-
ence vanishes entirely once the memory is accounted for
exactly when estimating S. Furthermore, with a measure-
theoretic framework, our higher-order estimates are pro-
ved to be reliable indicators of hidden dissipative cycles
and, if saturated in the order that ensures consistent time
reversal, provide guaranteed sharper lower bounds. These
results emphasize the importance of properly accounting
for memory in analyzing measurements from coarse
observations.

Setup—Consider a continuous-time Markov process x;
on a finite discrete state space, with L ;; denoting transition
rates i — j. We are interested in the steady-state dissipation
rate S in Eq. (1) in situations where one might only observe
some coarse (i.e., lumped) version of the process that we
denote as X,. For simplicity, and to align with the
assumptions in [49], we assume the absence of kinetic
hysteresis [33,34,40], i.e., that the coarse graining and time
reversal commute. The observed process is hence a non-
Markovian jump process on a partitioned “lumped space,”
whereby the memory duration is finite but may become
arbitrarily long depending on the coarse graining. In the
following examples, the lumped process will correspond to
a kth order semi-Markov process with the instantaneous
state X, depending on the previous k states [78]. Thus,
k = 1 corresponds to a renewal process and, if the waiting
time is exponentially distributed, to a Markov process.

Guaranteed higher-order estimators—We will estimate
S[I",] within the simplest Markov approximation as in [49]
as well as in terms of kth order estimators [40] that account
for memory. For simplicity and without any loss of
generality we will neglect any potential waiting-time
contributions (for further details see, e.g., Ref. [40]). If
we let ?,((k"kj) denote a subsequence k;, k;.,...k; of a

particular tuple of k + 1 (with k > 1) consecutive observed
states 7, with final state 77,(:) , and P(f/,((ki i )) the probability
to observe this subsequence along a (formally infinitely

long) trajectory, then the kth order estimator of § is given by

. 1 A(1kt 1
Spt =2 P n
7k

where 7 is the average waiting time per state in the
observed trajectories, 67, is the corresponding reversed
tuple of kK + 1 states, and the upper indices refer to the
discrete state sequence [79]. In [69], we prove that

Suneond — S~k Sest If T, is an nth order semi-Markov
process then S = StV k > n (see proof in [69]), and if
[, =T, is a Markov process we have 8¢t = S. Notably, if
the observed semi-Markov process ["is of order n, then SZS‘
for k > n provides a lower bound on the microscopic S,

$(r) = $34(0) Vk=n (4)
We further prove in [69] that the estimator will reach a
plateau upon increasing k once reaching the correct order n;
at this order (and not before) consistent time reversal is
obtained, correctly accounting for correlations between
consecutive mesostates. Furthermore, S (but nor S
always provides a lower bound on §(T") (see our proof in
[69]; this has been stated, but not proven, for discrete time
in [80]). Continuous-time mesoscopic paths require more
care since they involve long-time limits of unbounded
hidden-jump sums (see Appendix D for a trivial argument),
creating the need for a novel measure-theoretic technique
that we develop here. Our proof includes the discrete time
result. Crucially, no statement can be made about the
monotonicity of S as a function of k for k < n as the
inequality (4) may be violated (see Fig. 1 and Appendix A).
Inferring the exact S from projected observations is gen-
erally not possible because of dissipative cycles hidden
in lumps.

We provide an instructive demonstration of the conse-
quences of our framework in Fig. 1. The six-state example
shows that estimating with insufficient order may lead to
underestimation (e.g., if a Markovian estimator is used) and
even overestimation. Importantly, at sufficiently high order
the estimator plateaus. In the present example, the lower
bound [Eq. (4)] even becomes sharp.

Sharpening inference at strong memory—The system in
Fig. 2 illustrates the benefits of accounting for long-range
memory in thermodynamic inference: We observe that
accounting for progressively longer memory k yields a
better estimate of S via ¢, until we reach saturation for
k > 3. Therefore, physically consistent time reversal
requires accounting for k = 3 past states. Note the sub-
stantial improvement over the Markovian estimate Sy; =
8¢5 [49]. Further, while $4"°"/2 provides a lower bound
[81] (this estimator was originally developed for the
broader setting of blurred transitions [82]), we recover
with $$ in Fig. 2 substantially higher fraction of the
microscopic dissipation, and get saturation for k > 3. In
contrast to Fig. 1, full recovery is not feasible due to
indistinguishable hidden cycles. Further parameters are
considered in Appendix E. An efficient GPU implementa-
tion of the estimator is provided in [68]. We now turn to the
necessity of accounting for memory in time reversal, when
considering sequential (scale-dependent) lumping.

On hierarchical lumping and S—We first consider
Markovian dynamics on a (trivially self-similar) simple
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Model systems with sequential lumping and their entropy production rate estimation. (a) Cycle graph with transition rates @
and « in counterclockwise (+) and clockwise (—) direction, respectively. Lumps L, L,, ...

, Ly, are highlighted in blue. (b) Tree of

depth d = 5 with lumps of depth [ = 1 (shaded in blue) and depth / = 2 (circled in dashed red). Transition rates down and up (cyclic
with respect to the thick edge) are set « w and « «, respectively, chosen such that the cumulative transition rate between each level is
® — k. Self-similarity becomes obvious upon noticing that each tree consists of multiple smaller trees. Inset: four fundamental cycles
passing through the highlighted subgraph on levels Us, U,, and corresponding transition rates. (c) S¢* for the ring graph with n = 60
states. Higher-order estimators (k > 2) allow for correct inference of $ (green, blue), while omitting memory leads to an artefactual
power law (analytic black line overlays red dashed fit to order-1-estimates). Analytical results are fully corroborated by simulations.
(d) S‘i“ for the tree of depth d = 23, i.e., n = 16/777'215. Higher-order estimators, in combination with exploiting the system’s
symmetry, allow for correct inference of $ (green, blue), whereas ignoring memory leads to a spurious inverse energy-dissipation
cascade (black line), which may be easily mistaken for a power law (red dashed fit). In both cases, we considered 100 independent

stationary trajectories, each visiting 10° microscopic states.

cycle graph with n > 4 states with forward and backward
transition rates @ and k # w, respectively [see Fig. 3(a)].
The system has a single dissipative scale with an exact total

dissipation rate,
. 1)
S=(w—-x)In(—).
(0 —k) n(K)

As in [49], we decimate the state space in /4 observable
mesostates (we assume n = 0 mod A). The coarse process
is non-Markovian; to be precise, it is a second-order semi-
Markov process (see also Ref. [34]). This means that the
waiting time within, and probability for a forward or
backward transition from, a lump depends on the previous
state. The exact § may be determined in terms of J and the
two-step affinity A, [34,40,47],

(5)

. ® .
St = JAy = JIn[ 1) = 3,
2 2 n<q)

(6)

where @, denotes the conditional stationary probability
for a step in the & direction given that the previous step was
also in the + direction. The proof of the last equality is
given in Supplemental Material [69] and verified by
simulations in Fig. 3(c). Equality, as opposed to a lower
bound, emerges because no dissipative cycles become
hidden, and the waiting-time contribution vanishes (see
Supplemental Material [69]).

Assuming instead memoryless coarse dynamics with
“Markovian” forward and backward rates defined as in [49]
given by Q(1) = w/A and K(1) = /4, respectively, we

obtain a single dissipative cycle with homogeneous steady-
state current J = (1/n)[Q(1) —K(1)] = (w —x)/n and
affinity A = (n/A) In(w/x), yielding the Markov estimate

(7)

Sy = JA —%(a)—ic)ln(%> A,
indeed an inverse power law according to [49]. However,
the microscopic system has a single dissipative scale, the
entire cycle. Thus, the scaling has no implications for the
energy dissipation on distinct length scales; it is merely an
artifact of inconsistent time reversal in the presence of
memory. Consistent time reversal and hence thermody-
namics thus improve the inference and remove the arte-
factual scaling behavior.

We now consider a perfectly self-similar network with a
single dissipative scale (i.e., the system size) but multiple
(equivalent) dissipative cycles each with a stationary
current J. [see Fig. 3(b)]. In this binary tree of depth d,
every edge is bidirectional with rate < @ in the “down” (+)
and « k in the “up” (—) direction, respectively, such that the
cumulative transition rate between each level is @ — «. This
way, the rates along incident edges in consecutive levels in
both directions + are halved [see inset in Fig. 3(b)]. The
detailed mathematical construction is described in [69].
The exact entropy production of the system in the cycle
basis C with 2¢ basis cycles reads (see proof in [69])

§=>JeA =351 (@=0)In (%) (8)
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where the basis-cycle current (see Ref. [83] for details on
cycle bases) is J, = (w —k)/29(24%! - 1).

We lump the tree into mesoscopic states each having a
depth I < d [see Fig. 3(b)]. The lumping yields a second-
order semi-Markov process and hides no dissipative cycles.
By accounting for memory via 252‘2 [34,40,47] we recover
the exact microscopic result (see derivation in [69]),

Qes w—k d+1 q)JrH ces '
SZIZZLH»I_] l—|—11n<¢ :Sk>t2:S’ (9)

where @, is the conditional probability for a transition
between two lumps (at given coarseness) in the + direction
given that the preceding step occurred in the =+ direction.
The exact result (9) is confirmed by simulations in Fig. 3(d)
and generalized to a tree-diamond graph in [69]. It is
independent of A since the microscopic system has a single
dissipative scale.

The Markovian estimate Sy for such a lumped system
instead reads (see derivation in [69])

el @) (o 1
= w—x)In|— _
24T _1In(A+ 1) k) S+ 1)

Sw
(10)

where 1 = n/n; = 2/*! — 1. Now there is in fact strictly no
power-law scaling of Sy in A despite a perfectly self-similar
network structure. However, one may confuse the scaling
for a power law ~1703¢ [see Fig. 3(d)]. An observed power
law thus has no relation with energy dissipation on distinct
scales and may not even be a power law. It is an artifact of
inconsistent time reversal in the presence of memory.
Consistent time reversal removes the artefactual scaling
behavior.

Conclusion—A novel, experimentally accessible dissi-
pation estimator for coarse-grained observations in con-
tinuous-time was introduced and proved to yield a
guaranteed lower bound. The estimator is applicable to
strongly non-Markovian observations (i.e., beyond weakly
Markovian [84,85] and correlation-time expansions
[86,87]). For the first time, the estimator provides insight
into the extent of memory that needs to be considered when
defining physically consistent time reversal.

The necessity of correctly accounting for memory in
time reversal was demonstrated by invalidating a recently
proposed relation between an apparent power-law depend-
ence of Markovian estimates for the energy dissipation rate
SM from coarse-grained observations, and the actual dis-
sipation on different length scales. We constructed fractal
networks with a single dissipative scale and self-similar
networks (see Appendix B) with an “inverse energy
dissipation cascade” [49], where most energy is dissipated
on the smallest and less energy on larger scales. Both
systems exhibit the same scaling behavior of the energy

dissipation at different scales. The apparent scaling expo-
nent gradually reduces upon accounting for memory in the
dissipation estimates and only if saturated in the order,
provides information on hidden dissipative cycles (see
Supplemental Material [69]); scaling laws ignoring
memory reflect a mixture of memory and hidden cycles.
With a hypothesized power-law scaling of entropy pro-
duction rate [49] being already mentioned but not validated
in experimental work [88], we hope that our novel
framework stimulates experiments systematically consid-
ering multiple scales. When no dissipative cycles become
hidden by the coarse graining, any scale dependence
vanishes as soon as the memory is accounted for exactly
in the time-reversal operation and we can infer the micro-
scopic dissipation. Therefore, an inverse power-law
dependence of the dissipation rate generally has no impli-
cations for scale-dependent energy dissipation and may
simply be an artifact of inconsistent time reversal in
presence of memory.

However, it may still be possible to infer meaningful
information about the microscopic dynamics, e.g., the
presence of hidden dissipative cycles, via higher-order
dissipation estimators established here. These incorporate
a consistent time reversal in the presence of memory and, if
(and only if) saturated in the order, yield experimentally
accessible [89,90], feasible [91,92], sharper, and guaran-
teed lower bounds on dissipation, further highlighting the
importance and benefits of accounting for memory in
analyzing data from coarse observations.
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Appendix A: Overestimation of S with insufficient-
order estimators—While we proved that the saturated-
order estimator always provides a lower bound on the
microscopic entropy production rate, this was not possible
for estimators of insufficient order. It is thus natural to
ask whether a too-low-order estimator may lead to an
over estimation. Indeed, an overestimation occurs in the
process shown in Fig. 1(a): the entropy production rate of
the n > 3 order lumped process is clearly overestimated
with $$. In particular, we see from Fig. 4 that the
overestimation persists when increasing the number of

0.6 ] ] ] ] ] ]
1 2 3 4 5 6 7
Order of estimator k

FIG. 4. Entropy production rate for the system in Fig. 1(a)
estimated with S;St up to order k = 7 from lumping of 107 (red)
and 10° (blue) microscopic steps. We see that the overestimation
at k = 2 is not an undersampling artifact, showing the necessity
of sufficiently high estimator order as proved in the present Letter.
Each estimator was determined 30 times; we show the mean and
report empirical standard deviations (error bars).

steps (from Neps = 107 steps t0 Nyeps = 107). While we
prove that S;St'”“mnd (see Supplemental Material [69]) is
monotone in k, the estimator Si“ is in particular not, as
this example shows. However, it is necessary to use—as
defined in Eq. (3)—the splittings rather than the joint
probabilities, so that we have robustness to overestimation
(see Supplemental Material [69]).

Appendix B: Problematic extrapolation to microscopic
scales—Assuming that the power-law scaling of dis-
sipation rate truly reflects dissipation on distinct length
scales, one may attempt to extrapolate Sy o A~ and
§¢3) & A™% to microscopic scales, that is, to vanishing
coarse graining 4 — 1 (see Ref. [49]). In the case of the
cycle graph, which has a single (i.e., macroscopic)
dissipative length scale, this would coincidentally (and
conceptually somewhat paradoxically) yield the exact
microscopic result [compare Egs. (5) and (7) in the limit
A — 1]. In all other examples, extrapolating Sy to A = 1
would yield a lower bound. This may be useful for
bounding S from below (the bound SM < § was obtained
in [29]). However, there are strictly self-similar networks
(e.g., the tree and tree-diamond graph) that do not
display a power-law scaling of energy dissipation rate
but where one may nevertheless (erroneously) identify a
power law. It is conceivable that such examples may lead
to an overestimation of S. Extrapolated values should
thus be interpreted with great care, especially when the
underlying microscopic topology of the network is not
known. Similarly, our examples in Figs. 3 and 5 show
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Model systems and their entropy production rate estimation. (a) Self-similar Sierpinski-type graph with lumps of size 1 = 12

indicated by the respective vertex coloring. A stationary current @ runs through the outer side of each polygon, whereby the size of said
polygons depends on the respective recursive depth. The depicted graph has recursion depth 5 and n = 768 vertices. Inset: element of
recursion-depth 2 with all irreversible currents indicated by arrows. (b) Brusselator depicted as a grid graph as in [49]. A portion of the
total n = 450 x 450 states is shown with lumps of size 1 = 2 x 2 (shaded in blue) and 4 = 4 x 4 (circled in dashed red). (c) §¢ for

Sierpinski-type graph for recursion depth 7 (n = 12288 vertices). We find Sy; « A~' while higher-order estimators 5252‘2

yield a power

law with a = 0.93, corroborating numerically that the lumped process is a second-order semi-Markov process. (d) S for the
Brusselator with n = 202 500 vertices. The virtual power law for the Markov estimate §§* o 1702 is faster decaying than $§3!, o 17031
obtained by accounting for memory. For details, see Supplemental Material [69].

that one must also not extrapolate apparent power-law
scalings of higher-order estimates Sii‘z as these may lead
to overestimating S.

We conducted numerical experiments to highlight the
issue of extrapolating an apparent power law to determine
the entropy production rate.

We consider a self-similar graph composed of nested
polygons in the spirit of the Sierpinski fractal [see Fig. 5(a)].
The rates are set such that each nested polygon is driven
with @. Hence a polygon with recursive depth [ has affinity
A;=3lInw (see derivation in [69]). The depth [ =1
corresponds to innermost triangles. The detailed construc-
tion is described in [69]. In contrast to the previous
examples, this network is designed to indeed display a
scale-dependent energy dissipation rate S, whereby most
energy is dissipated on the smallest and less energy on larger
scales (for quantitative statements see Supplemental
Material [69]). For networks with a recursive depth larger
than 3, we are not able to determine P} (and hence )
analytically and therefore resort to numerical methods to
compute S (see Supplemental Material [69] for details). The
system with recursive depth 7 (12 288 microscopic states)
was coarse-grained into lumps with recursive depth /, such
that the lumped graph perfectly preserves the original fractal
structure [see Fig. 5(c)]. However, in stark contrast to the
previous examples, the coarse graining here hides dissipa-
tive cycles. We determine SM via Egs. (2) and (3) (with
k=1) and Siﬁz using Eq. (3) from 108 simulated steady-
state trajectories each with a total duration 5 x 10® steps.

Despite having properties that are “orthogonal” to the
previous examples—featuring a scale-dependent energy
dissipation rate and dissipative cycles becoming hidden by
the lumping—it resembles the same power-law scaling of the

Markovian estimate Sy; o A~ [red line Fig. 5(c)] in fact with
the same exponent a = 1 as in Eq. (7). This shows once more
that a power-law scaling of Sy;, and in particular also the
exponent, does not give any indication about dissipation on
different length scales. Moreover, the exponent a changes to
~0.9 upon accounting for memory via S, [blue line
Fig. 5(c)], and the lumping yields a second-order semi-
Markov process, since adjacent lumps are connected by
exactly one microscopic transition (see proof in [69]).
Accordingly, the numerical results show 8¢ # 85 =
8§ = S$. The fact that $53, < S (i.e., equality not reached)
is because dissipative cycles are hidden by the coarse
graining.

Finally, let us consider the Brusselator model [93-95]
[see Fig. 5(b)] as in [49], here with 202 500 microscopic
states. We perform the coarse graining as was done in [49],
two levels of coarse graining are highlighted in Fig. 5(b).
We estimate S, Sy, and 8¢, from 25 simulated stationary
trajectories each having 10° steps (skipping 10° initial
steps). Using Eq. (3) with k = 1 we infer Sy, that agrees
with the results in [49] [red triangles in Fig. 5(d)]. In
particular, we reproduce the apparent power-law scaling
Sy & A~% with the same exponent as in [49], i.e., a = 0.52.
Coincidentally, it is of the same order as the virfual power
law of the tree and tree-diamond with a~ 0.3 (see
Supplemental Material [69]), which in reality is not a
power law at all [see Eq. (10)].

We now account for memory in the time reversal via
Sisztz. The lumped process is apparently second- or third-
order semi-Markov as 85 = 8. The fact that 8§, < § is
a consequence of dissipative cycles that become hidden by
the coarse graining. Higher-order estimates also display an
apparent power-law scaling albeit with a smaller exponent

187401-9



PHYSICAL REVIEW LETTERS 137, 187401 (2026)

S‘;% o« 47031 for considered w, x. However, according to
previous examples, we must conclude that these apparent
power laws in fact have no implications about energy
dissipation on different length scales (see Sec. IX in
Supplemental Material [69]).

Appendix C: Nonexistence of scaling of Sy under
timescale separation—We already showed that a power-
law scaling of Sy has no physical implications in
absence of a timescale separation due to inconsistent
time reversal. In the presence of a timescale separation
the time reversal becomes consistent [29], but the
power-law scaling disappears, as we now show.

Suppose there is a timescale separation, i.e., suppose the
dynamics within each element (lump) of a lumping U
relaxes fast enough for the transitions between elements of
U to proceed as in Ref. [29] and (consistently) apply a
Markovian estimator $¢. We now argue that timescale
separation in U implies timescale separation in each refined
scale. Consider W to be a refinement of U [96]. Because of
timescale separation in U any transition between and within
lumps of W happens at least as fast as in U. Hence, we also
have timescale separation in W.

Hence, in presence of timescale separation, the
Markovian time reversal 1is consistent, and the
Markovian estimate gives the exact result [29] for scale
U and any refined scale. This naturally implies the absence
of (power-law) scaling of S,

To illustrate this, consider the cycle graph Cs¢ with rates
chosen to have timescale separation (the detailed param-
eters are given in Fig. S8 in [69]). At a lumping of size 6
(first lump are vertices 1,...,6, second lump vertices
7,...,12, etc.), we observe a timescale separation. Thus,
we may use a Markovian estimator for a lumping of size 6.
To get the correct entropy production rate at a lumping of

(a)ﬁ%ﬁ © EEEEw
—1

111111

é)«“ ) eorder 1
6x 10" order 2
@ S analytic A
L 1 L l 1 l
’&)}3 1 2 3 6 12

coarse graining scale \

FIG. 6. (a) Cycle graph Cs4 with transition rates chosen as
indicated in the inset and detailed in Supplemental Material [69]
(Sec. XIII) such that the dynamics exhibit timescale separation.
(b) Entropy-production rate estimates for Csq with timescale
separation between lumps of size 6: the timescale separation
assumption implies that any refined scale is Markovian
(S?St = S‘is‘). This also implies, however, that there is no scaling
of the entropy production rate (observation).

size 12, however, we must use an estimator Si“ of order
k > 2 (as argued in the Letter). As we see in Fig. 6, any
refinement of the lumping of size 6 will be Markovian and
result in the same estimate. Thus, there is no power-law
scaling under timescale separation.

Appendix D: Uncountability of microscopic paths—
We finally show that the number of microscopic paths
projecting onto a mesoscopic path in any time window
[0,7] (with 7> 0) is generally not countable. To that
end, suppose that a mesostate M contains at least two
neighboring microscopic states {0, 1}. Take some real
number r€[0,7), and consider its binary encoding, say
bin(r). Take the corresponding microscopic trajectory of
jumping from O to 1 at time r. This is a unique
mapping to a microscopic path, but all those paths
correspond to the mesoscopic path of staying in M. By
uncountability of R, the claim follows.

Appendix E: Other parameter choices—We present in
Table I how other choices of u#, v in Fig. 2 affect the
estimators’ quality: Any k>2 1is better than the
Markovian estimate S‘M = S?St [49]. We always observe
saturation for k > 3 (up to statistical fluctuations) and our
estimate is already at k = 2 better than 1$5"°/§ [81].
Note how saturation happens for u = 1 already at k > 2,
indicating that at ¥ =1 we have an order-2 process:
While $§ allows for 100% recovery, using in that setting
%Sgncomd/s [81] would allow only for recovery of 82%
and 83% respectively, with the remaining recovery only
possible through the statistically very costly (binning of a
continuous-time random variable for integral computation)
inference from the waiting-time distribution asymmetry.
Note that o5 in Ref. [81] is—in contrast to o&)—
statistically equally feasible as Sgst.

TABLEI. Ability of different estimators under more parameter
choices for the system of Fig. 2: we observe a consistently better
approximation of § through S for every k >2 compared to
Sy = S5 [49] and compared to $§°"/2 = 1 (§3 4 $5) = 65
in [81].

Parameter u 2.0 1.0 2.0 1.0 1.5
Parameter v 2.0 2.0 1.0 3.0 2.0
Sest/§ [49] 0.03 0.58 0.06 0.63 0.14
SZS‘/S 0.21 1.05 0.09 1.03 0.45
%Sg"co"d/s [81] 0.12 0.82 0.07 0.83 0.30
SgSt/S 0.39 1.02 0.20 1.02 0.61
Sest/§ 0.41 1.02 0.22 1.02 0.63
SgS‘/S 0.41 1.00 0.21 1.01 0.62
SZS‘/S 0.4 0.99 0.21 1.00 0.61
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