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Electromagnetic radiation by accelerated charges is a fundamental process in physics. Here, we
introduce a quantum-optical framework for controlling the emission of radiation of an electron in an intense
laser field via squeezed vacuum states. By engineering the quantum fluctuations of the emission modes,
we demonstrate that the probability of nonlinear Compton scattering can be significantly enhanced or
suppressed through tunable squeezing amplitude and angle. We show numerically that our predictions are
experimentally accessible with current squeezing technologies, establishing a new paradigm for quantum
control in high-intensity light-matter interactions.
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The emission of electromagnetic radiation by accelerated
charges is a basic process in physics, with applications
ranging from synchrotron light sources and astrophysical
phenomena to particle accelerators.
If electric charges are accelerated by an electromagnetic

field, the process of radiation is described by QED [1,2] and
it has a counterpart within classical electrodynamics [3,4].
Generally speaking, the field amplitude (angular fre-
quency) scale that determines the importance of quantum
effects is given by Fcr¼m2c3=ðℏjejÞ¼1.3×1016V=cm¼
4.4×1013G (ωC ¼ mc2=ℏ ¼ 7.8 × 1020 rad=s): If an elec-
tron experiences in its rest frame a field with amplitude
(angular frequency) of the order of or larger than Fcr (ωC)
a full quantum treatment is necessary [1,5–7]. Here, e < 0
and m are the electron charge and mass, respectively.
Another parameter can be identified that controls

whether nonlinear effects in the electromagnetic field
amplitude, i.e., multiphoton effects, are important in the
process of radiation. In the case of a laser field, it is given
by ξ0 ¼ jejE0=ðmω0cÞ, where E0 is the electric field
amplitude of the wave and ω0 its central angular frequency
[8–12]. The threshold condition ξ0 ∼ 1 for nonlinear effects
to become important is already exceeded by several
existing high-power lasers [13–17], whereas future multi-
petawatt lasers aim at ξ0 ≳ 100 [18–20]. Recent advances

in plasma technologies [21–24] have the potential to reach
field strengths near Fcr, and to generate high-intensity
coherent radiation extending into x-rays [24–27].
The availability of high-intensity laser radiation as well

as of ultrarelativistic electron beams [28] has allowed for
testing experimentally a new regime of QED, the strong-
field QED regime, where both nonlinear and quantum
effects influence the electron dynamics [29–32]. The
properties of radiation in strong-field QED depend on
characteristics of the laser field, such as its intensity, pulse
shape, or polarization, that have been exploited as control
parameters [9,12]. In this sense, active control over
quantum radiation processes has remained fundamentally
classical, i.e., by manipulating the macroscopic properties
of the driving laser field.
Recent theoretical works [33–36] have begun exploring

radiation in quantum light states. However, even in this
quantum framework, the modes into which photons are
emitted have been treated as an unstructured entity. The
question of how engineering the quantum properties of the
emission modes themselves could affect quantum radiation
in the high-intensity regime has remained theoretically
unexplored in the literature and experimentally unrealized.
In this Letter, we introduce a theoretical approach for

quantum control of strong-field QED emission by manipu-
lating vacuum fluctuations with quantum squeezing.
Unlike prior methods using classical field control, our
theoretical approach shows that squeezed vacuum states
can directly tailor the quantum emission probability of a
photon by an electron in an intense laser field (nonlinear
Compton scattering). This paradigm shift moves control
from classical mechanisms to a fully quantum approach, in
which both the field driving the control and the emission
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process are inherently quantum. Our theoretical analysis
reveals that squeezed vacuum states can either enhance
or suppress nonlinear Compton emission probabilities by
more than one order of magnitude using experimentally
achievable squeezing levels of 10–15 dB [37,38]. Crucially
and unlike in Ref. [33], the control relies sensitively on the
squeezing angle θ0, providing precise tunability between
suppression (θ0 ¼ 0) and enhancement (θ0 ¼ π) regimes.
The highest achieved squeezing levels have been

exploited to enhance the sensitivity of gravitational-wave
detectors [38]. A related mechanism to enhance the sensi-
tivity of detection of axions has been put forward in
Ref. [39]. In Ref. [40] it was shown how a squeezed vacuum
state allows for engineering interactions between electric
dipoles. Recent studies propose novel schemes utilizing fully
ionized plasmas, potentially enabling squeezing levels from
20 [41] to 40 dB [42]. Below, we use units with ϵ0 ¼ ℏ ¼
c ¼ 1 and the metric tensor ημν ¼ diagðþ1;−1;−1;−1Þ
(the four-dimensional scalar product of two fourvectors aμ

and bμ is indicated as ðabÞ ¼ ημνa
μbν).

Strong-field QED refers to QED processes occurring in
the presence of sufficiently intense background electromag-
netic fields that their effects have to be taken into account
exactly. This is achieved by quantizing the Dirac field ψðxÞ,
describing electrons and positrons in the presence of the
background field (Furry picture) [1,6,9,12,43], whereas the
radiation field AμðxÞ is quantized as in vacuum [2], i.e.,

AμðxÞ ¼
X3
r¼0

Z
ðd3kÞ½arðkÞe−iðkxÞeμrðkÞ þ H:c:�; ð1Þ

where ðd3kÞ ¼ d3k=½ð2πÞ32ωk�, with kμ ¼ ðωk; kÞ, where
arðkÞ and a†rðkÞ are the annihilation and creation operators
of a photon with momentum k and polarization four-
vector eμrðkÞ, satisfying the commutation relations
½arðkÞ; a†r0 ðk0Þ� ¼ −ηrr2ωkδr;r0 ð2πÞ3δðk − k0Þ and ½arðkÞ;
ar0 ðk0Þ� ¼ 0, and where H.c. stands for Hermitian conjugate.
Background-field photons can only be in the transverse
modes corresponding to r ¼ 1, 2 and thus we introduce the
indices a ¼ 0, 3 and j ¼ 1, 2.
If the background field AμðxÞ has the form

AμðxÞ ¼
X2
j¼1

Z
ðd3kÞ½bjðkÞe−iðkxÞeμj ðkÞ þ c:c:�; ð2Þ

with bjðkÞ being complex functions and c.c. standing for
complex conjugate, it was shown [6] that the Furry-picture
approach is equivalent to the conventional “vacuum”
interaction picture but with the vacuum state j0i being
replaced by the coherent state jBi ¼ DðbÞj0i, where DðbÞ
is the so-called displacement operator [44,45], defined
in Eq. (A1). A proof is reported for completeness in
Supplemental Material [46].
Our aim is to formulate strong-field QED in the presence

of an intense coherent state and in a squeezed vacuum.

As sketched in Fig. 1, we consider replacing the standard
quantum vacuum with a quantum squeezed vacuum in the
region where an electron beam collides with an intense
driving laser field. Thus, analogously as above, we replace
the vacuum state with the displaced squeezed state
jBZi ¼ DðbÞSðzÞj0i, where SðzÞ is the so-called squeezing
operator [44,45], defined in Eq. (A2).
By using the known properties of the displacement

and squeezing operators [see Eqs. (A3) and (A4)],
one can show that S†ðzÞD†ðbÞAμðxÞDðbÞSðzÞ¼
S†ðzÞAμðxÞSðzÞþAμðxÞ¼Aμ

ZðxÞþAμðxÞ, where

Aμ
ZðxÞ ¼

X3
r¼0

Z
ðd3kÞ½arðkÞEμ

j ðx; kÞ þ H:c:�; ð3Þ

with Eμ
aðx; kÞ ¼ eμaðkÞ expð−iðkxÞÞ and
Eμ
j ðx; kÞ ¼ coshðζjðkÞÞe−iðkxÞeμj ðkÞ

− sinhðζjðkÞÞe−iθjðkÞeiðkxÞeμj ðkÞ: ð4Þ
By repeating the reasoning in the purely coherent case [46],
we conclude that strong-field QED in a squeezed vacuum
can be formulated by quantizing the Dirac field in the
Furry picture and the electromagnetic field according to
Eq. (3). A few remarks are in order: (1) the present method
allows one to take into account a background field with
pronounced quantum features, like the squeezed field;
(2) the function multiplying the annihilation (creation)
operator ajðkÞ ða†jðkÞÞ also contains a term proportional
to expðiðkxÞÞ (expð−iðkxÞÞ), which is qualitatively differ-
ent from the case without squeezing; and (3) the case
of processes occurring in the squeezed coherent state
jZBi ¼ SðzÞDðbÞj0i can be worked out analogously by
exploiting the commutation relation between the operators
SðzÞ and DðbÞ [44].
The above procedure is completely general and it offers

a wide flexibility in the choice of the coherent and the
squeezed modes. However, in order to gain more physical
insight on the novelties brought about by the squeezing, we
focus our attention onto the case of a background plane-
wave field, whose corresponding “dressed” electron states
have been determined analytically and are known as
“Volkov states” [1,47]. We assume that the plane wave
propagates along the positive z direction and that it is
polarized along the x direction, corresponding to j ¼ 1,
i.e., bjðkÞ → δj;1ð2πÞ2δðkxÞδðkyÞHðkzÞbðkzÞ, whereHð·Þ is

FIG. 1. Schematics of the considered setup.
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the Heaviside step function. Thus, we introduce the four-
dimensional quantities nμ ¼ ð1; 0; 0; 1Þ, aμ1 ¼ ð0; 1; 0; 0Þ,
and aμ2 ¼ ð0; 0; 1; 0Þ such that in the Lorenz gauge one can
write AμðϕÞ ¼ ð0;AðϕÞÞ ¼ A0fðϕÞaμ1, where A0 > 0 is a
constant describing the amplitude of the field (ξ0 ¼
jejA0=m), and where A0fðϕÞ ¼

R∞
0 ðdω=2πÞð1=2ωÞ×

½bðωÞe−iωϕ þ c:c:�, with ϕ ¼ ðnxÞ ¼ t − z.
At this point the computation of the probability of

nonlinear Compton scattering follows exactly the standard
procedure, which can be found in the literature (see the
reviews [9,12] and the references therein) but, in the case of
a photon emitted with four-momentum kμ ¼ ðωk; kÞ and
polarization j, with the replacement expðiðkxÞÞeμ�j ðkÞ →
Eμ�
j ðx; kÞ. Concerning the incoming electron, we assume

that it is described by the normalized wave packet ΨsðxÞ ¼R ðd3pÞρðpÞUsðx; pÞ, where ðd3pÞ ¼ d3p=½ð2πÞ32εp�,
with εp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
, where ρðpÞ represents the

momentum distribution and Usðx; pÞ is the positive-energy
Volkov state with spin quantum number s and momentum p
outside the field, and normalized as in Ref. [48]. If the
measured state of the final electron is characterized by the
momentum p0 and the spin quantum number s0, we need to
compute the transition matrix element from the state
SðzÞj0; eΨsi to the state SðzÞjγk;j; ep0;s0 i (see Appendix B
for additional details on these states). By accounting for the
field Aμ

ZðxÞ perturbatively, the leading-order S-matrix
amplitude SjðkÞ of the process can be written as

SjðkÞ ¼
Z

ðd3pÞρðpÞ½ð2πÞ3δ3⊥;−ðp0 þ k − pÞiMj;þðk; pÞ

þ ð2πÞ3δ3⊥;−ðp0 − k − pÞiMj;−ðk; pÞ�; ð5Þ
where the delta functions correspond to the conservation
of the components Px ¼ −ða1PÞ, Py ¼ −ða2PÞ, and
P− ¼ ðnPÞ of the total four-momentum Pμ, and where

Mj;�ðk; pÞ ¼∓ e
eζjðkÞ � e−ζjðkÞ

2
ei

1∓1
2
θjðkÞ

Z
dϕ eiΦ� ūs0 ðp0Þ

�
1 − e

n̂ ÂðϕÞ
2p0

−

�
êjðkÞ

�
1þ e

n̂ ÂðϕÞ
2p−

�
usðpÞ

����
p0−¼p−∓k−
p0⊥¼p⊥∓k⊥

; ð6Þ

Φ� ¼ � k−m2

2p−ðp− ∓ k−Þ
Z

ϕ

0

dϕ0½1þ π2⊥ðϕ0Þ�; π⊥ðϕÞ ¼
p⊥
m

−
p−

k−

k⊥
m

− e
A⊥ðϕÞ

m
; ð7Þ

with usðpÞ being the positive-energy constant spinor [1]
and with eμj ðkÞ being chosen real and equal to
aμj − nμðkajÞ=k− (the “hat” notation indicates the contrac-
tion of a four-vector with the Dirac matrices γμ). Note that
the process features two interfering paths, one, correspond-
ing to the amplitude Mj;þðk; pÞ, in which the electron
exclusively emits a photon and one, corresponding to the
amplitude Mj;−ðk; pÞ, in which the electron also absorbs
from the squeezed state two photons with the same four-
momentum of the emitted one.
Before computing the corresponding emission proba-

bility starting from jSjðkÞj2, we note that squeezing is most
easily realized experimentally in the optical regime. By
considering a relativistic electron, whose momentum dis-
tribution is well peaked around a momentum p0 such that
p0 ¼ −p0z, and a plane wave with ξ0 ∼ 1 for which
nonlinear effects will already be significant, most of
the photons will be emitted within a cone centered along
p0 and of angular aperture of the order of 1=γ0, with
γ0 ¼ ε0=m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðp0=mÞ2

p
. Since under these condi-

tions, the typical emitted frequencies are ω ∼ 4γ20ω0, if
we assume that γ0 ∼ 10, i.e., ε0 ≈ 5 MeV, then for ω to be
in the optical regime, ω0 should lie in the terahertz (THz)
range. Indeed, THz radiation ξ0 ≳ 1 has been already
produced experimentally [49,50] (see also the experimental
proposals [51–53]). Correspondingly, the spatial focusing

of the THz radiation can be ignored here as electron beams
produced by optical laser fields have typically much
smaller transverse areas. Finally, under such experimentally
realistic conditions the emitted photon momentum can be
safely neglected as compared with the electron momentum,
which will simplify the formulas significantly [54]. The
width of the wave packet of an electron accelerated to MeV
energies is likely to be much larger than the emitted
(optical) photon energy (see Ref. [55] for the case of a
free electron produced via atomic ionization) and the
probability dPjðkÞ takes the relatively simple form

dPjðkÞ¼
1

8ωk

d3k
ð2πÞ3

Z
ðd3pÞjρðpÞj

2

p2
−

f1þ2sinh2½ζjðkÞ�

−2sinh½ζjðkÞ�cosh½ζjðkÞ�cos½θjðkÞ�gjMj;0ðk;pÞj2;
ð8Þ

where Mj;0ðk; pÞ is the known nonlinear Compton scatter-
ing amplitude without squeezing and recoil (see, e.g.,
Ref. [56]), which can also be obtained from Mj;�ðk; pÞ
by setting ζjðkÞ ¼ 0 and neglecting the recoil, i.e., by
setting p0 ≈ p,

Mj;0ðk; pÞ ¼ 2eδss0
Z

dϕ eiΦ0ðPðϕÞejðkÞÞ; ð9Þ
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Φ0 ¼ k−
m2

2p2
−

Z
ϕ

0

dϕ0½1þ π2⊥ðϕ0Þ�; ð10Þ

where we have also used Eqs. (C1) and (C2). Note that
although the quantum effect of photon recoil is negligible
here, the quantum treatment based on strong-field QED
is necessary to include the nonlinear effects in the THz
laser field (ξ0 ∼ 1), as well as the effects of squeezing and
of the electron wave packet. Finally, if the squeezing is
implemented along the polarization j ¼ 1, only the corre-
sponding emission probability is affected. By indicating
as dP1ðkÞ the differential probability averaged or summed
over the initial or final electron spins, we obtain

dP1ðkÞ ¼ ½1þ F1ðkÞ�dPð0Þ
1 ðkÞ, where

F1ðkÞ ¼ 2 sinhðζ1ðkÞÞ
�
eζ1ðkÞsin2

�
θ1ðkÞ
2

�

− e−ζ1ðkÞcos2
�
θ1ðkÞ
2

��
; ð11Þ

and where

dPð0Þ
1 ðkÞ ¼ αm2

ωk

d3k
4π2

Z
ðd3pÞ jρðpÞj

2

p2
−

����
Z

dϕ eiΦ0π1ðϕÞ
����
2

ð12Þ

is the corresponding differential probability without
squeezing, with α ¼ e2=4π ≈ 1=137. Thus, the effects of
squeezing are encoded in the function F1ðkÞ. In particular
and unlike the results in Ref. [33], we find that the emission
probability does depend on the squeezing angle, which can
qualitatively affect the correction: if θ1ðkÞ ¼ 0 (θ1ðkÞ ¼ π),
then the correction is negative (positive) and proportional
to 1 − expð−2ζ1ðkÞÞ (expð2ζ1ðkÞÞ − 1). This reflects the
corresponding suppression or enhancement effect in the
effective “photon wave function” Eμ

j ðx; kÞ in the case of
small recoil.
Now, we consider a THz laser field with central

wavelength of a 200 μm, Gaussian envelope with a full-
width half maximum of τ ¼ 1 ps, and peak intensity
3 × 1013 W=cm2 (corresponding to ξ0 ¼ 1) colliding with
an electron wave packet with ε0 ¼ 5 MeV. In such an
intense THz field, an extension of the wave packet in
momentum space of the order of 1 eV does not alter
the probability spectrum (12), which has been plotted in
Fig. 2 for an electron with momentum p0 and by integrating
it over a solid angle δΩ corresponding to a narrow
cone centered along the negative z axis and of aperture
mξ0=ε0 ∼ 0.1 rad [57].
Correspondingly, the squeezed modes are centered

around the wave vector ksq ¼ −ωsqz, with ωsq ≈ 1 eV to
match the maximum in the spectrum in Fig. 2 and with a
uniform angular distribution within a cone of solid-angle

aperture ΔΩ > δΩ. Thus, the function F1ðkÞ depends only
on ω within δΩ and dP1=dω ¼ ½1þ FðωÞ�dPð0Þ

1 =dω, with
FðωÞ ¼ F1ðkÞ there. The angular frequency distribution is
given by a standard Lorentzian shape [38]

ζ1ðkÞ ¼
ζ0

1þ ðω − ωsqÞ2=Γ2
; ð13Þ

with ζ0 and Γ being positive constants. Instead, the
distribution of the squeezing angle is assumed to be
uniform: θ1ðkÞ ¼ θ0.
According to the above analysis, the observable is the

polarized emitted radiation within the narrow solid angle δΩ
centered along the negative z direction and in a frequency
window Γ centered around ωsq (see also Fig. 1). We indicate
as jΔ3ksqj ≈ ω2

sqδΩ × Γ this volume in momentum space.
Since the frequency width Γ lies in the THz range, the value
of the main peak in Fig. 2 is essentially constant within Γ and
the effects of the squeezing can be estimated quite univer-
sally via the average function

F ðζ0; θ0Þ ¼
1

jΔ3ksqj
Z
jΔ3ksqj

d3kF1ðkÞ

≈ sin2
�
θ0
2

�
1

2

Z
1

−1
dη

�
e

2ζ0
1þη2=4 − 1

�

− cos2
�
θ0
2

�
1

2

Z
1

−1
dη

�
1 − e

− 2ζ0
1þη2=4

�
: ð14Þ

In Fig. 3 we plot the probability control factor Cðζ0; θ0Þ ¼
1þ F ðζ0; θ0Þ as a function of the squeezing amplitude
S0ðdBÞ ¼ 20ζ0= logð10Þ and of the squeezing angle θ0
[recall that the spectrum including squeezing is obtained

by multiplying dPð0Þ
1 =dω by Cðζ0; θ0Þ]. The figure shows

how the squeezing effect crucially depends on the squeezing
angle. Indeed, for θ0 ≪ 1 (0 < π − θ0 ≪ 1) and for
S0 ≈ 10 dB squeezing can already significantly suppress
(enhance) the probability of emitting a photon in the
squeezed mode by a factor of 0.12 (8.5). The values of
S0 in Fig. 3 are well within the reach of present technology.

FIG. 2. Probability spectrum for numerical parameters given in
the text.
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For S0 ¼ 15 dB [38] the suppression (enhancement) factor
at θ0 ¼ 0 (θ0 ¼ π) would even be about 0.042 (25). For the
sake of completeness, it should be recalled that the photons
of the squeezed field also propagate along the direction of
observation and with the same energy and polarization.
However, the average number Nsq of photons in the
squeezed state SðzÞj0i within the interaction volume V
and with momentum between k and kþ δ3k and with
polarization j is given by njðkÞVδ3k=ð2πÞ3, where njðkÞ ¼
sinh2ðζjðkÞÞ [44,45]. In our case, we can estimate V ∼ πσ2eτ,
where σe ∼ 5 μm is the transverse size of the electron
beam, and jδ3kj ∼ jΔ3ksqj, with δΩ ∼ 1=γ20. The result is
that Nsq ≲ 10 for S ¼ 15 dB and thus completely negligible
as compared to the expected number of photons emitted
without squeezing by a typical electron beam with 100 pC

charge [28], which is of the order of dPð0Þ
1 ð1 eVÞ=dω ×

Γ × 109 ≈ 3 × 104 for Γ ¼ 1 THz ð≈4 meV) (see Fig. 2).
Although the bandwidth Γ ≈ 4 meV is narrow compared to
the eV-scale emission spectrum, it is well within the
resolution of standard optical spectrometers [58].
The possibility of controlling the sign of the effect

indicates that it is not simply “stimulated” emission from
an already populated state. Had we considered nonlinear
Compton emission of a photon in a state where N ≫ 1
photons would already be present instead of that in a
squeezed vacuum, we would have obtained an enhancement
of the probability by a factor of approximately N. This hints
that an analogous enhancement would have been obtained in
the presence of a coherent field along the emitted photon.
It is also worth observing here that our theoretical

approach would not be suitable for too large enhancements
because we treat the interaction between the Dirac field and
the squeezed field Aμ

ZðxÞ perturbatively. In order to quantify
when such an approach is valid we start from the average
number njðkÞ of squeezed photons given above and

estimate the average energy density of the squeezed field
as in Ref. [1]. One can then obtain an estimate of the
classical nonlinearity parameter ξ0;sq of this field to be
ξ0;sq ∼

ffiffiffi
α

p ðωsq=mÞ expðζ0Þ. Thus, the above approach is
valid for ξ0;sq ≪ 1, which is easily fulfilled for realistic
values of ζ0 (∼1) if ωsq is in the optical range (∼1 eV),
as

ffiffiffi
α

p ðωsq=mÞ ∼ 10−7.
Finally, we observe that recent experiments have

demonstrated squeezing over 7 THz [59] and even sub-
petahertz [58] bandwidths. While these ultrabroadband
sources currently exhibit lower squeezing magnitudes than
narrowband sources, there is no fundamental physical
barrier to increasing the squeezing level as the technology
matures. Furthermore, a series of recent experiments has
begun to explore the extension of squeezing into shorter
wavelengths via high-harmonic generation [35,36]. Also,
the realization of squeezed vacuum states in the x-ray
regime is becoming increasingly plausible [41,42]. The
above results would also be valid in that frequency range
because the effects of recoil can still be safely neglected for
an MeVelectron. Moreover, this latter setup would have the
advantage that the intense laser field could be optical.
In conclusion, we have shown that the probability of

nonlinear Compton scattering can be controlled by squeez-
ing the vacuum at the expected emitted modes. Apart from
the squeezing amplitude, an important steering parameter
is the squeezing angle, which crucially controls whether
squeezing enhances or suppresses the probability. Our
numerical results show that the presented predictions can
in principle be tested experimentally by colliding a mod-
erately relativistic electron beam with either an intense THz
laser field and squeezing in the optical regime or an intense
optical laser field and squeezing in the x-ray domain. The
control is sensitive to the photon polarization, such that
optical or x-ray beams with controlled polarization can be
in principle produced, with multiple possible applications
spanning from light-matter interaction to quantum optics
and quantum information.
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End Matter

Appendix A: Displacement and squeezing operators—
The displacement and the squeezing operators are
fundamental unitary operators in quantum optics [44,45].
By introducing the complex functions bjðqÞ and zjðqÞ,
the displacement operator DðbÞ and the squeezing
operator SðzÞ are defined as [44,45]

DðbÞ ¼ exp

�X2
j¼1

Z
ðd3qÞ½bjðqÞa†jðqÞ − H:c:�

	
; ðA1Þ

SðzÞ ¼ exp

�
1

2

X2
j¼1

Z
ðd3qÞ½z�jðqÞa2jðqÞ − H:c:�

	
: ðA2Þ

By using the commutation relations among photon
creation and annihilation operators, the basic properties
of the operators DðbÞ and SðzÞ,

D†ðbÞarðkÞDðbÞ ¼ arðkÞ þ
X2
j¼1

δrjbjðkÞ; ðA3Þ

S†ðzÞarðkÞSðzÞ ¼ arðkÞ þ
X2
j¼1

δrj
n
½cosh ðζjðkÞÞ − 1�

× ajðkÞ − sinh ðζjðkÞÞeiθjðkÞa†jðkÞ
o
;

ðA4Þ

can be easily proven [44,45], where zjðqÞ ¼
ζjðqÞ exp½iθjðqÞ�.

Appendix B: Properties of initial and final states—In
this appendix, we describe some of the properties of the
quantum states used in our derivation especially to
interpret the photon statistics of the final state.
The calculation of the S-matrix was performed for

a transition from the initial state SðzÞj0; eΨsi to the final
state SðzÞjγk;j; ep0;s0 i. In the discussion below, we ignore
the states of the electrons and focus on the states of
the photons: jZi ¼ SðzÞj0i and jZ; k; ji ¼ SðzÞa†jðkÞj0i,

where j0i is the vacuum state normalized to unity:
h0j0i ¼ 1. Because the squeezing operator SðzÞ is unitary,
it preserves the normalization of the states, i.e., hZjZi ¼ 1

and hZ; k; jjZ; k0; j0i ¼ 2ωkδj;j0 ð2πÞ3δ3ðk − k0Þ [2].
While the specific final photon state SðzÞa†jðkÞj0i is

chosen for convenience of normalization, it is equivalent
to a single-photon-added squeezed vacuum state, i.e., to
jk; j;Zi ¼ a†jðkÞSðzÞj0i, apart from a normalization factor

jk; j;Zi ¼ SðzÞ½cosh ðζjðkÞÞa†jðkÞ
− sinh ðζjðkÞÞeiθjðkÞajðkÞ�j0i

¼ cosh ðζjðkÞÞjZ; k; ji: ðB1Þ

Thus, using either state yields the same physical results for
the transition probability.
Now, the state jk; j;Zi is nonclassical and its photon

distribution statistics adds complexity to the computation of
average photon numbers. For example, the average number
of photons in the initial squeezed vacuum state depends on
the squeezing magnitude ζiðqÞ, i.e.,

hZjN jZi ¼ V
X2
i¼1

Z
d3q niðqÞ; ðB2Þ

where N ¼ P
2
i¼1

R ðd3qÞa†i ðqÞaiðqÞ is the number oper-
ator [44,45], niðqÞ ¼ sinh2½ζiðqÞ�, and V is the quantization
volume.
For the final state jk; j;Zi and its above-mentioned

physical interpretation, we would expect that the average
number of photons is something like 1þ hZjN jZi. Instead,
a direct calculation provides

hk; j;ZjN jk; j;Zi
hk; j;Zjk; j;Zi

¼ V
X2
i¼1

Z
d3q sinh2½ζiðqÞ� þ coshð2ζjðkÞÞ

¼ 1þ hZjN jZi þ 2sinh2ðζjðkÞÞ: ðB3Þ
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This result can be understood by referring to the fact
that the number of photons in the state jZi is not definite
but it has a variance σ2N ¼ hZjN 2jZi − hZjN jZi2 ¼
V
P

2
i¼1

R
d3q σ2i ðqÞ, with

σ2i ðqÞ ¼ 2sinh2ðζiðqÞÞcosh2ðζiðqÞÞ ðB4Þ

such that

hk; j;ZjN jk; j;Zi
hk; j;Zjk; j;Zi ¼ 1þ hZjN jZi þ σ2jðkÞ

1þ njðkÞ
: ðB5Þ

That this is indeed the correct result can be easily proved
by considering a single-mode harmonic oscillator with
n-particle state jni, annihilation (creation) operator a (a†),
and number operator N ¼ a†a. In fact, if we consider the
state jci ¼ P∞

n¼1 cnjni, with
P∞

n¼1 jcnj2 ¼ 1, and the state
jcþ 1i ¼ a†jci with one additional creation operator, it is

hcþ 1jNjcþ 1i
hcþ 1jcþ 1i ¼ 1þ hcjNjci þ σ2

1þ hcjNjci ; ðB6Þ

with σ2 ¼ hcjN2jci − hcjNjci2.
Appendix C: A useful identity—Starting from the

identity ūs0 ðpÞγμusðpÞ ¼ 2pμδss0, it can be shown that [1]

ūs0 ðpÞ
�
1−e

n̂ÂðϕÞ
2p−

�
γμ
�
1þe

n̂ÂðϕÞ
2p−

�
usðpÞ¼2PμðϕÞδss0 ;

ðC1Þ

where

PμðϕÞ¼pμ−eAμðϕÞþeðpAðϕÞÞ
p−

nμ−
e2A2ðϕÞ
2p−

nμ ðC2Þ

is the classical four-momentum of an electron with
initial four-momentum pμ in the plane wave [4].
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