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Next-to-Leading-Order Corrections and Factorization for Transverse
Single-Spin Asymmetries
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We present next-to-leading-order QCD corrections for the cross sections for Zpt — hX and £p' — jetX
with transversely polarized initial protons. These cross sections are known to be power-suppressed in QCD
and probe twist-3 parton correlation functions in the proton. Our calculation exhibits the full complexity of
a perturbative QCD analysis beyond leading power, involving in particular various derivatives of the parton
correlation functions. We demonstrate that collinear factorization for these single-spin observables holds
at one loop. We also present exploratory phenomenological results for the NLO single-spin asymmetry in

ep’ — hX and compare to data from the HERMES experiment.
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Introduction—Single-transverse ~ spin  asymmetries
(SSAs) are playing a pivotal role for our understanding
of nucleon structure and high-energy hadronic scattering in
QCD. It was found that they offer qualitatively new insights
into the dynamics of quarks and gluons inside the proton,
notably thanks to their sensitivity to spin-orbit interactions,
correlations among partons, and subtle phase effects at the
very heart of QCD as a gauge theory. At the same time—
and not surprisingly—the theoretical analysis of SSAs has
turned out to be remarkably complex. A centerpiece of
research in this area has been the study of factorization
theorems which, depending on the SSA observable, have to
be formulated either in terms of collinear momenta of
partons in the proton, or additionally in terms of their
transverse momenta. Thanks to remarkable theoretical
achievements over the past few decades, there now is a
mature understanding of the basic frameworks of factori-
zation for SSAs.

In the present paper, we will address the SSA for the
single-inclusive process ¢p' — hX, with an incoming
transversely polarized proton and a hadron % produced
at large transverse momentum P, 7. Note that we assume
the scattered lepton to remain undetected. At sufficiently
high energy, the hadron may also be replaced by an
observed hadronic jet. The asymmetry is defined as
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where S7 denotes the transverse proton spin vector and
(Ey, Py,) the hadron’s four-momentum. The unexpectedly
large values of Ayr found in measurements for the single-
inclusive reaction pp! — hX [1-12] in fact marked the
beginning of this field.

The conceptual and kinematical similarity of the asym-
metry (1) to the corresponding one in pp! — hX is the
main motivation for us to study the single-inclusive process
¢p' — hX instead of the more conventional semi-inclusive
process £p' — ¢£hX (SIDIS).

A key property of single-inclusive reactions is that
they are characterized by a single large-momentum scale,
here P, 7. Therefore, collinear factorization is expected to
provide the appropriate framework for the analysis. This
should also apply to the spin-dependent cross section in the
numerator of Ayr, even though it is power-suppressed
as 1/P;, r relative to the unpolarized one. Indeed, it was
argued early on [13—-18] that A may be factorized in terms
of universal collinear “twist-3” hadronic matrix elements
convoluted with partonic hard-scattering functions that are
computable in QCD perturbation theory and are specific to
the SSA under consideration. The hadronic matrix elements
appear as correlation functions of partons in the proton, but
also in parton fragmentation to the observed hadron.

An essential task for verifying factorization is to com-
pute the next-to-leading-order (NLO) corrections. In this
paper we report on the NLO calculation for the spin-
dependent cross section for Zp' — hX, focusing on con-
tributions by initial-state correlation functions. We select
this process since it has the full complexity of twist-3 spin
observables, but at the same time is much simpler than
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pp! — hX, for which there are far more partonic channels.
We note that there have been previous NLO calculations for
twist-3 SSAs, notably for Drell-Yan [19,20], semi-inclusive
deep-inelastic scattering (SIDIS) [21-25], and hyperon
production in e'e~ annihilation [26]. Although these
calculations are most valuable, the analysis of the involved
observables is considerably simpler compared to that for
¢p' — hX. This is manifested, in particular, by the absence
of derivative contributions of the twist-3 correlation func-
tions, which for Zp' — hX are present already at lowest
order because of the more complex momentum flow for this
process. This may seem a technicality, but is in fact at the
core of the twist-3 formalism [16—18]. We will demonstrate
factorization for Zp' — hX at NLO, showing that all
collinear divergences may be consistently absorbed into
the twist-3 correlation functions, even in the presence of
derivative terms. We will also derive all finite pieces. At the
same time, modeling the presently unknown correlation
functions, we will also demonstrate that it is possible to
carry out phenomenology for the NLO corrections. All in
all, we view our calculation as a breakthrough on the way to
future full NLO calculations for pp' — hX.

Twist-3 correlation functions—In factorization of the
single-spin cross section at twist-3, a key quantity is the
correlation function

odl feodu .., . /
@ (x,x') = / H it gin(x—x)
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It consists of “dynamical” matrix elements of two quark
field components g; and g; and a gluonic field-strength
tensor G, separated by Wilson lines denoted by [...]. As
indicated, the correlator depends on two light cone
momentum fractions x and x’. As a full matrix in Dirac
space, it can be parametrized as [27]

M{ :
= 5 <l€P /’S}”F%qg) (x,x') = S’TP}/SF(ng) (x, x’)), (3)

up to terms that are not relevant to this analysis. Here, M is
the nucleon mass. Similar expressions may be written for
three-gluon matrix elements.

The support of the functions F @Sq) (x,x") is given by the

conditions —1 < x,x’ < 1 and |x — x| < 1. Figure 1 shows
the ensuing region in the x, x’ plane. In general, the
functions will enter a factorized cross section with an
integration over all kinematically accessible x and x'.
However, as is well known, a nonvanishing single-spin
asymmetry requires the presence of a phase in the scattering
process. Such a phase may be generated when a propagator
(momentum ¢) in the partonic hard scattering goes on-
shell, via the relation
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FIG. 1. Region of support in momentum fractions x, x’ of
FL5 (x,x).
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Quite in general, the momentum ¢ will depend on the
incoming partons’ momentum fractions x, x/, leading to a
restriction of the region of x, x’ in which the functions

1
F(‘)Q)
our calculation of the NLO hard-scattering function for the
spin-dependent cross section: (i) x = x’. For these contri-
butions the gluon in the correlation function does not carry
any longitudinal momentum. They are thus known as soft-

gluon pole (SGP) contributions. The functions F %qq) (x,x")

appearing here are Qiu-Sterman matrix elements [16].
(ii) x' = 0. Here, one of the initial quarks has vanishing
momentum fraction—these are soft-fermion pole (SFP)
contributions. (iii) x is integrated and x’ is fixed at some
kinematical point with x” # x, 0. These are hard-pole (HP)
contributions. (iv) There are integrations over both x and x’.
Such contributions arise when ¢ in Eq. (4) contains the
momentum of an unobserved final-state parton, which has
to be integrated over via a phase space integral. We refer to
them as integral (Int) contributions.

We note that for these contributions, typically direct
application of (4) results in g appearing in the arguments of

the functions F zqu ) (x,x"), which clearly is not desirable. It
is easier in such cases to first carry out the integration over
the momentum of the unobserved particle and take the
imaginary part afterwards.

Factorized spin-dependent cross section—Using the
hadronic Mandelstam variables s = (I +P)?, t=

(P—P,)?% and u = (I — P,)?, we introduce

(x,x") are probed. The following four cases occur in
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To NLO, the factorized spin-dependent cross section may
be cast into the form (disregarding twist-3 fragmentation
contributions)
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where w = xo/x, z= (1 —v)/(1 — ), and
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(with the fine structure constant a,;,) contains the depend-
ence on the transverse polarization vector Sy. The explicit
appearance of the nucleon mass shows the typical power
suppression of the single-spin cross section. The first
sum in Eq. (6) runs over the pole-type contributions P =
SGP, HP, Int, SFP discussed above, while the second
sum collects all partonic channels with the partons in the
pair (ij) both entering from the proton, and parton k
fragmenting. The final sum takes into account nonchiral
[F % 4] and chiral [F7, 5 )] contributions. The &;; g , are the

associated partonic hard scattering cross sections. They
have the perturbative expansions

g

We report here on the calculation and results for the NLO

terms &zj;ik) The functions F Zlg in Eq. (6) are derived

from the twist-3 correlation functions F ti]) (x,x’) intro-

duced in (3), in a way that depends on the perturbative
order of the calculation. The integration over { = x'/x in
(6) is nontrivial only for the integral contributions—all
other contributions carry an explicit § distribution that
fixes ¢. Finally, D! denotes a standard leading-twist
fragmentation function for parton k, producing the
observed hadron. For £p — jetX it is to be replaced by
a suitable jet function, along with required modifications of
the hard-scattering functions. We note that the various
functions in (6) are tied together by their dependence on a
factorization/renormalization scale p, which has been
omitted for brevity.

Lowest-order contribution—At leading order (LO), only
the channel (¢g) — ¢ contributes. Only an SGP contribu-
tion is present, and one readily finds [27-29]

2
.SGP.1,(0) _ o 1t _ _
SO (4w, ) = ' _0)45(1 w)s(1 = ¢),
d
]—'(Sgg)’l(x,x,/«t)ho - <F%qy) _xaF%qy)> (x. 2, ). ®)

As a characteristic of an SGP contribution, there is a factor
5(1 =), and the twist-3 correlation function is probed

on the diagonal x’ = x, implying also that only F gqa)

contributes. We also note the distribution §(1 — w), which
expresses the fact that the recoiling final state consists
of a single massless parton. One should keep in mind that,
while the LO partonic cross section only receives SGP
contributions, the evolution of the twist-3 matrix ele-
ments F<1qy>(x,x, u) is sensitive also to HP and SFP

configurations [30].

Next-to-leading-order calculation—Beyond LO, there
are new partonic channels on top of (gqg) = ¢. These
are generically denoted by (qg9) — ¢, (¢q) — ¢, and
(99) = q, where g can variously also represent an anti-
quark and where quark flavors in the initial and final
states may differ. Sample NLO diagrams for the four
channels are shown in Fig. 2. We work in d =4 —2¢
dimensions to regularize soft and collinear divergencies.
We note that we set the lepton mass m; to zero. This
simplifies the calculation but is known to generate spurious
collinear singularities that are not present for the physical
lepton mass. The proper way of subtracting these singu-
larities and reintroducing the correct leading dependence
on m; is well known and adopted here (see, for exam-
ple, Ref. [31]).

The virtual corrections for (qg) — ¢ exhibit both SGP
and HP contributions, the latter arising from imaginary
parts of the loop integrals. The SGP contributions are
proportional to the LO cross section and contain a 1/
divergence that cancels against an opposite term in the real-
emission diagrams [32].

qg — q, virtual

7/%\

X x-x X x  x-X X

q9 —q or q9—g

a9 — 4q

X x-X X X XX

FIG. 2. Sample NLO diagrams for the various partonic chan-
nels. For the (gg) — ¢ channel we show virtual and real
corrections separately. The (gg) — g and (gg) — g channels
are generated by the same diagrams, but with different fragment-
ing partons (quark or gluon).
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The cancellation of single 1/e¢ terms in the NLO
calculation is much more subtle and complex. It involves
judicious combination of all types of pole contributions
arising in virtual and real diagrams, SGP, SFP, and HP, and
especially also integral contributions, which themselves
turn into SGP, SFP, and HP terms on certain lines of their
integration domain (see Fig. 1). Furthermore, one even
needs to exploit the fact that the (¢gq) — ¢ channel [see
Fig. 2(b)] probes the same correlation function as that for
(gq9) — g, just at different momentum fractions. This gives
rise to a further SFP contribution that is needed to cancel
1/& divergences in the SFP part of (¢g) — q.

The final ingredient for arriving at a finite answer is
the proper (MS) subtraction of collinear divergencies
corresponding to renormalization of the LO combi-
nation of twist-3 correlation functions [see Eq. (9)],

(F{,y —xdF{,, /dx)(x,x,p). The relevant subtraction

terms may be obtained from the computations of evolution
kernels of F %qg) [30]. We note that the kernels themselves

contain SGP, SFP, and HP contributions.

The central result of this paper is that upon combination
of all terms, we arrive at finite results for all partonic
channels contributing at NLO to the spin-dependent cross
section [33]. This validates factorization at collinear twist-3
to order a,. For single-inclusive jet production, our result
presents the complete NLO answer—we recall that for
hadron production there will also be twist-3 fragmentation
contributions that we do not address here [27,29].

The final expressions for the NLO corrections are
lengthy and will be reported in a companion paper [34].
Here, we only present the leading double-logarithmic
threshold contribution for w — 1, which is entirely SGP
and reads

.SGP.1,(1)

~ 2
%(q9)~q ~ 8¢y Cr

1+v? (In(1—-w)

o (i) =8 0
with the usual “plus” prescription. It enters with the
combination (F{  —xdF{  /dx)(x.x,u) and thus leads
to a multiplicative correction to the LO cross section, with
exactly the same coefficient as in the unpolarized case
[31,32]. This is expected because of its association with
soft-gluon emission. We note that the single-logarithmic
correction « 1/(1 —w), differs from that in the unpolar-
ized case, even in terms of color factors.

As mentioned above, our calculation also includes the
(99) = ¢ channel, which is driven by three-gluon twist-3
correlation functions. For the collinear subtraction in this
channel we recover the three-gluon contributions to the

evolution of F %qg} previously derived in [35].

Phenomenology of single-spin asymmetry at NLO—We
now present a few exploratory numerical results for the
single-spin asymmetry in ep! — z*X, adopting kinemat-
ics relevant for comparison to HERMES data [36] taken at

center-of-mass energy +/s =7.25 GeV. For the spin-
dependent cross section we need input distributions for

the quark-gluon-quark correlation functions F zfg) for all

flavors ¢, as well as for the three-gluon correlation func-
tions. Since none of these functions are currently known, a
realistic prediction is not feasible. The only constraints are
provided by the connection of the Qiu-Sterman functions
to the first k; moments of the Sivers functions [37],

£ () = ﬂ'F%qg) (x,x), along with F?_  (x,x) =0, and
lattice QCD computations [38—41] of the quantity

f_ll dx fx1—1 dx'F %qg) (x,x"). For our numerical studies we

resort to a set of three simple models for F :fq) (x,x") for up

and down quarks, assuming all other multiparton correla-
tion functions to vanish. Technically, we write the momen-
tum fractions in polar coordinates, x = rcos[p + (z/4)],
x' = rsin[g + (z/4)], and then expand the ¢ dependence

of F @) in terms of a Fourier series, selecting three sets of

values for the low Fourier modes. Figure 3 shows the three

resulting u- and d-quark functions F (qu) as contour plots in

the x, x’ plane. Further details as well as a related plot of

F (ng) are given in our companion paper [34]. We stress that

each one of the models in Fig. 3 respects the Sivers function
and lattice constraints described above. To compute the k |
moments of the Sivers functions we adopt the analysis of
Ref. [42]. Note that for this exploratory study we do not
take into account the proper scale evolution of the twist-3
correlation functions but only vary the scale of the un-
polarized f? parton distributions underlying our model. We
then generate theoretical uncertainty bands by varying the
scale in the range 1 GeV < u < 2.2 GeV corresponding to
the boundaries of the HERMES P, ; bin, using u =
(P,r)~1.15 GeV as the central value. We use the pion
fragmentation functions of Ref. [43]. We recall that we do
not take into account any twist-3 fragmentation contribu-
tions. The unpolarized cross section in the denominator of
the asymmetry is computed at NLO, using the results

FIG. 3.

F }uq) (x,x") (upper row) and d-quark function F’

row) in the x, x’ plane.

Contour plots of our model twist-3u-quark function

1

(do) (x,x") (lower
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Vs =7.25GeV, (P, 1) =1.15GeV

2 Vs =7.25GeV, (P 1) =1.15GeV

Aut
Aut

-~ LO+NLO(Den)
~=- LO#NLO (5c. 0)

LO+NLO (sc. 1)
-=- LO#NLO (5¢.2)
F  Hermes Data

=== LO+NLO(Den)

=== LO+NLO (Sc. 0)
LO+NLO (Sc. 1)

-=- LO+NLO (5. 2)

~0.051 F Hermes Data

-0.6 0.4 -0.2 0.0 0.2 0.4 0.6 -0.6 0.4 -0.2 0.0 0.2 0.4 0.6
X X

FIG. 4. Ay; at LO and NLO for our three scenarios of twist-3
proton matrix elements, compared to HERMES data [36] for
ept = 77X (left) and ep’ — 77X (right).

of [31] and the MSTW2008 parametrization [44] for the
unpolarized proton’s parton distributions.

Figure 4 shows the asymmetries A, for z (left) and 7~
(right) production, as functions of the pion’s Feynman
variable xp. We present the LO result as well as the NLO
ones for our three scenarios. Our main finding is that the
NLO asymmetry is highly sensitive to the set of twist-3
matrix elements chosen, and the preliminary scale uncer-
tainty bands do not overlap over a wide range in xp. We
found that this is primarily due to an intricate interplay
among the various pole contributions. We note that—
arguably accidentally—our Scenario 1 actually describes
the HERMES 7" data rather well, while none of the
scenarios does a particularly good job for z~—. We stress
how crucial our NLO corrections are in this context, and
how complex the twist-3 framework is: by construction, the
LO result—which only probes the diagonal x = x'—is the
same for each of the three model sets of twist-3 matrix
elements. For further comparison, we also show the asym-
metry computed with NLO corrections only in the denom-
inator (dashed lines). Thanks to sizable positive NLO
corrections for the unpolarized cross section it is strongly
reduced relative to LO, as was first observed in [45]. Our
results demonstrate that inclusion of NLO corrections also
in the numerator of Ay is crucial for phenomenology.

Conclusions—We have presented the NLO QCD cor-
rections to the spin-dependent cross section for the single-
inclusive process #p' — hX with transversely polarized
protons. We have demonstrated that collinear twist-3
factorization holds at the one-loop level for the contribu-
tions associated with twist-3 nucleon matrix elements. This
is a highly nontrivial result, given the complexity of the
twist-3 framework for polarized single-inclusive cross
sections, compared to that for the Drell-Yan process and
semi-inclusive DIS. In fact, this is the first time that it has
been possible to obtain the NLO corrections for a single-
inclusive single-spin asymmetry with its all-important
derivative terms. Our calculation thus serves as a proof
of principle that such NLO twist-3 calculations are pos-
sible, including phenomenological evaluations. The NLO
single-spin asymmetry A7 shows great sensitivity to the
set of twist-3 matrix elements adopted, which also high-
lights the impact that future precision EIC data might have.

We hope that extended data coverage at the EIC will make
it possible to better constrain the twist-3 correlation
functions also for x # x’ so that one can go beyond just
modeling this regime. This, along with full use of evolution
of the functions, will remain a challenge for the future. In
any case, our Letter presented here opens the door to future
full calculations of pp! — hX.
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