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Estimating entropy production, which quantifies irreversibility and energy dissipation, remains a significant
challenge despite its central role in nonequilibrium physics. We propose a novel method for estimating the mean
entropy production rate ¢ that relies solely on position traces, bypassing the need for flux or microscopic force
measurements. Starting from a recently introduced variance sum rule, we express ¢ in terms of measurable
steady-state correlation functions that we link to previously studied kinetic quantities, known as “traffic” and
“inflow rate.” Under realistic constraints of limited access to dynamical degrees of freedom, we derive efficient
bounds on ¢ by leveraging the information contained in the system’s traffic, enabling partial but meaningful
estimates of 6. We benchmark our results across several orders of magnitude in ¢ using two models: a linear
stochastic system and a nonlinear model for spontaneous hair-bundle oscillations. Our approach offers a
practical and versatile framework for investigating entropy production in nonequilibrium systems.
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Stochastic modeling is essential for describing complex
phenomena characterized by randomness and fluctuations.
Their breaking of time-reversal symmetry and energy
dissipation are quantified by the “entropy production”
[1-6]. The irreversibility of stochastic traces can be directly
used to infer the entropy production rate ¢ in a nonequili-
brium steady state (NESS) [7-10]. However, estimating ¢
exploiting violations of time-reversal symmetry typically
requires observing stochastic trajectories whose length
scales exponentially with o, posing practical limitations.
Recent advances offer an alternative approach by bounding
entropy production using information-theoretic methods,
leading to the development of thermodynamic uncertainty
relations [11-29]. Alternative methods require perturbation
experiments to exploit the violation of the fluctuation-
dissipation theorem [30,31] by directly applying the
Harada-Sasa relation [32]. Another possibility could be to
directly measure microscopic forces or probability fluxes
and use their relation with dissipation [33,34], but this is
challenging in most cases. Moreover, in many realistic
scenarios, the system under study can only be partially
observed, which further complicates the inference process.
For discrete systems, this typically corresponds to observing
coarse-grained or lumped mesostates, which aggregate
numerous microstates whose individual transitions remain
unobservable [35-46]. For continuous processes, limited
information may result from spatial coarse graining [47-50]
or from the partial observation of a subset of the Markovian
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degrees of freedom [51-54]. While central to understanding
irreversible processes, estimating entropy production
remains a challenging and active area of ongoing research.
In this Letter, we present a framework to estimate o
directly from stochastic trajectories, without requiring force
measurements or inference of irreversibility, and applicable
even under partial observation. We consider steady-state
dynamics of multiple degrees of freedom (d.o.f.) {x}
governed by the overdamped Langevin equation,

x,:yF(x,)—i—\/Q_ﬁ 1 (1)
with potentially nonconservative forces F(x,) and white
noise with mean (&) =0 and covariance (&I&)=
58(t—s). This effective description is valid in the over-
damped regime, which is typical for mesoscopic systems
where inertia is negligible compared to viscous damping, as
commonly encountered in biological and soft matter systems.
More generally, such a continuous description may emerge as
a coarse-grained limit of an underlying discrete stochastic
process with fast microscopic dynamics. Under broad con-
ditions, these processes admit a diffusion approximation,
ensuring that the inferred entropy production still provides a
meaningful lower bound on the total dissipation [37]. The
system may be in contact with different thermal baths 7"
encoded in a diagonal temperature matrix 7. The mobility
matrix g is related to the diffusion matrix by the Einstein
relation D = kgTp. According to stochastic energetics [33],
in a NESS ¢ corresponds to the amount of heat dissipated in
the environment per unit time,

= ﬁ‘i’} =Y cplFes. @

i

where (AQ') is the average heat injected into the ith heat bath
at temperature 7" and o denotes the Stratonovich product.
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This formula often exposes two main empirical problems:
(1) it requires measuring the forces acting on the relevant d.o.f.
(which is challenging in most cases), and (ii) it often clashes
with the impossibility of observing all relevant d.o.f.

In [55,56] we derived a formula for ¢ starting from the
variance sum rule (VSR) involving the second derivative of
the position correlation function and the covariances of
microscopic forces. Expressed in terms of correlation
functions and following Einstein’s summation convention,
it takes the following form:

o =

(D) (=CY(0) + C;p(0)), (3)

N[ =

where CY(r) = (0i0}) — (0)(0}) is the connected cor-
relation matrix for the observable O and Cy(0) =
0?Cy(1)|,_o+ is its second derivative evaluated at zero.
Equation (3) shows that the curvatures of the position
correlation functions at short times are highly informative
about dissipation. Still, the difficulties in estimating mobil-
ity and forces in experiments hinder the direct application
of this formula. For example, in [55], we analyzed
experimental measurements of red blood cell flickering,
where only a single degree of freedom was observable and
direct measurements of cellular forces were not accessible.
To overcome these limitations, a reduced form of the VSR
was employed to fit the experimental data, and, similar
to [53,57], modeling was necessary to compensate for the
lack of information about the underlying system.

Starting from the VSR, we derive a new formula for ¢
[see Eq. (5) below] that does not rely on the evaluation of
forces. First, we deal with cases where all relevant d.o.f. are
visible, even if forces are not directly measurable. When
some d.o.f. are not detectable, we derive bounds on o,
enabling a partial yet informative estimation process.
Rather than relying on microscopic forces, our method
estimates effective forces from the experimentally acces-
sible probability density function (PDF) p(x,). In a NESS,
the effective potential is ¢(x,) = —log p(x,) + C, with C a
constant dependent on the PDF’s normalization, and its
gradient, multiplied by —kg7, acts as an effective force. We
thus reformulate Eq. (3) in terms of effective forces using
the “mean local velocity” v(x,), obtained from the Fokker-
Planck equation associated with Eq. (1),

—~

v(x,) = pF(x,) + DV(x,). (4)

which connects real forces F(x,) to —V¢(x,). This leads, as
shown in Sec. S1 of [58], to a novel expression for o,

o = —(D")icY(0) + DiiC,(0), (5)

where all terms are directly inferred from position traces.
Indeed, the diffusion matrix, D, can be directly extracted

from the position correlation matrix, c (1), via

D = -C7(0), (6)

where C1/) = (C¥ 4 C/7) /2 denotes the symmetrized matrix

and C,(0) = 9,C,(1)|,_o (see Sec. S5 in [58]). The linear
short-time behavior of C,(7) is a signature of overdamped
dynamics, as underdamped systems exhibit a ballistic (quad-
ratic) onset instead (see Sec. S5A [58]); this provides a direct
way to verify that the overdamped approximation is appro-
priate for the system under study. The second term on the
right-hand side of Eq. (5) corresponds to the inflow rate

G = DCy,(0), (7)

a time-symmetric quantity obeying fluctuation relations [59]
and recently used to study the information content of
stochastic traces [60]. G can be determined from effective
force measurements, which involves estimating p(x,) using a
kernel density estimator and computing the gradient Ve (x,)
with standard numerical tools; see Sec. S11 in [58] for more
details. The connection between ¢ and G was first established
in [61], with the traffic 7, a key kinetic quantity also
commonly referred to as “dynamical activity” or “frenesy”
[62—64], providing the link between the two. This relationship
is given by

c=4T + G, (8)

and, together with (5), leads to the identification
T = (D7) (0)/4. 9)

The traffic represents the symmetric component of the
stochastic action associated with the Langevin process.
While its original definition [61] [see Eq. (S17) in [58]] is
based on microscopic forces, the new formulation (9) enables
direct estimation from position measurements. To summarize,
since both G and 7 can be expressed in terms of derivatives of
position correlation functions C,(¢) and effective force
covariances Cy,(0), both terms in (8) can be accurately
evaluated from position traces. In the following examples, we
show that 7 typically tracks the behavior of ¢ more closely
than G. The inflow rate G reflects how the steady-state
distribution is shaped by the forces, acting as a measure of
local compression or spreading of probability, and is more
reflective of static features of the system. In contrast, 7°
encodes time-symmetric dynamical fluctuations and reflects
local kinetic activity. As shown in Sec. S3 of [58], this
distinction becomes crucial in strongly driven regimes, where
T continues to grow with dissipation while G remains
comparatively small.

To illustrate our approach, we consider two representative
systems: (i) the analytically tractable Ornstein-Uhlenbeck
process, and (ii) a nonlinear model of spontaneous hair-
bundle oscillations in bullfrog ears [65]. While the former
enables full theoretical analysis, the latter highlights biologi-
cal applicability. Across both, we identify parameter regimes
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(a) Stochastic traces of x; and x?, sampled at 4 kHz over a duration of 500 s. (b) Corresponding correlation functions for both

d.o.f. (c) Effective forces —V¢ (black arrows) pointing from regions of high ¢ (red areas) to regions of smaller ¢ (yellow areas).
Parameters for panels (a)—(c) are Aj; = Ay, = =20, A, = =10, T = ay = 1, and a4 = 0.5. (d) Heat map of ¢ as a function of the
dissipative parameters a, and ay. Numbers written over the heat map indicate the accuracy 7(5) = |6 — 6|/A& of our estimates 6.

where entropy production ¢ varies significantly, and show that
this variability is largely captured by the traffic 7, which
remains accessible even under partial observation, unlike G.

As a first example, we consider the Ornstein-Uhlenbeck
process [66],

X, = Ax, + V2DE,, (10)
where D = kgTp and A is the drift matrix. A general
discussion of this model is provided in the End Matter;
here, we focus on the two-dimensional realization of
Eq. (10) to test the predictive power of Eq. (5).
This system, often referred to as the Brownian gyrator
[54,67-71], is defined by the drift and diffusion matrices

Ap

A T 0
A= ., D= . (1)
(ZAA12 A22 0 aTT

where, for simplicity, we set g =1 and kg = 1. The
entropy production rate ¢ can be calculated analytically
(see Sec. S6B in [58]) and reads as follows:
_ Ab(aa —ar)?
arg .
From Eq. (12), one sees that a4, and ay are directly related to
dissipation. When these parameters differ, mechanical
forces and heat fluxes are not balanced, resulting in the
generation of probability currents. The magnitude of these
currents scales with A%, /a; and is modulated by the inflow
rate, G = —(A;, + Ay). We thus generated simulated data
by fixing G = 40 and A;, = 10, and considered 25 different
combinations of the dissipative parameters a, and a.
For each pair, we simulated a single long trajectory [see
Fig. 1(a) for an example] compatible with typical experi-
mental recordings. From these, we derived correlation func-
tions [Fig. 1(b)], as well as p(x,;) and the effective forces
—V¢(x,) [Fig. 1(c)], which were used to estimate the entropy
production from Eq. (5) as 6., = 6 == A6, where A denotes
the statistical uncertainty. Briefly, a single trajectory is split

(12)

into subtrajectories, the inference is applied independently,
and the results are combined via a weighted average.
Technical details are provided in Sec. S11 of [58]. We
emphasize that the analysis pipeline involves specific meth-
odological choices and is not unique. We have also tested the
robustness of our approach to measurement noise, a key
practical consideration when performing inference from
experimental data [60,72,73], as detailed in Sec. S12 of [58].

For each estimate o, we assess the quality
of the prediction by evaluating the accuracy coefficient
7(6) = |0 — 6|/AG that quantifies how far, in units of
statistical error Ag, the estimate & is from the true value o.
The latter is evaluated from the analytical expression (12).
Figure 1(d) shows the accuracy x obtained for all simulated
traces, while ¢ is shown in the underlying heat map. The
inference process yields reliable results: the estimates are
well-aligned with the true values, with only moderate devia-
tions relative to their statistical uncertainty. Across all traces,
the average accuracy is (z) ~0.93, indicating consistent
performance of the method within estimated error bounds.

As a second example, we examine a nonlinear model of
spontaneous hair-bundle oscillations in bullfrog ears [65],
where estimating the entropy production from experimental
traces remains an open problem [53,57]. The model
captures the interplay between mechanosensitive ion chan-
nels, molecular motors, and calcium feedback through two
coupled degrees of freedom, namely the bundle position x;
and the motor position x?, governed by

Xt = =0V, + /2kg T &,
X = =02V, — i Fit 4\ [ 2kg T pr 7, (13)

where V,=V(x!,x?)=Vg(x!,x?)+Vg(x!,x?) describes
the mechanical interactions within the system, including
elastic forces (Vi) and the gating dynamics of mechano-
sensitive ion channels (Vg) [74-76]. Active, nonequili-
brium driving arises through
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(a) Time series of x} and x? for the hair-bundle model, recorded at a sampling rate of 100 kHz over a 10 s interval.

(b) Autocorrelation and cross-correlation functions computed for both d.o.f. (c) Effective forces —V¢ (black arrows) pointing from regions
of higher ¢ (orange areas) to regions of smaller ¢ (yellow areas). The area where the PDF p(x,) is very small (and ¢ is very high) has been
highlighted in red. Effective forces have not been shown in this area for visualization purposes. A section of the stochastic trajectory is also
depicted on top of the effective potential contour plot. For panels (a)—(c), F™* = 100 and S = 1. (d) Relationship between ¢ and F™** for
different values of S (S = 0.75, 1, 1.25, 1.5, 1.75). Solid lines represent the true ¢ while markers indicate estimated values with associated
uncertainties. Note how the estimation procedure demonstrates high reliability across several orders of magnitude of o.

Faet = pmax(] — 5P (x!, x2)), (14)

with F™* the maximal motor force and S the calcium-
feedback strength. The gating probability Py(x/},x?) fol-
lows a two-state equilibrium model whose nonlinear
dependence on bundle displacement mediates feedback
between channel opening and active motor activity [77].
Further details are provided in the End Matter. While
T ~ 1.5T characterizes enhanced fluctuations due to
active processes, the main contributors to entropy produc-
tion are the activity parameters F™** and S. Following the
approach in [53], we focus on the effect of F™* and S on o,
as they directly modulate the nonequilibrium driving
forces. To explore a wide range of o values (lkg/s to
10%kg /s), we simulated 25 traces with varying F™ and S,
keeping all other parameters fixed as in [53]. Trace lengths
(10 s) and sampling rate (10> Hz) match typical experi-
mental conditions. We then applied the same subtrajectory-
based procedure as in the linear system to compute
estimates and uncertainties, using correlation functions
and their r =0 derivatives for 7, and kernel density
estimation with numerical differentiation for G [Fig. 2(c)].

As shown in Fig. 2(d), the predicted values ¢ (symbols)
closely match the true values o (solid lines). Since the
system is nonlinear, the latter were numerically computed
using Eq. (2). The accuracy of these estimates can be
validated by the relative error, defined as 6(6) = |6 — 6|/o.
In all cases, the average error remains low at (§) ~ 0.05,
except for instances where o < 20kg/s, where small
denominators distort the error measure. The quality of
these estimates is further supported by the accuracy metric
7n(6) = |6 — 6|/As, with () ~1.67 and shown in more
detail in Fig. S6(a) in [58]. Crucially, the quality of our
estimates remains unaffected by the average ion channel
opening probability (P,) [Fig. S6(b) [58]]. In contrast,
approaches based on trace irreversibility may encounter

challenges when (Pg) ~ 0.5 [53]. Another key observation
is that, similar to the linear model, G remains relatively
constant [G =~ 100kg /s to 500kg /s, see Fig. S6(d) in [58] ]
despite large variations in F™** and S, while ¢ spans orders
of magnitude (1 to 10*kg /s). This indicates that even in this
highly nonlinear system, 7 captures most of the informa-
tion about the dissipative components of the dynamics.

Our approach can be extended to the cases of partial
observations. This is particularly relevant since, in most
systems, only a subset of dynamical d.o.f., denoted by S, is
accessible. In such cases, we can use an intermediate result
of Eq. (5) (see Sec. S1 in [58]),

~C(0) < CiH(0) = (()?), (15)

where ¢/ is the ith component of the mean local velocity (4).
For any i € S, if Cy (0) < 0, it implies C¥(0) > 0, therefore
implying a nonequilibrium state. This provides a practical
criterion for detecting nonequilibrium under partial observa-
tion. For a one dimensional Gaussian trace this is particularly
challenging [78]: time reversal tests fail [79,80], and in one
dimension probability currents are not observable unless the
topology is nontrivial, which rules out current based methods
such as the thermodynamic uncertainty relation. When
D = kgTpu, our approach offers a complementary route to
characterize nonequilibrium when irreversibility based meth-
ods are insufficient.

When the diffusion matrix is diagonal, Eq. (5) not only
enables nonequilibrium detection but also provides an effec-
tive lower bound on o. This is particularly relevant in systems
like the hair-bundle model (13), where direct observation of
certain degrees of freedom, such as the motor coordinate x7,is
experimentally challenging. Moreover, having prior knowl-
edge that the system can be effectively described by a model
with a diagonal diffusion matrix facilitates the practical
application of this bound. More in detail, as shown in
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Sec. S4 in [58], it is useful to decompose o as

o= Zai = Z(4Ti+gi)- (16)

Each component o; is defined by o; = ((/)?)/D" > 0,
T;=-Ci(0)/(4D"), and G, = D"Cy,(0) =
D'"Var(d;¢p) > 0. From this, it follows that

4T, =0;,-G;, <0, <0, (17)

implying that any positive traffic component 7; > 0 guar-
antees ¢ > 0, indicating the system is out of equilibrium and
providing a lower bound to the entropy production rate. This
observation thus provides a practical method for detecting
nonequilibrium and bounding ¢ potentially from a single
stochastic trace. More in general, for a subset S of observed
d.o.f., one can select only positive traffic components and
obtain a partial estimate of o, namely

os =Y max(47;0) <o. (18)
ieS

Similar kinetic bounds on ¢ have been previously reported in
[81], though Eq. (18) has the advantage of being experimen-
tally accessible. We note that estimating G requires knowl-
edge of the PDF of the entire system, making it impossible to
derive from partial observations alone. The Gaussian system
defined by (11), despite its simplicity, offers valuable insights
when applying Eq. (17) under the minimal assumption of a
diagonal diffusion matrix. Figure 3(a) illustrates the relation
between 47 | and o for various parameters in (11), demon-
strating that a higher ratio between the temperatures of the two
thermal baths (a7) tightens the bound, allowing for more
precise nonequilibrium detection. Furthermore, the condition
T, > 0 corresponds to the absence of an equilibrium solution
for the 2D linear system leading to the observed correlation
function Cl(7) (see Sec. S8 in [58] for details). In our
previous work [55], red blood cell flickering traces were
Gaussian and yielded 7| 5 0 for the observed degree of
freedom, requiring a specific model for thermodynamic
characterization. Section S9 of [58] analyzes the detectability
of ¢ under partial observation in linear systems, including the
red blood cell case from [55].

For the model (13), our bound yields the results shown in
Fig. 3(b). The colors of the heat map represent ¢, while the
numbers indicate the fraction of o estimated using our
method, specifically 47 ;/o. In the more active regions of
parameter space, the estimator recovers roughly half of o,
yielding inferred dissipation about 3 orders of magnitude
larger than the values reported in [50,53]. This shows that
the method is able to capture a substantial fraction of
entropy production and is well suited to study biological
systems under partial observation.

To conclude, this Letter introduces Eq. (5) to estimate
the entropy production rate ¢ directly from stochastic
trajectories without forces or steady-state currents.
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FIG. 3. (a) Scatter plot of 47| vs o, illustrating the lower bound
(17) for randomly sampled parameters: A;; € [-20,—1], A, €
[-20,-1],A, €[-10,0],a, € [-50, 1],and a7 € [0.1, 100]. Color
bar indicates ay, showing how increasing thermal bath asymmetry
tightens the bound. (b) Heat map of ¢ as a function of F™* and S.
Numerical values in the heat map correspond to the fraction47 , /o,
representing the proportion of ¢ estimated by the bound.

Unlike current-based approaches, we infer ¢ from kinetic
information, such as the short-time curvature (traffic) of
correlation functions. This is important for experiments that
record only positions. Other practical advantages are that
(i) our approach applies under partial observation (we find
evidence of tight bounds in cases where the thermodynamic
uncertainty relation performs poorly, as discussed in
Sec. S9B in [58]), and (ii) even applies when only a single
degree of freedom is observed, where currents are not
detectable. We illustrate this both in Gaussian systems
coupled to multiple thermal baths, where detecting and
quantifying nonequilibrium from a single degree of free-
dom is notoriously challenging [78—80], and in a biological
model of hair cells, where we infer dissipation from a
single measured coordinate [Fig. 3(b)]. We also provide
practical procedures to estimate the traffic from the data
(Sec. S12 in [58]) and demonstrate robustness to meas-
urement noise (Sec. S13 in [58]). Overall, our approach
offers a powerful and versatile framework for analyzing
dissipation in nonequilibrium diffusive systems, including
single particle tracking and microrheology [82], active
matter systems [83], and for biological settings with partial
observation [65].
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End Matter

Multivariate Ornstein-Uhlenbeck model—We consider
the multivariate Ornstein-Uhlenbeck process [66],
X, = Ax, + vV2DE,, (A1)
where x, € R" is the state vector, A is the drift matrix, D
the diffusion matrix, and & a vector of independent
Gaussian white noises with (&&) =8Y5(r—1'). The
process is dynamically stable provided all eigenvalues of
A have negative real parts, N(4;) <O for all i. The
diffusion matrix relates to mobility and temperature as
where u is the mobility tensor and 7T may encode local
effective temperatures associated with different thermal
reservoirs. The drift matrix can be written as
A = u(K + ). (A3)
where K is a symmetric positive-definite matrix and y is
an antisymmetric matrix. The symmetric matrix K may
be associated with an effective quadratic potential, while
W may represent non conservative forces. No particular
physical meaning needs to be ascribed to K and w
unless additional structure is specified for pu.
Nonequilibrium conditions arise either from asymme-
tries in y or from temperature heterogeneity encoded in 7.
The inflow rate, defined as the negative trace of the drift
matrix, reads

G=-Tr(A) = Tr(uK) (A4)

and depends only on the symmetric part of the drift,
because Tr(py) = 0 when p is symmetric and y antisym-
metric. Consequently, the inflow is insensitive to the
sources of nonequilibrium, such as rotational or non-
reciprocal couplings and temperature differences. This
property extends to the case where y is nonsymmetric
but has vanishing diagonal elements, provided that g (and
thus D) is diagonal, since any diagonal elements in y can
be absorbed into K without loss of generality (see Sec. S6
of [58] for more details). When g is diagonal, the matrix K
can be associated to conservative forces arising from a
quadratic potential while the nonsymmetric y corresponds
to nonreciprocal forces that drive the system out of
equilibrium. For this case, and from Eq. (8), it also
follows that for a fixed potential, increases in entropy
production ¢ due to y must captured by the traffic 7.

Hair-bundle model—The spontaneous oscillations of
hair bundles in the auditory organs of bullfrogs are
driven by the interplay of mechanosensitive ion
channels, molecular motor activity, and calcium-
feedback mechanisms [53,65,74-76]. These dynamics
are effectively captured by a nonlinear model with two
coupled degrees of freedom: the bundle position x! and
the center of mass of the molecular motors x2.

The stochastic equations of motion read
X = =0V, + \/2kgTu &1,
& = —p0eV, — i + [ 2kg T u2&7,  (BI)

where u; and u, are mobility coefficients and
V, = V(x},x?) is the total potential energy. The potential
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includes an elastic [Vg(x!, x?)] contribution and a gating
[Vs(x!, x?)] contribution,

k k
Vel ) = 2 (x! =22 + 22 (x')2,

> (B2)

k,D(x'—x?)
Vg (x!,x?)==NkgTIn {exp <9NT> —l—A], (B3)

so that V(x',x?) = Vg(x',x?) + Vg(x', x?). Here, k,; and
kg, are stiffness coefficients, D is the gating swing of a

transduction channel, and

AG + ky,D?/ (2N )} (B4)

A =exp [ kT
where AG denotes the free-energy difference between open
and closed channel states, and N is the number of trans-
duction elements.

The system is driven out of equilibrium by molecular
motor activity, represented by an effective temperature 7t

and a nonconservative active force

Fit = Fmax(1 — SPy(x}, 7)), (BS)

where F™* is the maximal motor force and S quantifies the
strength of calcium-mediated feedback on the motors. The
gating probability of the mechanosensitive ion channels is

1

Po(x!, x?) =
14+ A exp [—

kgSD(xl_XZ) ’ (B6)
NkgT }

which represents the open probability of a two-state
equilibrium model of channel gating. In this model, the
free-energy difference between open and closed states
depends linearly on the displacement x! — x?. In practice,
Py(x',x*) couples channel gating to bundle motion,
mediating feedback between mechanical displacement
and active motor forces. This feedback loop underlies
the self-sustained oscillations characteristic of active
hair-bundle dynamics [77].
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