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We prove the invariance of scalar Feynman graphs of any planar topology under the Yangian level-one
momentum symmetry given certain constraints on the propagator powers. The proof relies on relating this
symmetry to a planarized version of the conformal simplices of Bzowski, McFadden, and Skenderis. In
particular, this proves a momentum-space analogue of the position-space conformal condition on
propagator powers. When combined with the latter, the invariance under the level-one momentum implies
full Yangian symmetry of the considered graphs. These include all scalar Feynman integrals for which a
Yangian symmetry was previously demonstrated at the level of examples, e.g., the fishnet or loom graphs,
as well as generalizations to graphs with massive propagators.
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Since the pivotal work of ’t Hooft [1], it is clear that the
planar limit contributes a great deal to our understanding of
quantum field theory (QFT). This becomes particularly
apparent in the context of the AdS/CFT duality, where
integrability emerges in the ’t Hooft limit of a higher
dimensional conformal field theory [2]. The associated
computational tools provide access to QFT data that is out
of reach of traditionalmethods. The latter typically rely on the
computation of Feynman integrals, whose mathematical
structures are currently the subject of great research efforts
[3,4]. These developments are driven from various directions,
including precision particle physics, gravitational wave
phenomenology, or connections to pure mathematics. In this
Letter, we study the emergence of integrability when “plana-
rizing” Feynman integrals. We start with the case of generic
(nonplanar) simplex integrals that were shown to be invariant
under a momentum-space conformal symmetry [5,6]. The
edges of these simplices represent momentum-space propa-
gators, while faces correspond to loop integrations. Reducing
this setup via a planarization prescription, cf. Fig. 1, we show
that the original momentum-space conformal invariance
implies a nonlocal Yangian level-one momentum symmetry
of the resulting dual (or region-momentum) graphs. In the
presence of position space loops, this symmetry requires
certain constraints on the propagator powers, which follow
from our prescription for planarizing simplex graphs via soft

limits of external momenta. We note that, in [7,8], these
constraints were formulated on the basis of examples. When
imposing dual conformal symmetry via additional constraints
on the propagator powers, this implies invariance under the
full conformalYangian and, thus, integrability.We extend this
setup to include configurations with massive propagators,
thus, unifying all previous instances where a Yangian
symmetry of scalar Feynman integrals was observed
[7–13]. In particular, this includes the fishnet, loom, and
massive graphs associated to particular QFT models [14–18]
for which Yangian invariance was shown on a case-by-case
basis, e.g., by using the so-called “lasso method.” Before
proving the announced results, we briefly review some input.
Conformal invariance of mesh integrals—The first fact

we will need is the conformal invariance of so-called mesh
integrals [6], which represent a special case of simplex
integrals and are defined as

Mδ
nðp1;…; pnÞ ¼

Y

1≤i<j≤n
Cij

Z
dDqij
πD=2

1

q
2ðαijþD=2Þ
ij

×
Yn

k¼1

ð2πÞDδðDÞ
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qik

�
; ð1Þ

FIG. 1. Planarizing a momentum-space Feynman graph.

*Contact author: loebbert@uni-bonn.de
†Contact author: lucas@rueenaufer.de
‡Contact author: sstawins@uni-bonn.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 135, 151603 (2025)

0031-9007=25=135(15)=151603(8) 151603-1 Published by the American Physical Society

https://orcid.org/0000-0001-5797-9924
https://orcid.org/0009-0002-6354-2424
https://orcid.org/0009-0007-3246-6357
https://ror.org/041nas322
https://crossmark.crossref.org/dialog/?doi=10.1103/fvzk-dp1b&domain=pdf&date_stamp=2025-10-10
https://doi.org/10.1103/fvzk-dp1b
https://doi.org/10.1103/fvzk-dp1b
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


where the qij satisfy qij ¼ −qji. Hence, these are (momen-
tum-space) Feynman integrals corresponding to n-gon
graphs with an external momentum entering at each vertex
and every vertex connected to every other vertex by an
internal propagator. The power of the propagator which
connects vertices i and j is given by αij þD=2. The
normalization factors are defined as

Cij ¼
4αij

Γð−αijÞ
Γ
�
D
2
þ αij

�
; ð2Þ

with the Γ function in the denominator playing a regular-
izing role below.
We will mostly focus on the reduced mesh integrals Mn,

which are stripped from the overall momentum conserving
δ function and depend only on the external momenta
p1;…; pn−1

Mδ
nðp1;…; pnÞ ¼ ð2πÞDδðDÞ

�Xn

i¼1

pi

�
Mnðp1;…; pn−1Þ:

ð3Þ
The crucial information about mesh integrals that we will
need in the following, is that they are conformally invariant,
i.e., they are annihilated by the (momentum-space) con-
formal algebra for an appropriate choice of (momentum-
space) scaling dimensions Δ̄i. This invariance can be
formulated on the reduced mesh integral, which satisfies
the special conformal Ward identity [6]

K̄μMnðp1;…; pn−1Þ ¼ 0; ð4Þ
with the generator given by

K̄μ ¼
Xn−1

i¼1

K̄μ
i ¼

Xn−1

i¼1

ðpμ
i ∂

2
pi
− 2pν

i ∂pi;ν∂
μ
pi − 2Δ̄i∂

μ
piÞ: ð5Þ

For this invariance, the (momentum-space) scaling dimen-
sions have to be chosen as [6]

Δ̄i ¼ Dþ
Xn

j¼1

αij; i ¼ 1;…; n − 1; ð6Þ

where we defined αii ¼ 0 and αij ¼ αji for i > j. Note that,
when formulating the Ward identity on the full mesh
integral, including the momentum conserving δ function,
the nth scaling dimension Δ̄n also enters and is fixed by the
dilatation Ward identity, see Appendix A.
From momentum to region momentum space—

The second fact we will need is the connection of the
momentum-space special conformal generator to the non-
local Yangian level-one momentum generator P̂μ in dual
momentum coordinates xμi . To this end, consider some
function Inðp1;…; pn−1Þ of n − 1 linearly independent
external momenta, which is annihilated by the special
conformal generator for fixed scaling dimensions Δ̄i:

K̄μInðp1;…; pn−1Þ ¼ 0. Now, consider the transformation
pi ¼ xi − xiþ1 to the region momentum variables xi for
i ¼ 1;…; n − 1. Note that this map requires an ordering of
the external legs, and in the following In will be identified
with a planarized mesh function Mn. Interpreting the
function Inðp1;…; pn−1Þ as a function Inðx1;…; xnÞ of
the region momenta and implementing the transformation
on the special conformal generator, the special conformal
Ward identity turns into the P̂ Ward identity [12] (Note that
we discard an additional term proportional to a pn
derivative, which annihilates the δ-stripped integral.)

P̂μInðx1;…; xnÞ ¼ 0: ð7Þ
Here, thenonlocal level-onemomentumoperator is defined as

P̂μ¼ i
2

X

1≤j<k≤n

�
PμjDkþPjνL

μν
k −ðj↔kÞ�þ

Xn

j¼1

sjP
μ
j ; ð8Þ

in terms of the conformal momentum, Lorentz, and dilatation
generators, respectively,

Pμj ¼ −i∂μxj ; Lμν
j ¼ iðxμj∂νxj − xνj∂

μ
xjÞ;

Dj ¼ −iðxjμ∂μxj þ ΔjÞ: ð9Þ
Together with the x-space conformal Lie algebra generators,
the operator P̂μ generates the infinite dimensional Yangian
algebra, which underlies the integrability of rational inte-
grablemodels (see, e.g.,Ref. [19] for a review). P̂μ dependson
the scaling dimensions Δi and the so-called evaluation
parameters si. These are related to the momentum space
scaling dimensions Δ̄i through [12]

Δ̄i¼
1

2
ðΔiþΔiþ1þ2si−2siþ1Þ; i¼1;…;n−1: ð10Þ

Since we are not necessarily considering functions invariant
under the position space conformal algebra, the scaling
dimensions Δj are merely some parameters which could
be absorbed into the evaluation parameters. In the following,
we choose Δj to equal the power of the external propagator
connected to the point xj.
Proof of P̂ invariance—Now,wewill prove that all planar,

massless (position-space) Feynman graphs with generic
external kinematics are annihilated by the P̂ operator, as
long as specific constraints on the propagator powers hold.
Tree graphs from propagator-power limits: First, con-

sider a generic planar tree-level graph with position-space
representation

Inðx1;…; xnÞ ¼
YnþL

k¼nþ1

Z
dDxk
πD=2

Y

e∈E

1

x2aee
; ð11Þ

for generic propagator powers ae. Here, E is a set
of edges and x2e ¼ ðxi − xjÞ2 denotes the squared distance
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between the end points i, j of edge e. Under the trans-
formation pi ¼ xi − xiþ1, we can reinterpret this integral as
a function of n − 1 momenta Inðp1;…; pn−1Þ, with the
corresponding graph being the dual graph of the original
graph. Since the original graph was a tree graph, this dual
graph is outer planar, i.e., all of its vertices lie on the
boundary. This is true by definition of graph duality.
Note that all vertices are connected to the incoming
momenta p1;…pn−1; pn ¼ −

P
n−1
i¼1 pi.

The fact that the momentum space graph, which is dual
to our position space tree, is outer planar, guarantees that
the corresponding momentum-space Feynman integral
corresponds to a particular mesh integral introduced in
the previous section with some propagators removed, see
Fig. 2. The latter is easily implemented on the mesh
integral by sending the corresponding α parameter(s) to
zero: αij → 0 for ðijÞ∈A, where A is the set of propagators
to be removed. The reason is the following identity:

lim
α→0

1

Γð−αÞ
1

q2ðD=2þαÞ ¼
πD=2

Γ
�
D
2

� δðDÞðqÞ; ð12Þ

which, under the qij integral in (1), implies that the limit
αij → 0 removes the corresponding propagator from the
mesh integral. Hence, we can view the (position-space tree)
integral In as a (reduced) mesh integral

Inðp1;…; pn−1Þ ¼ lim
αij→0

ðijÞ∈A

Mnðp1;…; pn−1Þ: ð13Þ

The nonzero αij parameters are determined by the propa-
gator powers of the Feynman integral via αij ¼ ak −D=2
for some appropriate k.
Now the proof of P̂ symmetry of the original tree

Feynman integral Iðx1;…; xnÞ is quite straightforward.
After reading off the αij from the graph, we fix the
(momentum-space) scaling dimensions, which relate to

the evaluation parameters via (10). Combining the results
reviewed in the previous section, we then have

0 ¼ K̄μ lim
αij→0

ðijÞ∈A

Mnðp1;…; pn−1Þ

¼ K̄μInðp1;…; pn−1Þ
¼ P̂μInðx1;…; xnÞ: ð14Þ

Note that, in the above steps, we have implicitly commuted
the special conformal generator with the αij → 0 limit; the
limit just fixes the scaling dimensions in the generator and,
hence, does not affect the invariance.
Loop graphs from soft limits: Now, let us consider

general planar position-space graphs, including (position-
space) loops. A loop in position space represents an internal
face, which, under graph duality, turns into an internal
vertex in momentum space. A priori internal vertices do not
exist within a mesh integral, and we will incorporate this
feature into the (generically nonplanar) mesh integrals by
taking soft limits. Explicitly, if we take an external
momentum pk of some (reduced) mesh integral to zero,
this means that no external momentum flows into this
vertex, and hence, this vertex becomes an internal vertex; to
stress this graphically, we move such vertices to the inside
of the polygon, see Fig. 2 for an illustration. We emphasize
that, here, the notion of loops includes closed faces
obtained by external coincidence limits, cf. Appendix B.
We start from some planar position-space Feynman

integral IðlÞn ðx1;…; xnÞ with l position-space loops. We
rewrite this integral in terms of independent external
momenta by interpreting the xi as region momenta and

viewing the resulting integral IðlÞn ðp1;…; pn−1Þ as the soft
limit of a (reduced) mesh integral

IðlÞn ðp1;…; pn−1Þ ¼ lim
pi→0

i∈ fn;…;N−1g

lim
αij→0

ðijÞ∈A

MNðp1;…; pN−1Þ;

ð15Þ

where we abbreviate

N ≡ Nðn;lÞ ≔ nþ l; ð16Þ

for fixed n;l. Recall that A is the set of propagators
removed from the mesh.
Now, as for the tree graphs, we would like to use the fact

that the mesh is annihilated by the special conformal gen-
erator to show the P̂ symmetry of the original Feynman
integral. However, we only know the symmetry before taking
the soft limit, but want to use it afterwards. We can commute
the limitwith the generator as long as themesh integral and its
first and second derivatives are finite in this limit (this is
certainly true for some choice of propagator powers, the
symmetry can then be extended to other choices via analytic

FIG. 2. Left: a generic nine-point mesh integral in momentum
space. Middle: removing certain propagators from the mesh, one
obtains a nine-point graph, which is dual to a position-space tree
(blue). Right: a six-point integral dual to a position-space loop graph
(blue), and obtained by removing certain propagators from the
genericmesh and taking three externalmomenta soft; the latter three
vertices aremoved to the inside of the black graph after the soft limit.
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continuation), and we choose the corresponding momentum-
space scaling dimensions to be zero. These conditions are
directly inferred from the explicit form of the special
conformal generator density, see Eq. (5). Namely, for a
well-behaved function fðpiÞ we have

lim
pi→0

K̄μ
i fðpiÞ ¼ −2Δ̄i lim

pi→0
∂
μ
pifðpiÞ: ð17Þ

Note, however, that, in general, setting Δ̄i ¼ 0 is not
possible, since the Δ̄i are already fixed in terms of the
propagator powers through the relations (6). Hence, we find
that the symmetry holds if the propagator powers satisfy the
following linear relations:

Dþ
XN

j¼1

αij ¼ 0; i ¼ n;…N − 1: ð18Þ

For now, let us assume that these relations are satisfied,
i.e., that Δ̄i ¼ 0 for i ¼ n;…; N − 1. As argued above, this
allows us to commute limits pi → 0 with the action of the
special conformal generators for i ¼ n;…; N − 1. Hence,
we can show the P̂ invariance of the Feynman integral
IðlÞðx1;…; xnÞ following a similar argument as before

0 ¼ lim
pn→0

… lim
pN−1→0

lim
αij→0

ðijÞ∈A

K̄μMNðp1;…; pN−1Þ

¼ K̄μ lim
pn→0

… lim
pN−1→0

lim
αij→0

ðijÞ∈A

MNðp1;…; pN−1Þ

¼ K̄μIðlÞn ðp1;…; pn−1Þ
¼ P̂μIðlÞn ðx1;…; xnÞ: ð19Þ

Note that, in the first line, the special conformal generator
acts on the independent momenta p1;…; pN−1, while in the
second and third lines, the generator acts on the indepen-
dent momenta p1;…; pn−1. Also, recall that the evaluation
parameters are fixed in terms of the momentum-space
scaling dimensions via (10).
Propagator powers and evaluation parameters: Let us

take a closer look at the constraints (18) for the propagator
powers, which are required for invariance under the level-
one momentum generator. We note that there is one
constraint for every position-space loop. Now, consider a
fixed position-space loop, which takes the form of a k-gon
and corresponds to the internal vertex i in momentum
space. The sum of α parameters entering the constraint
takes the form of a sum over all propagators connected to
the vertex i in momentum space, which corresponds to all
edges of the k-gon in position space. Let us denote the
powers of these propagators by a1;…; ak. Then, the above
proof implies the relation in Fig. 3 for each position-space
loop in the graph.

Using a similar argument, we show, in Appendix C, that
the evaluation parameters are computed recursively as

siþ1 ¼ si −
1

2
ðai þ aiþ1Þ −

X

j

�
bj −

D
2

�
; ð20Þ

where we can start the recursion with an arbitrary choice of
s1, since the evaluation parameters are only defined up to an
overall shift by the total momentum. Here, the bj are the
powers of internal propagators that one has to traverse
when following the boundary of the position space graph
from xi to xiþ1 and ai; aiþ1 are the powers of the external
propagators connected to xi; xiþ1, respectively. This for-
mula has been motivated in [7,9,12] and proven for
generical tree graphs in [13]. Our proof here extends to
graphs with position-space loops and, hence, proves the
relation in full generality.
Massive meshes and level-one momentum: In [12,20],

it was argued that the P̂μ symmetry can be extended to
graphs with massive external propagators of the form
1=ðx2e þm2

eÞ. This statement was proved in [13] for generic
position-space tree graphs, which will serve us as the base
case for an induction. The massive generalization P̂μ of P̂μ

again takes the form (8), with the dilatation generator
modified by a mass term, cf. Ref. [21]

Dj ¼ −iðxjμ∂μxj þ Δj þmj∂mj
Þ: ð21Þ

Here, mj is the mass of the propagator connected to xj.
Translating P̂μ to dual momentum space yields a massive
generalization of the special conformal generator [12]

K̄μ
j ¼ K̄μ − ðmj∂mj

þmjþ1∂mjþ1
Þ∂μpj : ð22Þ

The correspondence between position-space (tree) graphs
and momentum-space meshes discussed above then
immediately implies that mesh integrals with massive
boundary propagators are invariant under the massive
generalization of the conformal algebra—at least as long
as they are reduced to planar graphs by appropriate choice
of α parameters, see step 1 in Fig. 4.
Next, we extend this invariance under the massive

special conformal generator to a certain class of massive
cycle mesh integrals. The graphs in this class take the form
of an n-gon with massive boundary propagators embedded
into a generic N-vertex mesh integral, cf. step 2 in Fig. 4.

FIG. 3. P̂ condition for every position-space loop. These are
precisely the constraints that were found for various examples
in [8].
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Vertices that lie on the n-gon are connected among each
other in a planar fashion only, with the αij fixed to
guarantee this. However, there is no restriction on the
edges connected to the vertices nþ 1;…; N.
We can reach such massive cycle mesh integrals recur-

sively by starting with an n-gon mesh with massive
boundary and adding vertices connected to all other
vertices via massless propagators. Explicitly, we have [6]

Mδ
nðp1;…; pnÞ ¼

Yn−1

i¼1

Cin

Z
dDqi
πD=2

1
Q

n−1
j¼1 q

2ðαjnþD=2Þ
j

×Mδ
n−1ðp̂1;…; p̂n−1Þð2πÞDδ

�
pn þ

Xn−1

j¼1

qj

�
; ð23Þ

where p̂i ¼ pi − qi and both Mδ
n and Mδ

n−1 are massive
cycle mesh integrals. It was shown, in [6], that the massless
special conformal generator can be pulled through the
integral to act only on the smaller mesh integral. Since
the massive special conformal generator is a sum of the
massless generator and mass derivatives, the massive gen-
erator can be trivially pulled through the propagators as well.
Hence, in precisely the same way as in [6], the massive
special conformal invariance of Mn is reduced to the one of
Mn−1. Every massive cycle mesh can now be reached in this
way from a simple n-gon with massive boundary, for which
this symmetry was already established in step 1. Hence, the
recursive argument allows us to extend the symmetry to all
massive cycle mesh integrals inductively.
Now, in the final step, 3, we employ the same argument

as before and interpret the soft limit (Note that the
commutation of the generator with the soft limit is not
affected since the generators acting on the momenta which
we take soft do not involve the masses.) of a massive cycle
mesh integral as a momentum-space Feynman integral dual
to an arbitrary planar position-space integral with the
massive special conformal generator transforming into
the massive P̂μ generator. This proves that all planar

position-space Feynman integrals with massive external
legs feature this massive symmetry.
Outlook—An important question following the above

observations concerns the constraining power of the P̂
symmetry. For three external points, it is well known that
position-space conformal symmetry implies that any cor-
relator reduces to a product of free propagators (a triangle).
Similarly, P̂ symmetry (without imposing x-space con-
formal symmetry) implies that any three-point integral
obeying the constraints in Fig. 3, reduces to a linear
combination of Appell F4 hypergeometric functions, which
constitute the generic star integrals, cf. Refs. [11,12,22–25],
as illustrated in Fig. 5.
This can be attributed to the fact that the P̂ constraints in

Fig. 3 allow us to fully express the powers of propagators in
the bulk of the Feynman diagram in terms of boundary
propagators. Put differently, the Yangian level-one momen-
tum only “sees” the boundary of the graph, cf. Appendix C.
Notably, position-space tree graphs are “pure boundary”
and, thus, P̂-invariant for any choice of propagator powers.
In particular, this includes generic track integrals, as given
e.g., in Fig. 6.
It will be interesting to further explore the role of the P̂

differential equations for defining families of integrals at
higher numbers of points, cf. Refs. [31,32].
It should be stressed that position space trees are even

invariant under more elementary nonlocal operators [13],
whose sum constitutes the full generator P̂. It should be
clarified how these subsymmetries relate to the simplex
approach and which of them persist for the loop graphs
considered in this Letter.
Another important direction concerns the supersymmet-

rization of the approach followed here: Can the simplex
construction of momentum-space conformal invariants be
supersymmetrized and connected to the integrability of
planarN ¼ 4 super Yang-Mills theory? Including the brick
wall fishnet integrals with fermionic propagators into the
present discussion could be a first step toward this goal,
cf. Refs. [10,33–36].
Finally, we ask whether the integrability of Feynman

integrals is introduced via the process of planarization, or
whether a nonplanar version of integrability is present in

FIG. 4. Proof of the massive level-one momentum symmetry in
terms of momentum-space graphs. We start with a planar mesh
with massive boundary, whose dual (tree) graph is invariant under
P̂μ alias momentum-space K̄μ [13]. Next, we use the induction of
[6], to extend the K̄μ invariance to nonplanar massive cycle mesh
integrals. Finally, the latter are planarized via soft limits, which
preserve the P̂μ symmetry and lead to (position-space loop)
integrals with massive boundary.

FIG. 5. P̂ implications for three-point integrals.

FIG. 6. Example of a track integral. These generalize the train
track and triangle track graphs of [26–31] to the nonconformal case.
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the original simplex graphs. A natural starting point to
approach this question is Zamolodchikov’s tetrahedron
generalization of the Yang-Baxter equation [37].
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End Matter

Appendix A: Conformal symmetry: Full vs reduced
meshes—In this appendix, we give some details on the
relation between the conformal invariance of full mesh
integrals and their reduced (δ-stripped) versions, see,
also, Ref. [6]. To relate the action of the special
conformal generator on the full and on the reduced
mesh integral, we need to consider the commutator of
the special conformal generator (acting on all momenta
p1;…; pn) with the momentum conserving δ function.
By using some distributional identities, we can compute

½K̄μ; δðPÞ� ¼ 2∂νδðPÞL̄μν − 2∂μδðPÞðD̄ −DÞ; ðA1Þ

where we use P ¼ P
n
i¼1 pi and the derivatives of the δ

functions are taken with respect to Pμ. Moreover, we
employ the momentum-space generators

L̄μν ¼
Xn

j¼1

ðpμ
j∂

ν
pj
− pν

j∂
μ
pjÞ;

D̄ ¼
Xn

j¼1

ðpμ
j∂

μ
pj þ Δ̄jÞ: ðA2Þ

Since the reduced mesh integral is Lorentz invariant, we
can relate the special conformal Ward identity of the full
mesh integral to the one of the reduced mesh by
choosing Δ̄n such that the second term in (A1) is zero.
Simply counting the dimension of the mesh integral
shows that the choice

Δ̄n ¼ Dþ
Xn

i¼1

αin; ðA3Þ

guarantees this.

Appendix B: Coincidence limits—In the main text, we
noted that our notion of loops includes the closed faces
introduced by coincidence limits of external points.
Hence, our results in particular imply the P̂ symmetry
for graphs with coincidence limits as long as the
constraints in Fig. 3 are satisfied. Note, however, that

these constraints often allow the simplification of the
graphs through application of the star-triangle identity

Z
dDx0
π

D
2

1

x2a01x
2b
02x

2c
03

¼ Xabc

x2c
0

12 x
2a0
23 x

2b0
13

; ðB1Þ

with

Xabc ¼
Γða0ÞΓðb0ÞΓðc0Þ
ΓðaÞΓðbÞΓðcÞ ; ðB2Þ

and a0 ¼ D=2 − a, etc. This relation holds only if
aþ bþ c ¼ D, which implies a0 þ b0 þ c0 ¼ D=2.
Consider, for example, a graph with two points con-

nected by one internal propagator and connected to the
same external point as in Fig. 7 (left). Our results show that
this graph has the P̂ symmetry as long as the propagator
powers along the triangle making up the coincidence limit
sum up to D=2 (and possibly other conditions from the rest
of the graph are satisfied). This is precisely the condition
which allows us to use the star-triangle identity to get rid of
the coincidence limit.
However, there are also examples of nontrivial coinci-

dence limits for which we have proven the P̂ symmetry.
Consider, for example, a graph where two vertices are
connected to the same external point but are separated by
two internal propagators, see Fig. 7 (right). Then, we need
to impose that the four propagator powers making up the
quadrilateral sum up to D. Hence, we can not get rid of the
coincidence limit (in an obvious way).

FIG. 7. Left: coincidence limit that can be removed for the P̂
constrainta0 þ b0 þ c0 ¼ D=2 by virtue of the star-triangle relation.
Right: graph with a coincidence limit that cannot be removed using
the star-triangle identity but features a P̂ symmetry for
a0 þ b0 þ c0 þ d0 ¼ D.
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Appendix C: Proof of formula for evaluation
parameters—In this appendix, we will prove the relation
for the evaluation parameters (20), stated in the main
text. The equation connecting the evaluation parameters
to the momentum-space scaling dimensions (10) (with
Δi ¼ ai) can be recursively rewritten as

siþ1 ¼ si þ
1

2
ðai þ aiþ1Þ −D −

XN

j¼1

αij: ðC1Þ

Hence, to find a useful formula, we need to understand
the sum over α parameters.
We are summing over all edges of the momentum-space

graph which end at a particular vertex i, at which the
external momentum pi is inflowing. In region momentum
space, this vertex becomes a face Fi, namely, the external
face bounded by the propagator line between points xi and
xiþ1. The dual of the set of edges connected to point pi, is
the set of edges of the region-momentum graph which
border this face. Hence, the edges we are summing over can
be described by starting with point xi and traversing the
boundary of the graph until reaching xiþ1. The sum over α
parameters then splits up into the two external propagators

connected to xi and xiþ1 with propagator powers ai; aiþ1,
respectively, and all internal propagators that are traversed
when following the boundary of the graph. We denote the
corresponding internal propagator powers by bj, see Fig. 8
for an illustration. The sum over α parameters then yields
(recall that edges absent from the diagram have αij ¼ 0)

XN

j¼1

αij¼
�
ai−

D
2

�
þ
�
aiþ1−

D
2

�
þ
X

j

�
bj−

D
2

�
: ðC2Þ

Plugging this into the above formula (C1) yields the
recursive relation for the evaluation parameters (20), as
claimed.

FIG. 8. Illustration on the prescription for reading off the
evaluation parameters by going along the boundary of the graph
in x space (blue) or its dual (black).
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