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We investigate superconducting transmission lines as a novel platform for realizing a quantum fluid of
microwave photons in a propagating geometry. We anticipate that the strong photon-photon interactions
provided by the intrinsic nonlinearity of Josephson junctions are sufficient to enter a regime of strongly
interacting photons for realistic parameters. To prove the potential of this platform, we show that a suitable
tapering of the transmission line parameters allows for the adiabatic conversion of an incident coherent field
into a cold Tonks-Girardeau gas of fermionized photons close to its ground state. Signatures of the strong
correlations are visible in the correlation properties of the transmitted light.
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Leveraging the effective photon-photon interactions
stemming from the optical nonlinearity of the medium,
quantum fluids of light have emerged as a promising new
system to study many-body physics in novel regimes [1,2].
While most experiments so far are in a weak interaction
regime, first steps toward strongly correlated regimes have
been made with the observation of a Mott insulator state
[3], a spectroscopical study of a system of impenetrable
photons [4], and the realization of few-body fractional
quantum Hall liquids [5,6]. These experiments have mostly
been carried out in cavity configurations where losses are
intrinsically needed to establish the steady state and to
measure the quantum state of the photon gas.

On the other hand, systems with propagating geometries
[7] can be ideally operated in regimes with no losses where
propagation is described by unitary evolution under the
exchange of the role of spatial and temporal coordinates
[8,9]. Most experiments so far have used visible light and
focused on weakly interacting gases, with observations of
superfluidity [10], thermalization, and condensation phe-
nomena [11,12]. At the same time, pioneering works have
started exploring regimes with stronger nonlinearities,
leading to the observation of marked antibunching and
few-photon bound states [13,14]. However, the observation
of strongly quantum correlated many-body states has so far
remained elusive.
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Capitalizing on the development of circuit-QED tech-
nologies [15], superconducting nonlinear transmission lines
have experienced dramatic advances in recent years, e.g., in
view of realizing quantum limited amplifiers—the so called
traveling wave parametric amplifiers (TWPA) [16]—and
generating squeezed states of microwave fields [17]. The
design flexibility of state-of-the-art TWPAs and the strong
nonlinearities provided by Josephson junction (JJ) elements
[18] make these devices a natural platform to study and
generate strongly correlated gases of microwave photons.

In this Letter we derive an effective quantum theory for the
propagation of the microwave photon field in a super-
conducting transmission line in terms of a unitary
Hamiltonian evolution, which provides a powerful tool
for predicting quantum optical features. As a proof of
concept to demonstrate the potential of our approach, we
show how a suitable tapering of the transmission line
parameters allows for converting a monochromatic and
fully coherent incident radiation into a one-dimensional
Tonks-Girardeau (TG) gas of impenetrable photons [19,20].

While the incident coherent field is straightforwardly
obtained with commercially available microwave genera-
tors, the TG gas is a remarkable many-body state where
strong optical nonlinearities make bosonic photons behave
analogously to fermionic particles. In contrast to the strong
size limitations of TG gases of ultracold atomic clouds
[21,22], our scheme can generate a TG gas of an indefi-
nitely large number of photons just by operating the device
for a macroscopically long time and, at the same time,
offers direct access to the correlation functions of the TG
gas. Beyond antibunching, distinct signatures of the fer-
mionized behavior [23] of strongly interacting photons
appear as Friedel oscillations in the second-order correla-
tion function. The correlated nature of the gas is also visible
in the speed of the light-cone propagation of excitations

Published by the American Physical Society


https://orcid.org/0009-0001-8706-6023
https://orcid.org/0000-0002-6155-095X
https://orcid.org/0000-0002-6094-4797
https://orcid.org/0000-0002-9838-0149
https://ror.org/02dp3a879
https://ror.org/05trd4x28
https://ror.org/05trd4x28
https://ror.org/00nhs3j29
https://crossmark.crossref.org/dialog/?doi=10.1103/g262-dlhf&domain=pdf&date_stamp=2026-11-03
https://doi.org/10.1103/g262-dlhf
https://doi.org/10.1103/g262-dlhf
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 137, 193601 (2026)

(a) ¢n71 I%L_l ¢n I'cmn ¢n+1 L n+1¢ +2 e e (b) 1

7] S A e A
Wor—=+
N y | I VAR
TR U s U T e A VA
= L Lt = 3
4 —a d %
5 N S o “ "
o 0 At
FIG. 1. (a) Sketch of the transmission line model, composed of unit cells of length a with a capacitor C,, to ground and a series of N JJs

characterized by a critical current /., and a capacitance C,,, whose values are tapered along the propagation. The monochromatic
coherent incident radiation, characterized by a flat second order photon correlation function g,(At), is converted into a gas of
fermionized photons, with a g,(Af) showing antibunching and Friedel oscillations. (b) Sketch of the linear dispersion relation of the
transmission line (solid blue line), together with the quadratic approximation around the carrier frequency @, (dashed black line). The
incident monochromatic field is localized in frequency (red dot), whereas the fermionized photon gas after propagation has a finite

spread in frequency (orange area).

after a sudden ramp [24], which follows the prediction of
the Lieb-Liniger (LL) model [25,26]. Realization of the TG
gas represents a first step toward the realization of many
other strongly correlated states of light, such as a macro-
scopically sized Mott insulator of photons. Beyond funda-
mental science, the resulting array of single-photon wave
packets opens remarkable opportunities for quantum
technologies.

We model a nonlinear superconducting transmission
line based on JlJs, as sketched in Fig. 1(a), with the
Lagrangian [27]

ZCO n¢2 ZC],H (¢n+l - ¢n)2
OZILnCOS |: ¢n+1 ¢n>j| (1)

c1rcu1t

The flux variables ¢, are defined such that the super-
conducting phase difference across a JJ at position n is
@n =27(ppp1 — Pn)/ Dy, With @y = h/2e being the mag-
netic flux quantum. Furthermore, /., is the critical current
of the JJ, C; , is its capacitance, and C , is the capacitance
to ground. Assuming a spatially homogeneous line and
restricting to quadratic terms in the fields in the Lagrangian,
we obtain the linear dispersion relation of the transmission
line, plotted in Fig. 1(b),

) , 4csin 2 (k)

TP desin? (ka)”

(2)

Here, we assumed the unit cells to have constant length a,
c=C,;/Cy, wp = 1/+/L,;C; is the plasma frequency, and
L; = ®,/(2xl,) is the inductance of the JJ.

Nonlinear effects can be modeled assuming a low field
amplitude. This amounts to expanding the cosine in the
Lagrangian of Eq. (1) up to the fourth order in the small
parameter ¢, /®, and leads to the action S =S; + Sy,,
which consists of a linear and nonlinear part, with

= [ |G Y (=)
-5 X =)
Su = [ dr [MILJ (6) -0 0

Note that this form holds for generic transmission lines
involving components whose current-phase relation is
(¢ + ¢*) = ¢/L; — y¢*, such as superconducting quan-
tum interference devices (SQUIDs) [28], Superconducting
Nonlinear Asymmetric Inductive eLements (SNAILSs) [29]
operated in suitable regimes where three-wave mixing is
negligible, or other possible architectures [30].

By introducing a continuous spatial coordinate 7 = an
along the propagation direction and expanding the
field ¢, in Fourier components ¢(z,1) f dk/(2n)
[do/(2n)A(k, ®)e ¥ with A(—k,—w) = A*(k,w),
we obtain for the linear action

o [ 5 [SrmkwPFke). @)
-’ [1 + 4csin? <k7a>] + dcwsin? <k7”> (5)

describes the linear dispersion relation via F(k,w) = 0. In
the following, we restrict to circuit parameters inside the
superconducting phase of the Josephson transmission line,
in order to avoid the insulating behavior [31]. This roughly
corresponds to working in regimes where the charging
energy of the ground capacitance is comparable or smaller
than the Josephson energy (see End Matter).

Within the slowly varying envelope approximation
(SVEA), we can expand F(k,w) around the carrier wave
vector ko and frequency w, [see Fig. 1(b)]:

Here,

F(k,w) =
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with A(8k = k — k.60 = w — wy) = A(k,®). The group
velocity and curvature are evaluated at (ky, @) as v, = 0@
and D = 0%k = —v,;?d}w, and can be expressed in terms of
derivatives of F via explicit formulas (see Supplemental
Material [32]).

Introducing the slowly varying field ¢, defined via
P(z, 1) = e'koz=@0 g (7 1) + c.c. and computing the non-
linear term within the zeroth order SVEA, the total action
reads as

=2
- / dr / dc:c{ih(pga,fpoﬂh%(/)ga@o
g

h 3D
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Here, we exchanged the role of space and time via the
change of variables { = 17, and 7 = 7/, with 7, being an
(arbitrarily chosen [36]) reference velocity and C being an
overall normalization factor [see Eq. (A1)], which plays a
crucial role in the quantum theory since it modifies the
commutation relations.

We note that Eq. (7) is the action of a non-
linear Schrodinger equation [37] with a drift velocity
term, which can be removed by a change of variables

I=¢- v2 fo -1(z')d7 . In the following we consider that

the 01rcu1t parameters slowly vary with the position z along
the transmission line, so all parameters in our action slowly
depend on the effective time z.

From the action in Eq. (7) we derive an effective
quantum theory by imposing equal-z commutation rela-
tions on the field (250 and its conjugate momentum [8,9]:

(B0 (¢. 7). 11y, (¢ 7)] = inS(E &), (8)

Introducing the field operator,

7) = V/C()do(¢. 7). ©)

satisfying  bosonic commutation relations [W(¢,7),
¥, 7)) = 6(¢ = ¢'), one obtains a Hamiltonian in the
usual form of a one-dimensional Bose gas [23] with
contact interactions of strength ¢(z) = §/C(r) and mass
m = —h/(53D) [39]:

0? g N
= [ a0 w0+ 50 R )| (10

For repulsive interactions the eigenstates of this LL
Hamiltonian [25,26] are determined by the dimensionless
interaction parameter y = mg/(h*p), where p is propor-
tional to the incident photon flux, as discussed later. As a
peculiarity of our one-dimensional geometry, the impact of
interactions increases for decreasing density p. In the strong
interaction limit y > 1 [40], the Bose gas approaches the
y — ooTG regime, where it displays an effective fermionic
behavior [20].

Moving back to our specific superconducting trans-
mission line model, we first note that, according to the
explicit formulas given in the End Matter, both the mass m
and the interaction strength ¢ are negative: modulo an
overall sign in the Hamiltonian (which has no effect on the
dynamics of an isolated system), the physics then recovers
the one of a repulsively interacting gas. Second, the density
p of the Bose gas can be related to the incident photon flux
by p=®,,/7, (see End Matter): the t-translationally
invariant stationary states under our monochromatic
pump correspond to a spatially homogeneous gas in §
with no limitation on its size. Furthermore, the two-time
correlation functions g ,(At = t, — t;, z = L) after propa-
gation along a transmission line of length L = Na are given
by the corresponding two-position correlation functions
gl_z[AC = 6_,12 - Cl = Dg(lz - tl),T = L/’I_}q] of the Bose
gas. Finally, while g,, is ideally measured with single-
photon detectors, schemes to also measure it for microwave
photons using linear amplifiers and quadrature amplitude
detectors have been developed [41-43].

According to the general theory of the TG gas [23],
photon fermionization is apparent in the second-order
photon correlations of the ground state

(11)

1680 = 1 - (sin(;rd)phAt))2:

ﬂ'(DphAt

a full antibunching is visible at short delays A¢, followed by
Friedel oscillations at larger A¢. While the antibunching can
be explained in terms of a two-photon blockade mechanism
[13,42] persisting at finite temperatures, the Friedel oscil-
lations are a true many-body effect resulting from the
quantum correlated nature of the ground state.
Their many-body origin is apparent in the value of their
frequency, which is set by the photon flux ®,, and
corresponds to the Fermi wave vector. This is in contrast
to resonance fluorescence [44], where the oscillations
in g, are set by the Rabi frequency proportional to the
amplitude of the incident electric field. On the other
hand, the first order correlation function in the ground
state monotonically decays at large time delays as a power
law [23]:

1

\/ﬂ'q)ph|At| '

TG(At) ~ (12)
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FIG. 2. Second (a),(c) and first (b) order correlation function of the microwave field transmitted by the transmission line sketched in
Fig. 1(a). The ramp of the circuit parameters is shown in (d), with a constant plasma frequency of w, = 1/1/L;C; =27 x5 GHz, a
constant ground capacitance Cy = 30 fF, and an incident coherent field frequency w,/2z = 4.25 GHz. The incident photon rate is
D, =7 x 107 s7" in (a) and (b) and varies according to the legend in (c). The number of cells N of the transmission line varies
according to the legend in (a) and (b) and is N = 87931 for (c). The dashed black line in (a) and (b) is the numerical ground state
prediction computed numerically at the final value y = 33.2, whereas the dashed-dotted line in (c) is the analytical TG result in the

y = oo limit.

In order to observe such a quantum correlated many-body
state, we propose slowly varying the nonlinear properties of
the transmission line to adiabatically convert an incident
monochromatic and fully coherent radiation of frequency
@, into a TG gas of fermionized microwave photons close
to the many-body ground state. In stark contrast to most
experiments so far [7,12,13], which involve fast variations
of the optical nonlinearity upon entering the medium and
thus lead to highly excited states, we propose slowly
varying the parameters of the transmission line in space
to adiabatically increase the LL parameter y.

As the LL model is gapless [26] and the adiabatic
theorem cannot be directly applied [45], we employ
7-dependent infinite tensor-network algorithms [32-34]
to numerically simulate the full many-body problem of
the microwave propagation along the transmission line.
The specific adiabatic ramp in the temporal variable 7 used
in the numerics corresponds to the spatial variation of the
circuit parameters along the transmission line sketched in
Fig. 1(a): Cy and wp = 1/+/L,;C; are kept constant while
L; and C; are changed as shown in Fig. 2(d).

Note that our theory assumes from the outset that light is
unidirectionally propagating along the transmission line
and no reflections occur at its terminations. This can be
ensured by impedance matching the transmission line with
the input-output lines, e.g., with a suitable further tapering.
Note that this latter tapering at the edges of the line can be
done on a length scale of the order of the microwave
wavelength, which imposes a much less severe constraint
on the transmission line length than the many-body
adiabaticity discussed above.

In Fig. 2, we show the correlation properties of the
stationary microwave field that emerges after propagation
along the tapered transmission line. In the figures, the
propagation length is measured in terms of the number of
cells N in the transmission line, which does not depend on
the physical size a of the cell. The second order correlation
function g, is shown in Fig. 2(a) for increasing values of the

transmission line length but a fixed shape of the ramp
profile. The short distance antibunching due to the repul-
sive contact interactions is visible in all curves, while the
Friedel oscillations typical of the TG ground state
[Eq. (11)] are well visible for the longest transmission
line. This indicates that the gapless spectrum does not
prevent the adiabatic evolution from approaching the
ground state provided the transmission line is sufficiently
long. The good agreement with the exact ground state at the
final y value is a quantitative verification of the efficiency of
our adiabatic preparation scheme. Going deeper into the
y — ooTG limit would only slightly increase the amplitude
of Friedel oscillations (see End Matter). The accurate
preparation of the TG ground state is further illustrated
in the plot of the first order correlation function shown in
Fig. 2(b): for the longest transmission line, g¢;(A?)
approaches the power-law scaling of the TG ground state,
again in good agreement with the exact ground state. Our
specific simulations show that a number of cells around
N ~ 8.8 x 10* is sufficient to generate a TG gas close to the
ground state. While this value is somehow larger than
existing waveguide devices [46], much longer devices in
the range of interest are routinely used for metrological
applications [47].

In addition to fabricating longer transmission lines, the
efficiency of the adiabatic ramp can also be improved by
increasing the incident photon flux, as shown in Fig. 2(c),
which softens the adiabaticity constraint on the length of
the transmission line. This trick however faces limitations:
the LL parameter y decreases with @, but has to remain in
the y > 1 strong interaction regime. On top of this,
increasing @, also increases the spread in the frequency
distribution of the TG ground state, so the SVEA might
eventually break down. A detailed discussion of the validity
of our approximations for realistic parameters is given in
the End Matter.

A further way to reduce the required length of the
transmission line utilizes an overall scaling invariance of
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FIG. 3. Propagation of correlations after a moderately fast ramp
during N, = 263 cells [same ramp parameters as in Fig. 2(a)]
followed by a uniform region with constant transmission line
parameters. (a) Color plot of the second order photon correlation
function g, (Ar) as a function of the propagation length in units of
unit cells N. The color of the dashed lines corresponds to the
different curves in (b); the arrow indicates the end of the ramp.
The dashed white line indicates motion at the expected LL speed
2¢; ;- (b) Plots of the first order correlation function g, (Af) at
different propagation lengths n. The gray dashed line is an
exponential fit of the short time decay of the longest-Z curve; the
horizontal dashed lines are the large Ar asymptotes. For each
propagation length 7, the intersection between these two lines
(colored points) defines A#(7). The excellent agreement of the
numerically extracted Az(71) (dots) with the theoretically ex-
pected light-cone spreading at the LL speed c¢;; (solid line) is
shown in (c).

the Hamiltonian. The temporal variable 7 can be reduced by
a factor a by realizing a rescaled Hamiltonian aH, which
can be achieved by uniformly increasing L,(z) by a while
keeping Cy, C;(r), and r constant. Further improvements
may be obtained by designing more complex transmission
lines based on SQUIDs or SNAILS or opening a gap in the
linear dispersion via a periodic modulation of the trans-
mission line parameters.

As an alternative strategy, it is interesting to note that
signatures of the quantum correlated nature of the strongly
interacting photon gas are already visible for moderately
short transmission lines. In Fig. 3 we show the correlation
properties of the transmitted microwaves for a transmission
line configuration displaying a relatively fast spatial ramp
over N, cells followed by a uniform region of varying
length 7 = N — N, (parameters in the caption). On top of
the always visible antibunching at small A¢, an additional
positive bump develops in g,(Af) after the ramp, whose
position shifts to larger At for growing 7, as shown in
Fig. 3(a).

A related interesting dynamics is visible in the dynamics
of the first order correlation function g¢;(Az) during
propagation shown in Fig. 3(b). Analogous to the recent
atomic experiment of Ref. [48], immediately after the fast
ramp the g, (Ar) correlation function retains memory of the
initial coherent state, but its late-time value at large At
progressively drops during propagation along the uniform
part of the transmission line. As done in Ref. [48], we
model g;(At¢) at small At with an exponential decay
g1(At) ~e7TA" and a At-independent (but n-dependent)

value at large At. For each value of n, the transition point
between the exponential and constant region is computed
by locating in Fig. 3(b) the intersection point between the
horizontal lines at the asymptotic constant values and the
short-distance exponential decay.

As 7 increases, this transition point Az between the two
regions is expected to move outward according to the
typical light cone spreading [49] D;0;Ar = 2¢;; with
Z = an. In contrast to the weakly interacting fluids of
recent atomic [48] or photonic [24] experiments, however,
the light-cone expansion speed c;; is here determined by
the many-body LL model [25,26]. As shown in the inset of
Fig. 3(c), the value of the speed extracted from the
numerical data differs from the expected theoretical LL
value by only 0.5%.

To summarize, we have developed a theory for the
propagation of microwave photons in a strongly nonlinear
superconducting transmission line. Exchanging the role of
space and time, propagation along the line can be described
in terms of the Hamiltonian evolution in the form of an
interacting one-dimensional Bose gas. Using this theory we
propose a scheme to generate a Tonks-Girardeau gas of
impenetrable photons with effective fermionic properties.
Using a suitable tapering of the transmission line, an
adiabatic preparation of the ground state is anticipated;
for faster ramps, signatures of strong quantum correlations
are visible in the light-cone propagation of excitations at a
speed determined by the Lieb-Liniger model of one-
dimensional interacting bosons. As a key advantage with
respect to cavity configurations, the continuous-wave
operation of our propagating scheme allows for overcom-
ing the limitations in the spatial size of the system and, thus,
opens the way to realizing gases of a macroscopic number
of photons.

As natural next steps, we plan to address more complex
transmission line geometries with an optimized dispersion
relation and more sophisticated SQUID or SNAIL ele-
ments. This will allow for reinforcing the adiabaticity
condition and, in this way, reducing the requirement on
the transmission line length. Even though our discussion
was focused on a specific circuit-QED setup, our predic-
tions are straightforwardly extended to generic strongly
nonlinear waveguide systems, both in the microwave and
optical regimes, including kinetic inductance devices [50],
polaritons in solid-state systems [51-53], and Rydberg-EIT
configurations in atomic gases [13,14]. As future perspec-
tives, our approach can be used to explore degenerate gases
of multiphoton bound states under attractive interactions
[54] and strongly interacting Bose gases in multiwaveguide
geometries in the presence of synthetic magnetic fields [55]
to realize, for instance, two-dimensional fractional quantum
Hall liquids of light.
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End Matter
Dependence of Bose gas properties on circuit @ S, (b) o © -
parameters—The explicit forms of the physical 030 ) 05 ‘

quantities in Eqs. (7) and (10) are as follows. The
overall normalization of the action is

_ry/=(1+40)r +4c

c - (A1)
heL v,
The group velocity is
@p 2 2
vg:7a\/—(1+4c)r +4c(l=r*). (A2)
The mass and interaction constant of the one-
dimensional Bose gas are
2 ah [—(1+4c)r* +4c)?(1=r?
e CRAN(HAOR AR
2 vyr 14+ 12c -7
_ (2=x thiéLJ r (A3)
I="\@,) "2a (o) rad(1-r)7

Here, we used the shorthand r = wy/wp, wp = 1/1/L;Cy,
and c = C J / Co.

The density of the Bose gas can be derived from the
incoming photon flux @, by noting that the energy per unit
length transported by incoming photons traveling at v, is
& = hwy®@;,/v,. This must equal the energy density
computed from Eq. (1) for a plane wave in the linear
regime. Imposing a plane-wave form of ¢,,, inserting it into
the Hamiltonian corresponding to the Lagrangian of
Eq. (1), and expressing the resulting energy in terms of
the expectation value of the Bose field ¥ of Eq. (9), we
get &, = hwyv,|¥|*/v,, which immediately implies that
p= |\P|2 = (I)ph/ﬁg'

Validity of approximations—As explained above, our
approach is based on expanding the linear dispersion
relation up to second order around the -carrier at
(ko, o). This SVEA approximation must hold
throughout the full propagation and in particular in the
TG regime. As the spread in frequency of the TG
ground state is given by Aw = z®,, the condition for
the third order dispersion term to be negligible reads as

Ak

0w’

0’k

0w?

1

2

T

> Dy (B1)
k(] 6

ko

The ratio of these two quantities is plotted in Fig. 4(a):
the fact that it is indeed much smaller than one for the
chosen parameters validates our approximation.

In Fig. 4(b) we plot the maximum relative variation of
the interaction constant g in the spectral region Aw of

0.0150
0.0125
03 0.0100

0.2 0.0075

00 05 10 00 05 10 00 05 10
n/N n/N n/N

g 1
3\ 10
S 3.
Superconductor
13

Insulator

2 4 6 8 10 12

FIG. 4. Validity of the approximations. First correction to
parabolic dispersion (a), variation of the contact interaction
parameter (b), and field amplitude (c). (d) Phase diagram of
the transmission line as in Ref. [31]. The solid line represents the
chosen parameters for the tapered transmission line. Parameters
are as in Figs. 2(a) and 2(b) in the main text.

interest: while the variation is moderate but significant, it is
not expected to impact the validity of our findings since a
slight variation of the interaction strength does not affect
the overall many-body properties of the TG gas.

Moreover, in Fig. 4(c) we show the field amplitude
¢o/Dy: its small value supports our expansion of the cosine
in Eq. (1) up to the quartic term only.

Finally, in Fig. 4(d) we show the phase diagram of the
transmission line as a function of the ratio of the two
capacitances and of the Josephson E; = ®}/(4x°L;) and
charging E¢, = (2¢)?/C, energies, as computed in
Ref. [31], and we show that we always lie on the super-
conducting side along the whole transmission line.

Effect of a finite interaction constant y—In Fig. 2 of
the main text, we showed the numerically calculated
correlation functions of the field after the ramp. The
ground state correlation function at finite y was
computed by means of an imaginary time evolution on
the infinite-MPS ansatz [34]. In Fig. 5, the result for a

.00 P ———— Lo~y
AN
0.75 / 0.8
~ / —
Jo.s0 ] Jo6 N
= ; =

025) . 04

0 1 2 3 4 0 1 2 3 1
At Dy, At @y,

FIG. 5. First (left) and second (right) order correlation functions
in the TG limit (gray dashed-dotted line) and for the finite y ~
33.2 (black dashed line) used in the text.
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value y ~ 33.2 corresponding to the end of the ramp is
compared to the predictions for the TG gas at y — oo.
The good agreement of the curves show that for this
value of y we are already well into the TG regime. The
only qualitative effect of the finite y is a slight reduction
of the amplitude of the Friedel oscillations.

Comment on experimental feasibility—In this section,
we comment on the experimental feasibility of the
proposed experiment.

Sampling rate for g; ,(At):First, fast resolution around
2-3 ns is required to resolve features in the pair correlation
functions shown in the main text. While experimental
observations so far [41,42] report a resolution of around
10 ns, the slight increase of the sampling rate that is needed
to resolve these features is well within the possibility of
state-of-the-art electronics. This comes at the price of
increasing the noise bandwidth. The ensuing reduction
of the signal to noise ratio can be compensated with a
longer sampling time, allowing for detecting small features
like the Friedel oscillations. Alternatively, one may also
consider increasing the characteristic timescale of the
correlation features, which is inversely proportional to
the incident photon flux. As this comes with the price of
a smaller characteristic energy, a compromise would need
to be taken with the device length to preserve adiabaticity.

Range for the plasma frequency: While the proposed
value of 5 GHz for the plasma frequency is lower than the
typical parameters for Josephson junctions (JJs), high-L;
junctions with low plasma frequencies in this range have
been fabricated in state-of-the-art devices [56-58].
Moreover, replacing simple JJs with more sophisticated
geometries such as SQUIDs or SNAILs [28,29] enables a
further reduction of the effective plasma frequency by
exploiting their flux tunability.

Number of cells: We note that, for the specific ramp
that we considered, a transmission line with a number
N =~ 8.8 x 10* of cells is largely sufficient to adiabatically
generate a Tonks-Girardeau gas close to its ground state.
While this value is around an order of magnitude
larger than the currently existing waveguide devices
[46], it is well comparable to the one of Josephson arrays
for metrological applications [47]. Furthermore, the con-
straint on the device length can be loosened by further
reducing the effective plasma frequency, as explained in the
main text, or by engineering the linear dispersion relation in
order to reduce the effective mass m of the Bose gas.
This can be done, for example, by considering a
two-site unit cell and periodically modulating the junction
parameters [59].

Effect of the photon losses and disorder: In an actual
experimental setup, losses, though small, are generally
unavoidable. Their main effect in our fermionized system is
to heat up the gas, due to the fact that losing a fermion
creates a hole excitation in the Fermi sphere. An upper
bound on the excitation energy resulting from a fractional
intensity drop of # = 1 —1;/1;, can be estimated assuming
that all particles are lost at the center of the Fermi sphere.
This gives AE/E, = 3f/(1 — f8)?. From this we expect that
a typical temperature of 7 ~ 0.2Ty, for which Friedel
oscillations are damped by a factor of 2, results from a
loss of # & 6%. We note that this is a worst-case estimate, as
losses occurring during the initial part of the propagation do
not actually result in gas heating due to the coherent nature
of the photon gas in the early stages of propagation. Finally,
we expect that a small disorder along the transmission line
does not result in a sizeable heating of the gas as disorder
corresponds to a small shaking of the gas parameters on
extremely fast timescales, which is therefore averaged out.
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