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Yanis Baouche ,1,* Mathis Guéneau ,1,* and Christina Kurzthaler 1,2,3,†
1Max-Planck-Institut für Physik komplexer Systeme, Nöthnitzer Straße 38, 01187 Dresden, Germany

2Center for Systems Biology Dresden, Pfotenhauerstraße 108, 01307 Dresden, Germany
3Cluster of Excellence, Physics of Life, TU Dresden, Arnoldstraße 18, 01062 Dresden, Germany

(Received 31 March 2026; accepted 24 August 2026; published 21 September 2026)

Accumulation at boundaries represents a widely observed phenomenon in active systems with
implications for microbial ecology and engineering applications. To rationalize the underlying physics,
we study the first-passage properties and spatial distributions of an active Brownian particle (ABP) in a
channel. Leveraging Siegmund duality, we establish a direct mapping between the propagators of ABPs
with absorbing and hard-wall boundary conditions, yielding analytical results in both problems. We
analyze the system across low and high activity regimes—quantifying persistent motion relative to
diffusion—and show that active motion, together with a favorable initial orientation, typically lowers the
mean first-passage time relative to passive diffusion. Notably, the full time-dependent propagator between
hard walls approaches a wall-accumulated stationary state, given by the derivative of the splitting
probability as a consequence of Siegmund duality.

DOI: 10.1103/g83n-r4hs

Active agents inevitably engage with boundaries: not
only do the latter facilitate foraging and survival of
microorganisms via surface-concentrated nutrients and
biofilm formation, they also mediate their navigation by
enabling persistent exploration in the absence of complex
sensing behavior [1–8]. Boundaries are also the pivot point
for functional tasks, where future microrobots are expected
to translate their energy into mechanical work for perform-
ing therapeutic or engineering operations [9–14]. To guide
the design of these applications and obtain a physical
understanding of the microbiological phenomena, it is
crucial to unravel two questions: first, how long does it
take an active agent to reach a boundary; and second, how
do boundaries alter their distributions?
To address these topics, a number of models—including

the canonical active Brownian particle (ABP) [15–23], the
active Ornstein-Uhlenbeck particle [24], and the run-and-
tumble particle [25–31]—have shown how the intrinsic
dynamics leverage activity to enable accelerated target
reaching in comparison to passive particles. Confined dynam-
ics also display characteristic phenomena: highly active

particles can accumulate near walls [32,33] without the
need of hydrodynamics, while the time it takes agents to
escape awide, slowly varying channel has been linked to their
distribution near the boundaries [34], reflecting the curvature-
dependent pressure field of active systems [35–37]. The
phenomenology of boundary interactions is thus rich, yet
the coupling between translational and rotational degrees of
freedom makes deriving analytical expressions for confined
active dynamics challenging and requires new theoretical
frameworks.
A particularly useful tool is Siegmund duality [38,39],

which establishes an exact correspondence between sto-
chastic dynamics with absorbing and hard boundaries
(Fig. 1). Specifically, for two walls separated by L, the
hard-wall propagator pHðz; tjz0Þ (i.e., the probability den-
sity to be at position z at time t, given initial position z0),
follows from the absorbing-wall propagator pA via

pHðz; tjz0Þ ¼
Z

L

z0

dz0
∂

∂z
pAðz0; tjzÞ: ð1Þ

A similar relation can be derived to compute pA from pH;
thus the solution for one boundary condition (BC) deter-
mines the solution for the other. Siegmund duality, first noted
for Brownian motion [40,41] and later formalized in [38],
constitutes a particular instance of a Markov duality [42–44].
At its core lies a time-reversal symmetry relating the forward
Fokker-Planck operator of a process to the backward
operator of its dual [39]. Constructing the dual of a stochastic
process is, however, generally a nontrivial task. Only
recently have explicit constructions been obtained for
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continuous-time stochastic processes driven by an equilib-
rium Markov process, such as active particles, and discrete-
time random walks with stationary time-reversal-symmetric
increments, which may be correlated and non-Markovian
[39,45–47].
In this Letter, we derive a systematic expansion for the

absorbing-wall propagator in the low-activity regime and
analyze the high-activity regime in the long-time limit,
providing access to the first-passage statistics. We then use
these analytical results to determine the hard-wall propa-
gator via Eq. (1), which we also prove for ABPs. Our
analytical results show that, depending on the initial
position and orientation, activity can either enhance or
hinder time efficiency. Moreover, the dynamics between
hard walls relaxes to a wall-accumulated stationary state,
akin to that found in many active systems [8,33,48–53].
Model—We consider the motion of a two-dimensional

ABP moving at a constant speed v along its instantaneous
orientation eðtÞ ¼ ½sin ϑðtÞ; cosϑðtÞ�, which is subject to
rotational diffusion with diffusivity Drot. The particle
position also experiences translational diffusion with dif-
fusivity D. The position rðtÞ ¼ ½xðtÞ; zðtÞ� and orientation
ϑðtÞ are governed by the Langevin equations

ṙ ¼ veþ
ffiffiffiffiffiffiffi
2D

p
η and ϑ̇ ¼

ffiffiffiffiffiffiffiffiffiffiffi
2Drot

p
ξ; ð2Þ

where ηðtÞ and ξðtÞ are independent, delta-correlated
Gaussian white noises with zero mean. The ABP is confined
between two walls located at z ¼ 0 and z ¼ L > 0 with two
different BCs: absorbing (A) and hard (H) walls. Its
dynamics are characterized by three timescales: the diffusive
time τ ¼ L2=D, the ballistic time τa ¼ L=v, and the rota-
tional diffusion time τrot ¼ 1=Drot. This entails two non-
dimensional numbers: the Péclet number Pe ¼ τ=τa ¼
vL=D, measuring active motion relative to diffusion, and

γ ¼ τ=τrot ¼ DrotL2=D, reflecting the importance of rota-
tional vs translational diffusion.
Since we are only interested in the dynamics

perpendicular to the walls, we focus on the z coordinate.
We denote the associated propagators, averaged over the
equilibrium initial orientation, i.e., peqðϑ0Þ ¼ 1=ð2πÞ, and
integrated over the final orientation, by

pA;Hðz; tjz0Þ ¼
Z

dϑ
Z

dϑ0
2π

pA;Hðz; ϑ; tjz0; ϑ0Þ; ð3Þ

where pA;Hðz; ϑ; tjz0; ϑ0Þdzdϑ is the probability that the
ABP is found in the interval ½z; zþ dz� with orientation in
½ϑ; ϑþ dϑ� at time t, given the initial conditions zðt ¼ 0Þ ¼
z0 and ϑðt ¼ 0Þ ¼ ϑ0. We first demonstrate Eq. (1) by
adapting the main steps of Ref. [39]. This, in turn, enables
us to derive analytical results for the time-dependent
distribution between hard walls from the absorbing-wall
propagator of ABPs.
Absorbing (sticking) walls—We first consider an ABP

with sticking absorption at z ¼ 0 and z ¼ L: upon first
hitting either wall, the particle remains (“sticks”) there for
all later times. Accordingly, the propagator may contain
Dirac masses at z ¼ 0 and z ¼ L weighted by the time-
integrated incoming boundary flux up to time t. It satisfies
the backward Fokker-Planck equation (FPE)

∂tpAðz; tjz0; ϑ0Þ ¼ L†
z0;ϑ0

pAðz; tjz0; ϑ0Þ; ð4Þ

where the backward operator L†
z0;ϑ0

≔ v cosϑ0∂z0 þD∂
2
z0þ

Drot∂
2
ϑ0

acts on the initial variables ðz0; ϑ0Þ, and we have
averaged over the final orientation. We define the proba-
bility to find the ABP in ½lA > 0; L� at time t with initial
conditions ðz0; ϑ0Þ:

QAðlA; tjz0; ϑ0Þ ≔ PA½zðtÞ ≥ lAjz0; ϑ0�; ð5aÞ

¼
Z

L

lA

dz pAðz; tjz0; ϑ0Þ: ð5bÞ

Since L† acts only on the initial variables, integrating
Eq. (4) over z∈ ½lA; L� yields

∂tQAðlA; tjz0; ϑ0Þ ¼ L†
z0;ϑ0

QAðlA; tjz0; ϑ0Þ; ð6Þ

subject to BCsQAðlA; tj0; ϑ0Þ ¼ 0, since a particle starting
at z ¼ 0 is absorbed immediately, andQAðlA; tjL; ϑ0Þ ¼ 1,
as a particle starting at z ¼ L is absorbed and z ¼ L ≥ lA.
Moreover, from the initial condition pAðz; 0jz0;ϑ0Þ ¼
δðz − z0Þ, we obtain QAðlA; 0jz0;ϑ0Þ ¼ Θðz0 − lAÞ where
ΘðxÞ is the Heaviside function.
Hard (reflective) walls—We next consider an ABP

between two hard walls at z ¼ 0 and z ¼ L and denote
by pHðz; ϑ; tjz̃0Þ the probability density averaged over the

FIG. 1. Schematic of the duals: ABPs between absorbing
(sticking) and hard (reflective) walls. The left side shows an
ABP hitting an absorbing boundary, which gives access to first-
passage properties. The right side illustrates the dynamics
between hard walls, yielding particle distributions. The inset
depicts the agent’s position r and orientation ϑ.
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initial angle. It satisfies the forward FPE

∂tpHðz; ϑ; tjz̃0Þ ¼ Lz;ϑpHðz; ϑ; tjz̃0Þ; ð7Þ

where the forward operator Lz;ϑ ≔ −v cosϑ∂z þD∂
2
z þ

Drot∂
2
ϑ acts on the final variables ðz; ϑÞ. The system is

subject to no-flux BCs: v cosϑpH −D∂zpH ¼ 0 at z ¼ 0
and L. We now define the conditional probability to find the
ABP in ½0;lH� at time t given the fixed final orientation
ϑðtÞ ¼ ϑ as

QHðlH; tjϑ; z̃0Þ ≔ PH½zðtÞ ≤ lHjϑ; z̃0�; ð8aÞ

¼
R lH
0 dzpHðz; ϑ; tjz̃0Þ

peqðϑÞ
: ð8bÞ

Here, Eq. (8b) follows from Bayes’ rule: pHðz; tjϑ; z̃0Þ ¼
pHðz; ϑ; tjz̃0Þ=pðϑ; tjz̃0Þ. As ϑðtÞ evolves independently of
zðtÞ and is initialized at stationarity, ϑð0Þ ∼ peqðϑÞ, its
marginal remains peqðϑÞ for all t [hence pðϑ; tjz̃0Þ ¼
peqðϑÞ]. Further, since peqðϑÞ ¼ 1=ð2πÞ is ϑ independent,
integrating Eq. (7) over z∈ ½0;lH� yields

∂tQHðlH; tjϑ; z̃0Þ ¼ LlH;ϑQHðlH; tjϑ; z̃0Þ: ð9Þ

More generally, if peqðϑÞ is not constant, Eq. (9) remains
valid provided the ϑ dynamics is reversible, independent of
zðtÞ, and initialized at stationarity [39]. Translational
Brownian noise prevents singular boundary masses.
Therefore, the probability to lie in ½0;lH� vanishes at
lH ¼ 0, yielding the BC QHð0; tjϑ; z̃0Þ ¼ 0. Further,
hard-wall confinement enforces zðtÞ∈ ½0; L� for all t, hence
QHðL; tjϑ; z̃0Þ ¼ 1, and the localized start pHðz;ϑ; 0jz̃0Þ ¼
δðz − z̃0Þ translates to QHðlH; 0jϑ; z̃0Þ ¼ ΘðlH − z̃0Þ.
Siegmund duality—Under the angle shift ϑ ¼

ϑ0 þ π, which encodes the reversal of the active drift
−vcosðϑ0þπÞ¼vcosϑ0, the operators match Lz0;ϑ0þπ ¼
L†
z0;ϑ0

, i.e., the hard-wall process at time t is conditioned on
an orientation opposite to the absorbing process’s initial one.
Identifying lA ¼ z̃0 in Eq. (5a) and lH ¼ z0 in Eq. (8a), their
initial conditions also coincide. Given these constraints,
QHðz0; tjϑðtÞ ¼ ϑ0 þ π; z̃0Þ and QAðz̃0; tjz0; ϑ0Þ satisfy
the same differential equation with the same boundary and
initial conditions, and are therefore equal. Averaging over
ϑ0 ∼ peq and using the invariance of peq under ϑ0 ↦ ϑ0 þ π
yields the Siegmund duality relation [38,39]

PH½zðtÞ ≤ z0jz̃0� ¼ PA½zðtÞ ≥ z̃0jz0�: ð10Þ

Hence, after averaging the initial orientations over peqðϑÞ, the
probability that the hard-wall ABP started at z̃0 lies to the left
of z0 at time t equals the probability that the absorbing ABP
started at z0 lies to the right of z̃0 at the same time.

Differentiating Eq. (10) with respect to z0, and renaming
variables, straightforwardly gives the announced result
in Eq. (1).
The duality relation [Eq. (10)] also allows deriving the

survival probability from the hard-wall propagator via (see
End Matter)

Sðz0; tÞ ¼
Z

z0

0

dz½pHðz; tj0Þ − pHðz; tjLÞ�; ð11Þ

and relates the mean-first-passage time (MFPT) from z0 to
either wall to the local time spent by ABPs in ½0; z0�
between hard walls:

hTi ¼
Z

z0

0

dz
Z

∞

0

dt½pHðz; tj0Þ − pHðz; tjLÞ�: ð12Þ

Interestingly, Eqs. (11) and (12) are reminiscent of the
relations derived in Ref. [54], where first-passage observ-
ables are connected to time integrals of propagator
differences in complementary geometries.
First-passage properties—We decompose the propaga-

tor of an ABP between absorbing walls pAðz; tjz0Þ as

pA ¼ PA þ E0 δðzÞ þ ELδðz − LÞ; ð13Þ

where PAðz; tjz0Þ denotes the probability density of an
ABP between absorbing nonsticking walls, i.e., boundaries
for which the particle disappears upon reaching a wall
[PAðz ¼ 0; tÞ ¼ PAðz ¼ L; tÞ ¼ 0], while boundary
masses are encoded in the exit probabilities:

E0;Lðz0; tÞ ¼ �D
Z

t

0

dt0∂zPAðz; t0jz0Þjz¼0;L: ð14Þ

In the low activity regime (Pe ≪ 1), where translational
diffusion dominates over active motion, we compute
PAðz; tjz0Þ ¼

R
dϑ

R
dϑ0PAðz; ϑ; tjz0; ϑ0Þ=ð2πÞ by solving

the forward FPE [Eq. (7)] with initial condition
PAðz; ϑ; t ¼ 0jz0; ϑ0Þ ¼ δðz − z0Þδðϑ − ϑ0Þ. The time-
dependent behavior can be obtained by first moving to
Laplace space [f̂ðsÞ ¼ R

∞
0 fðtÞe−stdt] and inserting the

Péclet number expansion PA ¼ P̂ð0Þ
A þ PeP̂ð1Þ

A þ Pe2P̂ð2Þ
A þ

OðPe3Þ into Eq. (7). Here, P̂ð0Þ
A corresponds to the propa-

gator of a diffusive particle (with rotational diffusion)
between two absorbing walls and can be readily computed
using the method of reflections (see End Matter). This
procedure yields a recursive relation

P̂ðiþ1Þ
A ðz; ϑ; sjz0; ϑ0Þ ¼

Z
L

0

dz0
Z

2π

0

dϑ0P̂ð0Þ
A ðz; ϑ; sjz0; ϑ0Þ

×
h
−ðD=LÞ cosðϑ0Þ∂z0P̂ðiÞ

A

i
ðz0; ϑ0; sjz0; ϑ0Þ. ð15Þ
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We then use the survival probability Ŝðsjz0; ϑ0Þ ¼R
2π
0

R
L
0 P̂Aðz; ϑ; sjz0; ϑ0Þdzdϑ to compute the MFPT via

hTi ¼ Ŝðs ¼ 0jz0; ϑ0Þ [Fig. 2].
Analytical progress is also possible in the high-activity

regime, where persistent motion dominates over orienta-
tional diffusion τa ≪ τrot (i.e., γ ≪ Pe). Therefore, we
introduce ϵ ¼ γ=Pe and first look into the boundary layer
of width OðLϵÞ. Rescaling the equation for the MFPT,
L†
z0;ϑ0

hTi ¼ −1, with the stretched coordinate y ¼ ðz0 −
LÞ=ðLϵÞ shows that (close to the walls) rotational diffusion
can be neglected, given γ ≪ Pe2=3 (see End Matter).
Neglecting rotational diffusion reduces the high-activity
limit to a standard one-dimensional biased-diffusion prob-
lem. Taking the BCs hTð0; ϑ0Þi ¼ hTðL;ϑ0Þi ¼ 0, we
obtain (for cosϑ0 ≠ 0) [55]

hTi ¼
γ=Pe→0

τ

Pe cosϑ0

�
1 − e−Pe cosðϑ0Þz0=L

1 − e−Pe cosðϑ0Þ −
z0
L

�
: ð16Þ

Our results [Fig. 2(a)] show that randomly oriented, active
particles take the longest when starting at the channel’s
midpoint, with a symmetric MFPTwith respect to the initial
position z0. This picture changes for particles initially
oriented towards the right wall (z=L ¼ 1): At low activity
(Pe ¼ 0.5), the maximal MFPT shifts to z0=L≲ 0.5 and
becomes asymmetric, because active motion helps the
particle to reach the right wall (towards which it is oriented)
faster. For large Péclet numbers (Pe ¼ 50), the peak of the
MFPT shifts towards z0 ≳ 0 and decays linearly thereafter,
which reflects the typical time taken by a persistent particle
to cover the remaining distance at constant speed:
hTi ≃ ðL − z0Þ=v. The picture reverses when the particle
initially travels towards the left wall.
We further investigate the MFPT as a function of Pe,

which decreases monotonically for particles starting at z0 ¼
0.2L and oriented towards the closer wall at z ¼ 0
(ϑ0 ¼ 3π=5; π) [Fig. 2(b)], showing that active motion
speeds up their wall arrival. Interestingly, the MFPT

becomes nonmonotonic for particles starting close to a wall
and departing towards the opposite one (ϑ0 ¼ 0). While the
agent reaches the closer boundary through diffusion at
Pe≲ 1 with hTi ≃ z0ðL − z0Þ=ð2DÞ, it reaches the oppo-
site boundary almost instantaneously for Pe≳ 100.
At intermediate Pe the MFPT increases, which can be
understood from the small-Pe expansion of Eq. (16):
hTi=τ¼z0ðL−z0Þ=ð2L2ÞþCðz0Þcosϑ0PeþOðPe2Þ, where
Cðz0 ¼ 0.2LÞ > 0. Thus, the MFPT increases for particles
oriented towards the opposite wall jϑ0j < π=2, leading to an
overall nonmonotonic behavior as the MFPT decreases as
∼1=Pe at large Pe. Physically, this behavior results from the
fact that active motion takes the particle away from the closer
wall and thus increases the time to reach the latter via
translational diffusion. We note that Eq. (16) agrees with our
simulations at large Pe ≫ γ3=2 ≈ 5.2 and low Pe, while
discrepancies appear at moderate Pe and at larger γ, where
rotational diffusion becomes important. Our low-Pe expan-
sion captures the simulations irrespective of γ and notably
until Pe ≈ 10 for selected cases, as it accounts for the
rotational-translational coupling [see End Matter, Figs. 4(a)
and 4(b)].
Another important first-passage quantity is the splitting

probability [55–58], i.e., the probability that the agent
reaches the right wall before the left one. For small Pe, it
can be computed as the long-time limit of the exit
probability πLðz0Þ ¼ ELðz0; t → ∞Þ [Eq. (14)]. For high
activity, where the dynamics reduce to biased diffusion, we
employ the same approach as for hTi [with BCs
πLð0; ϑ0Þ ¼ 0, πLðL;ϑ0Þ ¼ 1], leading to [55]

πLðz0; ϑ0Þ ¼
γ=Pe→0

1 − e−Pe cosðϑ0Þz0=L

1 − e−Pe cosðϑ0Þ : ð17Þ

See also Ref. [58] for a related high-activity boundary-layer
analysis of the splitting probability. For randomly oriented
agents, the splitting probability at the right wall πL
increases almost linearly with z0 at low activity, where
translational diffusion dominates [Fig. 2(c)]. Our results

(a) (b) (c)

FIG. 2. First-passage properties. (a) Mean-first-passage time hTi normalized by its maximum Tmax, as a function of the initial position
z0. (b) Mean-first-passage time hTi as a function of the Péclet number and for z0=L ¼ 0.2. (c) Splitting probability πL at the right wall as
a function of z0. In (a)–(c) we set γ ¼ 3. In (b), dash-dotted and solid lines denote the low-Pe expansion up to OðPe2Þ and the high-
activity result [Eq. (16)], respectively. Symbols correspond to simulation results.
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further show that particles initially oriented towards the
right wall have a higher probability of reaching it than those
oriented away from it. The difference in probabilities
becomes smaller at the boundaries, where translational
diffusion outperforms active motion. At high activity,
however, πL approaches a plateau at ≈ 0.5 for most z0,
reflecting the ballistic motion of the particle towards either
wall with equal probability. For a fixed initial orientation,
the behavior drastically changes: πL jumps to 1 when ϑ0
points towards the wall at z ¼ L, and to 0 when it points
towards the opposite one.
Confined particles—Leveraging Siegmund duality

[Eq. (1)] and Eq. (15), we compute the time-dependent
propagator in the presence of hard walls pHðz; tjz0Þ. Setting
z̃0 ¼ L in Eq. (10) and taking t → ∞ shows that the
stationary distribution pHðzÞ ¼ pHðz; t → ∞jz0Þ is a sim-
ple derivative of the splitting probability [39,45] (see End
Matter). In the high-activity regime, it can thus be com-
puted from Eq. (17), without solving the stationary FPE
directly. It reads

pHðzÞ¼
∂πL
∂z

¼ Pe
2πL

Z
2π

0

cosðϑ0Þ
e−Pe cosðϑ0Þz=L

1−e−Pe cosðϑ0Þ
dϑ0; ð18Þ

thereby recovering the result of Ref. [33]. Figure 3(a)
shows how, starting from a localized initial condition, the
probability density spreads over the channel width and
eventually reaches a stationary distribution. The latter
evolves from an almost uniform profile at low activity
(Pe ¼ 0.5) to an increasingly pronounced U-shaped profile
as activity increases [Fig. 3(b)], indicating enhanced wall
accumulation. In our model, this accumulation results
solely from the interactions of active agents with hard
walls, as active particles remain near the boundary until
rotational diffusion allows them to reorient and escape.

This finding is in qualitative agreement with experimental
[48–50] and computational [33] observations, yet the
importance of steric vs hydrodynamic interactions [50],
yielding similar wall-accumulated distributions, may
depend on the specific systems.
The time-dependent propagator with hard walls (in the

low-Pe regime) provides direct access to the moments of the
position hznðtÞi ¼ R

L
0 pHðz; tjz0Þzndz. As suggested by

the stationary distribution, the mean position converges to
the channel’s midpoint, hzðtÞi ¼

t→∞
L=2, while the fluctuations

around it are perturbed h½zðtÞ − hzðtÞi�2i ¼
t→∞

ðL2=12Þ þ
APe2 þOðPe4Þ with A > 0, showing that activity enhances
the uniform Brownian result.
Finally, our model recovers the one-wall problem in the

limit of infinite channel width, L → ∞ [Fig. 3(a) (inset)]. In
this case, the MFPT diverges [16] and no stationary
distribution exists: without the right boundary, the particle
can escape to infinity, leading to a probability density that
broadens continuously in space over time.
Conclusions—We have analytically characterized active

Brownian dynamics between two walls. A systematic low-
Péclet expansion derived for the absorbing problem can be
transferred through Siegmund duality to the time-dependent
probability density between hard walls. We thereby quanti-
fied the evolution towards a stationary wall-accumulated
state, thus providing a theoretical footing for experimental
and computational observations of active agents. Our work
adds to our understanding of active Brownian transport in
channels, by unraveling how the interplay of active motion
and diffusion dictates first-passage statistics of active agents
between two walls.
The formalism employed here offers a systematic

approach for accessing both time-related efficiencies and
spatial distribution properties in a class of problems that are

(a) (b)

FIG. 3. Probability densities of an ABP between hard walls. (a) Probability density pHðz; tjz0Þ as a function of the position
z for different times t. Here, z0=L ¼ 0.8 and Pe ¼ 0.5. Lines correspond to the low-Pe [up to OðPe2Þ] expansion and symbols
are simulation results. (Inset) Probability density pHðz; tjz0Þ for the case of a single wall at z ¼ 0. We set z0=a ¼ 4 and Pe ¼ 0.5, and
rescale length scales with the particle’s hydrodynamic radius a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3D=ð4DrotÞ
p

. (b) Stationary distribution pHðzÞ for
different Péclet numbers. Lines for Pe ≥ 20 correspond to the high-Pe solution [Eq. (18)] and symbols are simulation results. In
(a) and (b), vertical gray lines indicate the walls.
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otherwise difficult to address. It admits several extensions;
these include alternative agent dynamics, such as run-and-
tumble motion [45,59–62]; stochastic resetting processes
[39,63–66]; non-Markovian processes [39,54,67]; higher-
dimensional settings that could introduce nontrivial mod-
ifications [68]; more complex geometries, e.g., structured
walls [34,58,69,70] or concentric confinement; and parti-
ally absorbing boundaries [71–73]. The latter problems
may prove more tractable in one setting—absorbing or
reflecting—whose solution can be systematically trans-
ferred to its dual counterpart. Beyond confining bounda-
ries, this framework may be applied to study the impact of
potential barriers on escape problems [29,74]. Overall, it
may thus enable progress in quantifying biological and
soft-matter systems, where confinement strongly regulates
transport and reaction efficiency, while systematic theo-
retical approaches remain comparatively scarce.
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[46] M. Guéneau, Non-equilibrium dynamics and first-passage
properties of stochastic processes: From Brownian motion
to active particles, Ph. D. thesis, Sorbonne Université, 2025,
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End Matter

Perturbation expansion—The probability density of an
ABP between absorbing walls PAðz; ϑ; tjz0; ϑ0Þ satisfies
the FPE: ∂tPA ¼ Lz;ϑPA ≕ ½H0 þ PeV�PA, where H0 ¼
D∂

2
z þDrot∂

2
ϑ and V ¼ −ðD=LÞ cosϑ∂z. Transforming to

Laplace space and inserting P̂A ¼ P̂ð0Þ
A þ PeP̂ð1Þ

A þ
Pe2P̂ð2Þ

A þ � � � yields the coupled equations:

ðs −H0ÞP̂ð0Þ
A ¼ δðz − z0Þδðϑ − ϑ0Þ; ðA1aÞ

ðs −H0ÞP̂ðiþ1Þ
A ¼ VP̂ðiÞ

A ; i ≥ 0; ðA1bÞ

where the zeroth order Pð0Þ
A corresponds to the propagator

of a passive particle with rotational diffusion between two

absorbing walls. It is possible to perform an
eigenfunction expansion of the unperturbed FPE and to
obtain the Green’s function of the unbounded problem:

Guðs; z; ϑ; z0; ϑ0Þ ¼ 1

4π

X∞
l¼−∞

1

Dpl
e−pljz−z0jeilðϑ0−ϑÞ; ðA2Þ

where p2
l ¼ ðsþDrotl2Þ=D. The absorbing boundaries at

z ¼ 0 and z ¼ L are then enforced by the method of
reflections, which gives

P̂ð0Þ
A ðz;ϑ; sjz0; ϑ0Þ ¼ 1

2π

X∞
l¼−∞

eilðϑ0−ϑÞ
1

Dpl sinh ðplLÞ
�
sinh ðplzÞ sinh ½plðL − z0Þ�; z < z0;

sinh ðplz0Þ sinh ½plðL − zÞ�; z > z0:
ðA3Þ

Equations (A1) and (A2) lead to the iterative integral relation in Eq. (15), which we use to compute each order of the
perturbative expansion. Note that this method is adapted from Ref. [16], where the case of a single absorbing wall was
studied. The explicit corrections to the propagator are lengthy and not reported here (see the Mathematica Script [75]).
Instead, we only quote the first corrections to the main observables.
For the mean first-passage time, we obtain

hTðz0; ϑ0Þi
τ

¼ z0ð1 − z0=LÞ
2L

þ cos ϑ0
sinh

h ffiffiffi
γ

p �
z0=L − 1

2

�i
− 2

h
z0=L − 1

2

i
sinh

�
1
2

ffiffiffi
γ

p �

2γ sinh
�
1
2

ffiffiffi
γ

p � PeþOðPe2Þ: ðA4Þ

The splitting probability with fixed initial orientation reads

πLðz0; ϑ0Þ ¼
z0
L
þ cosϑ0

cosh
�
1
2

ffiffiffi
γ

p �
− cosh

h ffiffiffi
γ

p �
z0=L − 1

2

�i

γ cosh
�
1
2

ffiffiffi
γ

p � PeþOðPe2Þ: ðA5Þ

Finally, averaging over the initial orientation, we find (in agreement with Ref. [58])

πLðz0Þ ¼
1

2π

Z
2π

0

dϑ0πLðz0; ϑ0Þ ¼
z0
L
þ
sinh

h ffiffiffi
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2

�i
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2

�
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�
1
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�
1
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p � Pe2 þOðPe4Þ: ðA6Þ
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Consequences of Siegmund duality—From the
Siegmund identity [Eq. (10)], one can relate first-passage
observables of the dynamics with absorbing walls to
spatial properties of the dual dynamics with hard walls.
Although illustrated here for ABPs, these relations hold
generally for any pair of Siegmund-dual processes.
First, the survival probability of the ABP between two

absorbing walls at z ¼ 0 and z ¼ L is defined by

Sðz0; tÞ ¼ PA½0 < zðtÞ < Ljz0�; ðB1aÞ

¼ 1 − PA½zðtÞ ¼ 0jz0� − PA½zðtÞ ¼ Ljz0�; ðB1bÞ

¼ PA½zðtÞ ≥ 0þjz0� − PA½zðtÞ ≥ Ljz0�; ðB1cÞ

where, in the last equality, we used the presence of an
absorbing wall at L and that 1 − PA½zðtÞ ¼ 0jz0� ¼
PA½zðtÞ ≥ 0þjz0�. Using the Siegmund duality [Eq. (10)],
it follows that

Sðz0; tÞ ¼ PH½zðtÞ ≤ z0j0þ� − PH½zðtÞ ≤ z0jL�; ðB2Þ

yielding Eq. (11) of the main text. In particular, in the
presence of one wall (i.e., when L → ∞), we find

Sðz0; tÞ ¼
Z

z0

0

dzpHðz; tj0Þ: ðB3Þ

Hence, the survival probability of a particle initially at z0
with an absorbing boundary at the origin can be interpreted
as the probability that a dual particle, starting at the origin
and evolving in the presence of a hard wall at the origin, is
located in the interval ½0; z0� at time t.
Second, the MFPT follows directly from the survival

probability, hTi ¼ R∞
0 dt Sðz0; tÞ. Using Eq. (11) leads

straightforwardly to Eq. (12). The MFPT to either absorb-
ing wall for a particle starting at z0 can thus be interpreted
as the difference between the expected local times

accumulated in the interval ½0; z0� by the dual hard-wall
dynamics when initialized at 0 and L.
Finally, setting z̃0 ¼ L in Eq. (10) relates the exit

probability at wall L, defined in Eq. (14) for a particle
starting at z0, to the probability that the dual hard-wall
dynamics lies in ½0; z0� [39],

ELðz0; tÞ ¼
Z

z0

0

dz pHðz; tjLÞ: ðB4Þ

In the long-time limit t → ∞, the initial condition is
forgotten. Taking a derivative with respect to z0 then yields
a direct relation between the splitting probability and the
stationary distribution of the hard-wall dynamics [39],

pHðzÞ ¼
∂πLðzÞ
∂z

; ðB5Þ

where πLðzÞ ¼ limt→∞ ELðz; tÞ.

Boundary layer analysis for the MFPT—The MFPT
obeys the backward FPE: L†

z0;ϑ0
hTi ¼ −1. Away from

the boundaries, the frozen-orientation approximation is
justified when the rotational diffusion time is large
compared to the persistent crossing time, L=v ≪ D−1

rot , or
equivalently γ ≪ Pe. The condition is more restrictive
inside the boundary layer close to the walls. Near z ¼ L,
we introduce the stretched coordinate y ¼ ðz0 − LÞ=ðLϵÞ
with ϵ ¼ γ=Pe, which resolves a layer of thickness
OðLϵÞ. The backward FPE then becomes

�
D

L2ϵ2
∂
2
y þ

v
Lϵ

cosϑ0∂y þDrot∂
2
ϑ0

	
hTi ¼ −1: ðC1Þ

Multiplying by ϵ2L2=D, using the definitions of Pe and
γ, and rewriting Peϵ ¼ γ, we arrive at

(a) (b) (c)

FIG. 4. (a),(b) Mean-first-passage time hTi as a function of the Péclet number for different γ and for z0=L ¼ 0.2. Dash-dotted and solid
lines denote the low-Pe expansion up to OðPe2Þ and the high-activity result, respectively. (c) FPT probability density Fðtjz0;ϑ0Þ as a
function of time for different Péclet numbers and initial orientations, with initial position z0=L ¼ 0.5 and γ ¼ 3. Inset shows an
enlargement of Fðtjz0;ϑ0Þ at short times.
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ð∂2y þ γ cos ϑ0∂y þ γϵ2∂2ϑ0Þ
hTi
τ

¼ −ϵ2: ðC2Þ

Thus rotational diffusion is negligible in the boundary-
layer equation provided γϵ2 ≪ 1, or γ ≪ Pe2=3.

Impact of γ on the MFPT—The MFPT depends on
rotational diffusion via γ. For ϑ0 ¼ 0, an increase in γ
shifts the location of the peak towards larger Pe [Fig. 4(a)].
This can be understood by considering the particle’s
persistence length: lp ¼ v=Drot ¼ LPe=γ. The largest
MFPT is expected when the persistence length is
comparable to (or shorter than) the distance to the wall
at z ¼ L: lp ∼ L − z0, giving a critical Péclet number
Pe⋆ ∼ γðL − z0Þ=L that increases with γ. We further find
that at small Pe, the MFPT decreases for large γ, indicating
that rotational diffusion reorients particles towards the
closer wall and thus speeds up their arrival. For large Pe,
the MFPT increases with γ, as rotational diffusion perturbs
the persistent motion towards the other wall (at z ¼ L).
This is accompanied by nonmonotonic behavior of the
maximal MFPT with respect to γ: Weak rotational diffusion
(small γ) enhances the maximal MFPT compared to the

high-activity limit, while the MFPT decreases at large γ
and the peak smears out.
This effect is only prominent for particles oriented

towards the wall, which is further away (ϑ0 ¼ 0), while
for particles oriented towards the closer wall (ϑ0 ¼ π)
rotational noise always increases the MFPT [Fig. 4(b)]. For
selected cases in the small-Pe regime, the corresponding
FPT probability densities shown in Fig. 4(c) decay rapidly
and show no distinct features for different ϑ0.

Computer simulations—To corroborate our analytical
results, we simulate the equations of motion [Eq. (2)]
employing the Euler-Maruyama scheme:

rðtþ ΔtÞ ¼ rðtÞ þ veðtÞΔtþ
ffiffiffiffiffiffiffiffiffiffiffiffi
2DΔt

p
Nη; ðE1aÞ

ϑðtþ ΔtÞ ¼ ϑðtÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DrotΔt

p
Nξ; ðE1bÞ

where Nηð0; 1Þ and Nξð0; 1Þ are independent standard
normal random variables with zero mean and unit
variance and the time step is set to Δt ¼ 10−8τ
(Δt ¼ 10−4τ) when studying absorbing (hard) walls. We
simulate 2 × 105 trajectories to obtain reliable statistics.
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