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We provide evidence that three-party entanglement signals in holography obey a relation that is not
satisfied by generalized Greenberger-Horne-Zeilinger (GHZ) states. Using proposed holographic duals for
these entanglement signals, we provide a geometric argument establishing this relation. This is the first
known inequality on the structure of pure three-party holographic states, and shows that time-symmetric
holographic states can never have purely GHZ-like entanglement. We also discuss similar relations for

four parties.
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Introduction—Entanglement is a fundamental feature of
quantum systems and has played a central role in recent
developments in high-energy and condensed matter physics.
In the holographic approach to quantum gravity, strong
links between entanglement of the microscopic state and the
emergent spacetime geometry have been understood, start-
ing from the seminal conjecture of Ryu and Takayanagi
relating von Neumann entropy to minimal surface area in
spacetime [1]. Many of these developments have focused on
bipartite entanglement, where the system is divided into two
components. There has also been interest in studying
multiparty entanglement and its relation to spacetime in
holography. This is particularly natural in the context of
geometries with multiple asymptotic regions, such as the
multiboundary wormholes considered in [2-4], but one
can also simply consider dividing a single boundary into
multiple pieces.

The possible structures of multiparty entanglement are
extremely rich. Already, when we consider three qubits,
there are two inequivalent forms of three-party entangle-
ment, represented by the GHZ and W states, indicating that
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the three-party entanglement of a state cannot be measured
by a single quantity. A general entangled state in three d-
dimensional systems involves d* parameters; local unitary
transformations on each party only contribute d* parame-
ters, so the number of inequivalent structures grows rapidly
with the size of the parties.

Evidence has been accumulating for the importance of
multiparty entanglement in holography. It was conjectured
in [5] that GHZ-like entanglement could play an important
role in holography. In multiboundary wormholes [4], there
are regimes where the dual state is purely bipartite entangled
and others where multipartite entanglement is important.
The entanglement structures found in these wormhole
studies were consistent with a random state model. In
[6], it was conjectured that three-party holographic states
have mostly bipartite entanglement structure; this was
motivated by the observation that a bipartite model sufficed
to account for the entanglement entropies of the holographic
states across all bipartitions. In [7], a new probe of three-
party entanglement between parties A, B, C was devised by
taking the difference of the reflected entropy and the mutual
information of the reduced density matrix p, 5 on two of the
parties, R®)(A:B) = Sg(A:B) —I(A:B). This has been
referred to as the Markov gap [8] or the residual information
[9]. This is nonvanishing only for states with genuine three-
party entanglement. It is nonzero for some holographic
states, establishing that they cannot be described by the
bipartite model [7,10]. Another probe of three-party entan-
glement is the genuine multientropy GM®), which is
constructed from the multientropy S©). The multientropy
SG) was introduced in [11] (see also [12]). A decomposition
of §G) which removes bipartite contributions was first

Published by the American Physical Society


https://orcid.org/0000-0002-6497-3819
https://orcid.org/0000-0002-0454-2064
https://orcid.org/0000-0002-0203-7187
https://orcid.org/0000-0002-7690-1521
https://orcid.org/0000-0002-0968-9348
https://ror.org/00b30xv10
https://ror.org/006e5kg04
https://ror.org/05xqtsb23
https://ror.org/052gg0110
https://ror.org/01f5ytq51
https://ror.org/01v29qb04
https://crossmark.crossref.org/dialog/?doi=10.1103/g5rw-nvnr&domain=pdf&date_stamp=2026-01-20
https://doi.org/10.1103/g5rw-nvnr
https://doi.org/10.1103/g5rw-nvnr
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 136, 031602 (2026)

proposed in [13], and further developed in [14]. In [15], this
was systematized to define genuine multientropies GM ") as
signals of n-party entanglement constructed from the multi-
entropies S,

In this Letter, we continue the study of entanglement
properties of holographic states by showing that, assuming
conjectured holographic descriptions of the multiparty
entanglement signals, there are relations between the
multiparty entanglement signals in holography that are
not satisfied by general quantum states. This implies
restrictions on the entanglement structure in the holographic
states. In particular, we show that the holographic descrip-
tions imply that in time-symmetric three-party holographic
states %RG)(A :B) > GM®), where A, B are any two of the
parties. This inequality is not satisfied by general quantum
states. For example, for systems with three parties, each of
which have d-dimensional Hilbert spaces, we can define the
generalized GHZ states |yoguz) = ¢, A;|iii), where |i)
are an orthonormal basis on each of the Hilbert spaces, and
the 4;’s are a set of coefficients, satisfying the normalization
condition Y% | |4;]> = 1. For these states, R®) = 0, while
GM® >0 [11].

We define GHZ-like to mean states that are generalized
GHZ up to local unitaries. If the three parties A, B, and C are
regions of a conformal field theory, so that the total Hilbert
space factorizes as H ="H, ® Hy ® H¢, then after
unitary transformations restricted to the three regions, a
GHZ-like state can be written as > ¢, A;|isigic). Our
inequality establishes that time-symmetric holographic
states cannot have only GHZ-like entanglement in this
sense (disproving the conjecture of [5]). More generally, if
we model the holographic state by a system with many
qubits, some of them could have GHZ-like entanglement,
but we would then need a sufficient number with other
tripartite entanglement structures contributing to R®) (A : B),
so that the bound is satisfied.

Restrictions on the entanglement structure of holographic
states were previously obtained from the holographic
entropy cone [16], which gives relations between von
Neumann entropies for different bipartitions: for example,
for mixed states on three parties A, B, C, in holographic
states the triple information 75 = S(A) + S(B) + S(C) —
S(AB) — S(AC) — S(BC) + S(ABC) <0 [17], while in
more general states it can have either sign. (There has been
significant further work on holographic entropy inequalities,
including [18-37]. For a review, see [38].) This constraint
shows that generalized GHZ states with four or more parties
do not have semiclassical holographic duals. (An extension
of the holographic dictionary to include nonmanifold
spacetimes was proposed in [39,40] to obtain a holographic
dual of GHZ states. Our discussion is restricted to bulk
spacetimes that are manifolds).

Our result shows that the holographic entropy cone is
only part of the picture of the restrictions on holographic

states. For pure states on three parties, the holographic
entropy cone provides no additional restrictions, so it
cannot rule out the three-party GHZ state. The three-party
GHZ state was ruled out in holography in [8], but their
argument did not rely on an explicit inequality. Our
inequality 1R®)(A:B) > GM® is the first holographic
inequality on three-party states. Our derivation holds for
time-symmetric spacetimes; we leave the general covariant
case for future work.

In the next section, we review the relevant multiparty
entanglement signals and their general properties. We then
describe their proposed holographic calculation, and prove
the inequality  R®) > GM®). We then discuss higher-party
generalizations.

Tripartite entanglement signals—We are interested
in comparing the residual information RG)(A:B) =
Sg(A:B) —I(A:B) and the genuine multientropy GM®).
These are both signals of tripartite entanglement—func-
tions on a pure three-party state [y) 5 that vanish if the
state has only bipartite entanglement. Note that the con-
verse is not true; there can be states with genuine tripartite
entanglement for which these quantities vanish. For the
residual information, this is known to occur for the GHZ
state, but there may also be other tripartite entangled states
that have R®)(A:B) = 0 or GM®® = 0. This is why we
refer to these as signals of tripartite entanglement, as
opposed to measures.

For a pure state |w),pzc, the residual information is
obtained by first tracing over one of the parties to obtain a
reduced density matrix p,z. We construct the canonical
purification |\/p) ,,.pp- and define the reflected entropy
[41] as the von Neumann entropy of the reduced density
matrix on AA* in this state:

Sr(A:B) = Saa(

VP))- (1)

This provides a measure of correlation between A and B in
the state |w),pc- By taking the difference with the mutual
information in p,p,

I(A:B) = S(A) + S(B) — S(AB), (2)

we can cancel out contributions from purely bipartite
entanglement. Thus, the residual information,

RO)(A:B) = Sg(A:B) —I(A:B), (3)

vanishes if |y),pc has only bipartite entanglement [7].
Evidently, R®)(A: B) # 0 signals tripartite entanglement in
the state. Note that this quantity is symmetric, but not
permutation invariant; we would obtain independent quan-
tities by tracing out A or B instead and computing
RB)(B:C) or R®)(A:C).
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The genuine multientropy is similarly defined in terms of
a quantity called the multientropy S©®) [11,12], which is
sensitive to entanglement between the three parties. The

construction of the multientropy is somewhat complicated,

involving defining a set of Rényi multientropies SS) and

taking the limit as n — 1, so we will not review it here. It
was shown in [15] that the difference,

GM®)(A:B:C) = S®)(A:B:C)

—% S(A) + S(B) +S(C)|. (4)

vanishes for states |y) 45 With just bipartite entanglement.
Thus, this is also a signal of tripartite entanglement. Unlike
the residual information, it is permutation invariant on
ABC, as S@) is. Both R®) and GM® are additive under
factorization of the state, so they receive no contribution
from bipartite entanglement between any two parties.

RG)(A:B) is non-negative for any quantum state [41].
No general statement about the non-negativity of GM®) is
known, but it is non-negative in holographic states [14,15].
For the GHZ state [7,9,11],

Rgglz =0, GMg]ZIZ = log V2. (5)

Moreover, for the generalized GHZ state [11],
3) 3) S 1
RgGHZ =0, GMgGHZ = E Mi|210gm- (6)
i=1 i

Tripartite entanglement in holography—Let us now
describe the holographic computation of these quantities.
We restrict to a time reflection symmetric spacetime, and
compute entanglement at the moment of time symmetry.
Evidently, the minimal area surfaces computing these
quantities live on the associated time reflection symmetric
slice. The full boundary state is taken to be pure, and we
divide the boundary into three subregions labeled A, B,
and C.

It is well known that the entanglement entropy is
computed by the Ryu-Takayanagi (RT) surface via

s(4) = 5.

(7)

where I is the minimal area surface homologous to A [1].
The bulk region between the boundary subregion A and the
RT surface T'y is called the entanglement wedge EW(A).

As a consequence of the Ryu-Takayangi formula, the
mutual information between A and B in a pure state on
three parties A, B, C is given by

A

B

FIG. 1. The shaded blue region bounded by the boundary
subregion AB and the minimal surface I'c =15 is the
entanglement wedge EW(AB). The entanglement wedge
cross section y4.p is the minimal surface that separates A and
B within EW(AB).

Al,) + A(Tg) = A(T¢) ’

I(A:B) = iG,,

(8)

where we have used S(AB) = S(C) as the full system ABC
is pure.

In [41], it was proposed that the reflected entropy is
computed by the area of the entanglement wedge cross
section y,.p—the minimal area surface that separates the
subregions A and B within their entanglement wedge
EW(AB):

A(7a.5) .

Sg(A:B) =2

©)

This is illustrated in an example in vacuum anti—de Sitter
(AdS) in Fig. 1.

In [I1], it was proposed that the multientropy
SC)(A:B:C) is computed by the minimal area brane
web Wy.p.c which is anchored at the boundaries of the
subregions A, B, and C, and contains subwebs that are
homologous to each of the subregions A, B, and C:

SG)(A:B:C) :A(%M. (10)

This is illustrated in vacuum AdS in Fig. 2. We will assume
this proposal is valid, although there is a subtlety with the
analytic continuation to n = 1 in calculating the multi-
entropy from its Rényi versions [42]. The brane web is a
collection of surfaces with possible junctions, satisfying
some constraints: in this case, the web must include
subwebs homologous to each of the boundary regions.
We minimize the total area of the web subject to these
constraints. Depending on the details of the subregions A,
B, C, a brane web W,.p.. may be connected or discon-
nected, and may or may not contain nontrivial junctions.

031602-3
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B

FIG. 2. The multientropy S (A:B:C) is computed by the
minimal brane web W,.p.c that separates all boundary sub-
regions A, B, C from each other.

Now we proceed to the derivation of the holographic
inequality. Consider the brane web consisting of the
minimal surface I'- and the entanglement wedge cross
section y4.5. I'c separates AB from C, while y,.p separates
A from B within AB. Therefore, the brane web I'cLly,.5
satisfies the requirements for the brane web Wy .p.c. Note
that this holds regardless of the topology of each subregion.
Therefore, its area must be at least that of the minimal brane
web:

Ac) + A(ra:) 2 AWa:g:c)- (11)

Dividing this equation by 4Gy and subtracting % [S(A) +
S(B) + S(C)] from both sides, we get the inequality

%R@)(A:B) > GM®)(A:B:C). (12)

This holds in any bulk dimension. Note that the left-hand
side of (12) involves a choice of tracing over C, while the
right-hand side is permutation invariant. Thus, there are
three such inequalities for the three choices of residual
information.

Since R vanishes for GHZ-like states while GM®) does
not, it follows that a holographic state cannot have purely
GHZ-like entanglement. Moreover, a holographic state can
only contain tensor factors with GHZ-like entanglement if it
has sufficient other factors which contribute more strongly
to R®) than to GM®).

We have proved (12) in general, but the argument is
abstract, so it may be useful to show that it holds in an
explicit example. We therefore consider the calculation of
both sides in the vacuum AdS; case. For R®) this
calculation was performed in [9]; we briefly summarize
it here. The constant time slice in vacuum AdS; is the
hyperbolic disk, which we map to the upper half plane by a
conformal transformation. The upper half plane has metric
ds? = (1/7%)(dz? + dx?), where we have set the AdS
length scale £33 = 1. We choose a conformal map that

Ya:B
e
Iy Ic
m
A x B x, C

FIG. 3. The upper half plane representation of the hyperbolic
disk, showing the minimal surfaces involved in the computation
of R®(A:B) and the brane web W,.p.c involved in the

computation of GM®),

sends the boundary point between A and C to infinity. The
boundary points between A, B and B, C lie at x; and
X, > xi, respectively; see Fig. 3.

The lengths of the surfaces that compute the entangle-
ment entropies are £, = £ = 10g(zma/€) and £, =
2log[(x, — x1)/€], where € is the radial cutoff and z,,,, is
the IR cutoff. The reflected entropy is given by twice the
length of y4. which is #, = log[2(x, — x;)/€]. Therefore,
the residual information is [9]

1
RO)(A:B) = 1G_log4 (13)
N

This is constant (independent of x;, x,), as expected from
conformal invariance, since we could use the conformal
transformation to set x, > x; to any values.

The multientropy is given by the total length of the brane
web Wy .. ¢ constructed from the surfaces yq, y,, and y3.
We find that 2}, = log[8(x, — x|)zZmax/3V/3€?], which
gives the genuine multientropy [13,14,44]

3 2
GM®)(A:B:C) = ——Ilog

Teved (14)

As earlier, this is constant. Evidently, (13) and (14) satisfy
the inequality (12).

Four-party generalization—In this section, we derive a
similar holographic inequality for four parties. There is a
four-entropy S, defined in [11]. By subtracting a combi-
nation of von Neumann entropies from S, one can define
a one-parameter family of genuine multientropies, labeled
by a parameter a, to obtain a four-party entanglement signal
[44]. The one-parameter ambiguity arises because the triple
information /5, which is a combination of von Neumann
entropies, is itself a signal of four-party entanglement [6],
so this can be included in the four-party genuine multi-
entropy with an arbitrary coefficient. Our interest will be in
the case labeled a = 1/3 in [15]:
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D
A C
B
D
WY
A C
Ya:B
B

FIG. 4. Top: the minimal area brane web W,.p.c.p that
computes S (A:B:C:D). Bottom: a brane web consisting of
the RT surface and the entanglement wedge cross sections.

GMW(A:B:C:D)|,_, 5 =S¥ (A:B:C:D)

1
-3 (s<3>(AB:C:D) + S®)(AC:B: D)

+SCNAD:B:C) + S®(BC:A: D)
+SO)(BD:A:C) + S<3>(CD:A;B))

+% (S(AB) +5(AC) +S(BC))- (15)

This particular combination is non-negative in time-sym-
metric holographic spacetimes [44].

In holography, S“)(A:B:C:D) is again proposed to be
given by a minimal area brane web W,. .. p that contains
subwebs homologous to each of the subregions A, B, C,
and D [11]. If we consider the union of the RT surface I'45
and the entanglement wedge cross sections y,.p in the AB
entanglement wedge and yc.p in the CD entanglement
wedge, this forms a brane web satisfying these constraints.
An example of these surfaces is shown in Fig. 4. Since
Wha.p.c:p 1s the minimal area brane web, we have

ACap) + A(ra:8) + Alrc.p) 2 AWy.p.c:p).  (16)

It follows that holographic states satisfy the inequality

3
8Gy

02 04 06 08 10 1
1 1
—_— E(R3(A:B)+R3(C:D)) e E(R3(A:C)+R3(B:D))
1
— GM® —_ ©) Z ®
a=1/3 M a=1/3 * 3ZGM
FIG. 5. A plot showing the tripartite and quadripartite entan-

glement quantities for vacuum AdS; as a function of the
conformal cross ratio 7. Clearly, the inequalities (17) and (18)
are satisfied.

%(R@(A:B) +R<3>(C:D))

1
_ 3)
a=1/3 + 3 Z oM

S(A)+S(B)+S(C)+S(D)
5 ,

>GMW(A:B:C:D)

=SW(A:B:C:D)— (17)
where the sum in the middle line runs over all distinct
tripartitions of ABCD. It is interesting to note that while the
three-party inequality compared three-party entanglement
signals, this one compares a combination of three-party
signals on the left to a four-party signal on the right. This is
somewhat similar to inequalities in the holographic entropy
cone, which involve von Neumann entropies for different
decompositions of the set of parties. As in the three-party
case, the left-hand side is not permutation invariant, so
there is actually a set of such inequalities.

For the four-party GHZ state |y) = 3 (|0000) + [1111)),

the inequality (17) is violated, as R vanishes while

GM®) =log+/2 and GM® =0 [44]. Since GM®) is
non-negative for holographic states, we also have the
simpler inequality for holographic states:

% <R<3>(A:B) i R<3>(C:D)>

>GMW(A:B:C:D)

i (18)
Note that the four-party GHZ state satisfies this simplified
inequality, as both sides vanish.

As an explicit example, consider vacuum AdS; with the
boundary divided into four connected subregions A, B, C,
and D. Because of conformal invariance, any quantity of
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interest depends only on the conformal cross ratio n € (0, 1)
parametrizing the end points of the subregions. In Fig. 5,
we plot the two sides of the inequalities in (17) and (18) as a
function of this cross ratio, showing that they are satisfied.

This concludes our analysis for four-party entanglement
in holography. An interesting direction for future work is to
systematically study other multipartite restrictions for
higher numbers of parties.
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neighborhood of n = 1. Given that a family of replica-
symmetric saddles exists for all n and is dominant at
sufficiently small n (namely, n = 2), it is reasonable to
similarly conjecture that the replica-symmetric saddles here
determine the behavior in the n — 1 limit, although a formal
proof would be challenging.
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