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We propose a method to reconstruct the metric and its arbitrary-order derivatives at the horizon for any
static, planar-symmetric black hole, using an infinite set of discrete pole-skipping points in momentum

space where the boundary Green’s function becomes ambiguous. This method is fully analytical and
involves solving only linear equations. The near-horizon reconstruction can extend either inside or outside
the horizon until reaching the nearest singularity in the complex radial plane. It further enables a

reinterpretation of any pure gravitational field equation in pole-skipping data. Moreover, our method
reveals that the pole-skipping points are redundant: only a subset is independent, while the rest are fixed by
an equal number of homogeneous polynomial constraints. These identities are universal, independent of the

details of the bulk geometry, including its dimensionality, asymptotic behavior, or the existence of a

holographic duality.

DOI: 10.1103/gmd3-zt39

Introduction—A central question in holographic duality
[1-3] is how a smooth, classical spacetime described by
Einstein’s equations, emerges from the intricate quantum
data of a boundary theory. While quantum entanglement is
often regarded as the “thread” weaving spacetime together
[4-8], the precise mechanism remains elusive.

One difficulty stems from the fact that entanglement is
hard to compute and measure in quantum many-body
systems. More fundamentally, entanglement alone is in-
sufficient to capture the entire spacetime [9,10]. Indeed,
among the numerous studies exploring the spacetime
reconstruction from dual field theories [11-24], the only
established method for encoding the interior geometry
of black holes relies on the “complexity = volume”
conjecture [22,23].

These challenges motivate us to pursue an approach
capable of reconstructing both the interior and exterior of
black holes. Ideally, it should be analytical, simple, and
transparent, free from auxiliary conjectures, and testable
through experiments or numerical simulations.

In this Letter, we present an approach that does not rely
on entanglement and complexity. We demonstrate that the
entire black hole spacetime can be encoded through
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characteristic structures in linear response data. The key
element is the phenomenon of pole-skipping, where poles
and zeros of holographic Green’s functions collide at specific
complex frequencies and momenta, rendering the correlator
ambiguous [25-27]. While pole skipping is best known for
its connection to quantum chaos [25-36], our Letter instead
exploits a distinct infinite tower of pole-skipping points that
resides in the lower-half frequency plane [37-50].

Our reconstruction applies to general static, planar-
symmetric black holes in arbitrary dimensions. Remarkably,
it is fully analytical and requires solving nothing more than
linear equations. This explicit approach extends naturally to
the vacuum Einstein equation, with any higher curvature
correction, allowing its complete reformulation in boundary
pole-skipping data.

One of the most striking outcomes of our approach is that
the boundary ambiguities encoding the geometry are highly
redundant. This is reminiscent of the redundant encoding in
holographic quantum error correction, where the deep bulk
information is protected against local boundary erasures
[51,52]. In our framework, such redundancy manifests as
an infinite set of homogeneous polynomial identities
constraining the pole-skipping momenta. Crucially, these
identities are universal, independent of the specifics of the
bulk theory and even of holography itself.

With these features combined, our approach motivates
experimental searches for pole-skipping, tests of its redun-
dancy, and offers new strategies to probe emergent geom-
etry in diverse quantum systems such as strange metals and
the quark-gluon plasma. This Letter provides a concise
summary of our companion paper [53].

Near-horizon analysis—As the critical ingredient in our
reconstruction, the location of boundary pole-skipping
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points can be readily identified from the bulk equation of
motion using a near-horizon analysis [27,40]. We briefly
review this procedure to set the stage for our reconstruction
method [54].

Consider a static, planar-symmetric black hole in d + 2
dimensions. In ingoing Eddington-Finkelstein coordinates,
the metric takes the form

ds*> = —g,,(r)dv? + 2g,,(r)dvdr + r*dx?, (1)

where X spans the d-dimensional spatial directions. In a
holographic context, a thermal conformal field theory
(CFT) with temperature 7T, exists at the boundary r — .

Now, take a massless probe scalar field ¢ coupled to the
background, which satisfies the Klein-Gordon (KG) equa-
tion V2¢ = 0. This scalar field is dual to a boundary
marginal operator O with scaling dimension A =d + 1.
After performing a Fourier transform ¢ = g(r)e @k,
the KG equation becomes

9ur(r)? 9or(r) 19 (r)? g (r)?
G\ iy _ (B, fdo N
e LGl e ) CCRTRC

where we have defined y = k2. Without loss of generality,
we set r, = 1 in the following. The metric components
|
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The components M;; depend algebraically on g,, and
9ur,,_, from (1). Once they are specified, the values of ,
can be obtained by vanishing the last column of M), yielding
w, = —i2nxT),, while u, can be determined by solving the
determinant equation Det[M ") (w,,, u)] = 0, or more com-
pactly, Det[M ") ()] = 0, where M) denotes the first
n x n submatrix of M. Under these conditions, M - ¢ = 0
admits two independent parameters, ¢, and ¢,, thus
confirming two ingoing solutions. For the KG equation (2),
the associated Det| M) ()] = 0 defines a degree-n poly-
nomial in y, which we can express explicitly as

Vn.n/’tn + Vn,n—liun_1 ++ Vn.l,“ + Vn,O = Oa (6)
where each V, ,, denotes the coefficient of the term x™ in

Det[M ) (u)]. By the fundamental theorem of algebra, this
degree-n polynomial admits n roots, denoted u,, for

admit the near-horizon expansions,

gvv(r) = gzml<r_ l) +gm2(r— 1)2 + ...
gvr<r) = Gor, + gvrl(r - 1) + ng(r— 1)2 + ... (3)

In this setup, the Hawking temperature is given by
T, = (9yv,/479,,,). Meanwhile, the field ¢(r) admits a
near-horizon expansion of the form

o) = (=1 g, (r =17, 4
p=0

with two exponents: a; =0 and a, = (iw/27T}).
Typically, for general w, only the @; = 0 solution is ingoing
at the horizon. Under this condition, the boundary retarded
Green’s function of O, denoted G (w, 1), can be uniquely
determined as the ratio of the normalizable to the non-
normalizable mode. However, at specific frequencies
w, = —i2znT, for n€ Z" and certain values of y,, both
modes become regular at the horizon, rendering ambigu-
ous Gg (@, )

These special points are identified through performing
near-horizon analysis. To begin with, we expand ¢(r),
Guy(r), and g,,.(r) around the horizon up to n* order and
substitute them into the KG equation (2). By requiring the
coefficients of (r—1)"~! to vanish for n > 1, we derive,

2n(2nxT), — iw) @

g =1, ...,n. Owing to its S, symmetry, one can construct
n elementary symmetric polynomials E,(u™), where
m=1,....,n indicates the degree [57]. For example,

E3(u*) = u3apan + paopss + HasHs -

Flipping near-horizon analysis—To proceed with the
bulk reconstruction, we now invert the previous near-
horizon analysis by interchanging the roles of metric
expansion coefficients (g,, . g,,_,) and the pole-skipping
points (w,. 4, ,) in Det[M " (u)] = 0. By recognizing the
latter as given input and the former as unknowns, we
reinterpret the determinant equation Det[ M ") (u)] = O as a
system of n equations for g,, and g, , denoted by
Det[/\jl(lz)(g)] = 0, where each equation corresponds to a
distinct choice of u,, ;.

Yet a more natural and illuminating formulation emerges
by leveraging the S, symmetry and labeling the equations

in Det[/\jl(")(g)] = 0 in terms of n elementary symmetric
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polynomials E,(u™). These polynomials can be related
to g,,, and g,,_ via the polynomial coefficients V, ,, in
Eq. (6). Specifically, by invoking Vieta’s formula, we
obtain

E, (um) = 2 (7)

Unon

where we define v, , = (-1)""V,, for convenience.
Here, E,(u™) serve as known parameters extracted from
the set of pole-skipping points, while the coefficients v, ,,
are generally algebraic functions of g,, and g,, . Under
this reformulation, the ¢ equation in Det[M"™ (g)] = 0,
denoted Det[Mg,">(g)] =0, corresponds to the iden-
tity E, (ﬂq) - (Un,n—q/vn,n) =0.

Bulk reconstruction—We can then determine g, and
Gur,_, by directly solving Det[M"(g)] = 0. For n =1,
Det[Ajl(l)(g)] =0, derived from the KG equation (2),
provides one equation,

dgy.,

Ei(u) +
1 2G3r,

—0. (8)

A second equation arises by equating the boundary temper-
ature T, expressed in w; as T), = i(w;/2x), with the
Hawking temperature T, = (g,,, /479,,,), leading to

. _ gm/']

1 = .
2r 4r 9y ro

©)

Solving these two equations yields,

Zdw%
- > Gor,
E(u)

Gow,

where both g,,, and g,, are expressed entirely in terms of
the pole-skipping data: w; and E|(u) (i.e., py ).

We proceed by considering n = 2. Upon substituting
the solutions for g,, and g, from Eq. (10) into

Det[M(z) (g)] = 0, we obtain expressions for g,,, and g, ,

FPolE,() | 2d°0]  dPoiE(p) | 3do
Yoo, = - s
P 4B (W)} Ei(w) Ei(w)?  Ei(w)
l.dza)lEz(//l) idza)] idz(l)lEz (/12) lda)]
g?}r, = 2 - 3 - . (1 1)
2E,(u)*  Ei(u)  4Ei(w) E(u)

For n > 2, the system Det[/\jl(") (g)] = 0 becomes over-
determined, consisting of n equations but only two vari-
ables: g,, and g,. . However, as proved in [53], upon
incorporating all the solutions for g,, and g,, = with

m < n into Det[/\_}l(m(g)] =0, the first n —2 equations
become independent of g,, and g,. . The last two

equations: Det[/\/lin_)l (2)] = 0 and Det|M" (g)] = 0, cor-
responding, respectively, to

E() -2 =0, E,(u)-22=0, (12)

n,n vn,n

are both linear in g,,, and g,, . Moreover, they are linearly
independent, as each involves an elementary symmetric
polynomial of a different degree. We thus conclude that for

all n> 2, the pair of equations DetfM",(g)] =0 and

n—1
Det[/\/lgl")(g)] =0 uniquely determines g,, and g,, ,
provided a solution exists. They are fully expressible in
terms of the pole-skipping data: w;, E,,(u"~"), and E,,,(u™)
for all m < n.

The explicit forms of g,, and g,,  for n > 2 are too
lengthy to display. Nevertheless, once these coefficients are
reconstructed to sufficiently large n, g,,.(r) and g,,(r) can
be approximated to arbitrary precision within the conver-
gence disk of the near-horizon series. The radius of conver-
gence is set by the distance from the horizon at r =1 to
the nearest singularities in the complexified r-plane.
Intriguingly, this implies that the black hole interior is
reconstructible, provided no singularities arise before
reaching the central singularity at » = 0. Similarly, apply-
ing the coordinate transformation z = 1/r, which places
the boundary at z = 0, allows reconstruction of the exterior
geometry under the analogous assumption. However, for
metrics with factors like 1/(1 + r2), singularities at r = =i

limit the convergence domain to a disk of radius /2
centered at » = 1; reconstruction is then valid only within
this region.

Moreover, as detailed in [53], our reconstruction method
applies to any massive KG-type equation (V2 + m?)¢ = 0,
regardless of the specific field type. We adopt a massless
scalar field here merely for simplicity. Nevertheless, the
massless KG equation (2) already captures a broad scenar-
ios beyond the probe limit—including the linearized
Einstein equations for tensor perturbations, classified by
their transformation properties under SO(d — 1) [58].

Reinterpret  Einstein  equation—The  analytical
reconstruction of the bulk metric immediately implies that
the corresponding pure gravitational field equations can be
explicitly reformulated in terms of boundary pole-skipping
data. The simplest and most important example is the
vacuum Einstein equation with a negative cosmological
constant,

1
E,=R, — EgﬂyR + Ag,, =0, (13)
where A = —[d(d + 1)/2], with the anti-de Sitter (AdS)
radius set to unity. Expanding near the horizon up to zeroth
order yields three nontrivial components: E,, =0,
E,,, =0, and E,, = 0. Upon substituting the reconstructed
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metric components from Egs. (10) and (11), these equations
can be rewritten entirely in terms of pole-skipping data,

dw > -
E,, = T(ul) 2E, (1) + d* + d] = 0,
B, = (4 + 11 0) - 2080 + ) o,
Exxo :6E1(/4) _E2(ﬂ)+d2+d:0 (14)

This pole-skipping reformulation of the Einstein equations
extends to higher orders in the near-horizon expansion. As
shown in [53], the Einstein equation components at order n
can be expressed entirely in terms of @, E,,(#"""), and
E,(u") for all m < n+ 2.

u-polynomial constraints—Although only the last two
equations in Det[/\/l(")(g)] =0 are directly used in our
reconstruction method and reinterpretation of the Einstein
equation, we find that the remaining n — 2 equations yield
n —2 independent polynomial constraints on g, ,, with
degrees 1,2,...,n—2, for any n > 2. To explore this

further, we first examine Det[MﬁS) (g)] = 0, which takes
the explicit form,

3dg,s,  89ww,  A9ur 9w,  8Yuu,
22 + 2 3 T2
gﬂrU gvro gvro gvro

E5(u) + =0. (15)

This equation does not involve g,,, or g,,., and thus does
not contribute to their reconstruction, as previously stated.
After substituting the solutions for g,,,, g,,, from Eq. (10)
and g,,,, g, from Egs. (11) and (15) simplifies to a
homogeneous polynomial identity in g,

E3(u) —4E;(u) + SE (u) = 0, (16)

or more intuitively,

Hay 4 p30 + sy — 4oy + pan) + 5 = 0. (17)

This identity implies that the three variables 3 , are not all
independent: e.g., i35 can be determined from the other
five p, , with n <3 using identity (17).

At n =4, we obtain similar homogeneous polynomial
identities from the equations Det[ME“)(g)] =0 and
Det[./\/lé‘” (g)] = 0 after incorporating the previously solved
values of g,, and g, =~ for n=1, 2, 3. These two
equations reduce to,

E4(u) = 10E;(u) + 16E; (u) = 0, (18)

and

E4(#?) = 6E5(u) + 14E; (%) — 9E»(n)?
+40E; () E,\ (1) — 46E, (1)* = 0, (19)

respectively. These two polynomial identities reduce the
number of independent variables among 4y , from four to
two. We then refer to such identities as p-polynomial
constraints.

For larger n, a similar pattern emerges, as detailed
in [53]: by substituting the solutions for g,, and g, |
obtained from Det[M")(g)] =0 for all m <n into
Det|M"(g)] = 0, each equation Det{M’(g)] = 0 with
m=1,2,...,n — 2 reduces to a y-polynomial constraint of
degree m. We denote these as P, (u™) = 0, where n is the
expansion order and m is the degree of the polynomial. For
example, the constraint in Eq. (17) is denoted as P5(u) = 0.

Generally, at expansion order n, the set of equations
Det[/\/lgn)(g)] =0, ,Det[/\/li'l_)z(g)] =0 yields n-2
p-polynomial constraints: P,(u) =0,---, P,(u"2) =0,
which reduce the number of independent y,, , from n to
2, consistent with the number of the bulk variables g,, and
9ur,_,- Although these variables are expressed through
E,(u") involving all u,,, these constraints ensure that
specifying any two of yu, , for each n > 2 suffices; the
remaining u, , are fixed by the p-polynomial constraints.

As demonstrated in [53], these constraints remain valid
in the context of the master equation [V + V(r)|®(r) = 0,
where V is the covariant derivative with respect to the
background metric (1), the master field ®(r) may encom-
pass perturbations from various sectors (scalar, vector, and
tensor) [59-61], and V(r) denotes the corresponding
potential. The only requirement is that the associated
Det[M ") (u)] remains a degree-n polynomial in u.

Importantly, the validity of these constraints does not
depend on the spacetime dimension or the asymptotic
structure of the background geometry, since the metric (1)
imposes no such restrictions. This universality is illustrated
through various examples in [53], including the KG
equation for a probe scalar in four-dimensional Lifshitz
black holes and the longitudinal master equation for U(1)
gauge field perturbations in d + 2-dimensional AdS black
holes, among others.

We conclude by presenting the general formula for P, (u),

E, (1) et Dy (n) +

o L2
6(n—2)!

3(n—4)

Ei(u) =0.  (20)

This formula reproduces P3(u) = 0 (17) and P4(1) = 0 (18)
when setting n = 3 and n = 4, respectively [62]. A rigorous
proof of the general expression (20) is provided in [53].
Discussion—We develop an analytical boundary-to-bulk
map that reconstructs the near-horizon geometry from
boundary pole-skipping points by solving a system of
linear equations. Provided the metric remains analytic, this
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FIG. 1. Heatmaps of the Green’s function in deformed CFTs
dual to Bafiados-Teitelboim-Zanelli black holes with a finite
radial cutoff. Red and blue lines denote the poles and zeros,
respectively, while black dots mark the pole-skipping points.
From left to right, the location of the radial cutoff surface r.
approaches the horizon, making higher-order poles and zeros
increasingly difficult to distinguish.

reconstruction extends across both the interior and exterior
of the black hole, bounded only by the nearest singularity.

With this map in hand, a natural question arises: how is it
affected when the boundary field theory is deformed? A
useful setting to explore this is the 77 deformation [63,64],
which holographically corresponds to introducing a finite
radial cutoff in the bulk [65]. As illustrated in Fig. 1, we
observe that as more of the near-boundary region of the bulk
spacetime is removed, the poles and zeros of Green’s func-
tion begin to blur together, making the higher-order pole-
skipping points increasingly difficult to identify in practice.

Moreover, our method reveals that the bulk metric is
redundantly encoded in the boundary pole-skipping points,
as illustrated schematically in Fig. 2. This redundancy
arises from a set of u-polynomial constraints, such as
P, (1) (20). Upon imposing these constraints, the remaining
independent pole-skipping points precisely match the
number of bulk degrees of freedom, namely g, and g,, .

Previously, Ref. [66] argued that the infinite pole-
skipping points lying along a single hydrodynamic mode,
expanded in large spacetime dimensions, suffice to recon-
struct the quasinormal spectrum and related Green’s func-
tion. Suppose that the geometry uniquely determines the
Green’s function. Our method immediately implies that the
latter can be recovered from the pole-skipping points, for

FIG. 2. Black hole geometry can be reconstructed from differ-
ent subsets of boundary pole-skipping points (represented by

black dots) by solving the linear system Det[J\_;lw(g)] = 0. The
green and red quadrilaterals enclose portions of two such subsets.

any spacetime dimension. This validates the results in [66],
albeit via a different route. Furthermore, the high redun-
dancy in the pole-skipping data sheds some light on the
interesting question raised in [66]: what is the minimum
information required to determine the spectrum of a
correlation function?

We emphasize that the implication of p-polynomial
constraints is not exclusive to holographic theories.
Without relying on the existence of a dual field theory,
these constraints can be derived under a general static,
planar-symmetric black hole background, along with a
class of master equations of the form [V? + V(r)]|®(r) = 0,
whose pole-skipping structure aligns with the KG equa-
tion (2). Generalizing these constraints to spherical or
hyperbolic black holes is straightforward. Turning back
to holography, it would be intriguing to investigate the
origin of these constraints from the field theory perspective
and to explore their applicability to the energy density
Green’s functions that exhibit chaotic pole-skipping points
at the upper-half frequency plane.

Finally, owing to its analyticity and simplicity, our
reconstruction method offers a compelling framework that
could drive future experiments exploring the emergence of
spacetime, e.g., the search for “spacetime-emergent mate-
rials” [67,68]. However, pole-skipping points are complex
in most holographic models and therefore not directly
measurable. A potential solution is analytic continuation,
inferring complex-valued pole-skipping data from real
experimental measurements or Euclidean numerical simu-
lations [69,70]. Although this constitutes an ill-posed
inverse problem, various numerical techniques [71,72]
have been developed and continue to improve, e.g., see
the barycentric rational method [73].

In certain systems, such as AdS solitons [48] and
holographic lattices [74], pole-skipping points can be real
valued. Similar phenomena involving real zero-pole inter-
ference also occur in condensed matter [75-77]. A primary
challenge to achieving the pole-skipping here would be that
conventional spectroscopic methods resolve poles but are
insensitive to zeros. Nevertheless, specific schemes such as
cotunneling experiments have been proposed to directly
probe the zeros [78]. Looking ahead, quantum processors
may eventually enable the direct extraction of pole-
skipping data in many-body systems [79].
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