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We study the elementary problem of moving an active particle by a trap with minimum work input. We
show analytically that (open-loop) optimal protocols are not affected by activity, but work fluctuations are
always increased. For closed-loop protocols, which rely on initial measurements of the self-propulsion, the
averagework has a minimum for a finite persistence time. Using these insights, we derive an optimal periodic
active information engine, which is found to have higher precision and information efficiency when operated
with a run-and-tumble particle than for an activeOrnstein-Uhlenbeck particle and,we argue, than for any other
type of active particle.
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Exploring strategies to control the individual or collec-
tive motion of self-propelled particles [1–5] enhances our
understanding of active dynamics and represents a crucial
step toward technological applications, ranging from active
metamaterials to nanosized robots. Recent research has
investigated various means of control, such as adjusting the
potential landscape [6–12], confinement [13–15], or the
level of intrinsic activity [2]. In the realm of small-scale
organisms and machines, high frictional losses and the
prevalence of (non)thermal fluctuations become particu-
larly important. In this context, “thermodynamically opti-
mal” control schemes minimize the heat dissipation, work
input, or entropy production associated with transitioning a
system from one state to another. Even for passive systems,
such schemes can lead to nonintuitive solutions with
driving discontinuities [16–20]. To explore the principles
of the thermodynamically optimal control of active sys-
tems, which are characterized by noise, memory, (non-)
Gaussian statistics, and intrinsic driving, it is thus vital to
study paradigmatic simplified models.
In this spirit, we investigate the elementary problem of

dragging a harmonic trap containing a single active particle
to a target position within a given finite time, through
some fluid forming a heat bath, in one spatial dimension.
We optimize the dragging protocol to minimize the

experimenter’s work input, a directly measurable quantity
[20,21] that bounds below the controller’s total energy
expenditure. The problem is complex enough to show key
features of optimal control of active matter, yet can be
solved exactly. Different from passive particles (PPs), for
which this problem was solved in the seminal paper [16],
self-propelled particles can actively swim toward the target,
suggesting that less external work input is needed.
However, the internal self-propulsion can just as well
increase the resistance against the translation. We explore
under which conditions the intrinsic activity facilitates or
hinders the transport. To gain broader insights, we consider
two models: run-and-tumble particles (RTPs) and active
Ornstein-Uhlenbeck particles (AOUPs).
From a control theory perspective, the dragging problem

represents an open-loop control scheme, because the proto-
col is predefined and fixed. More sophisticated are closed-
loop or feedback control schemes, which dynamically adapt
the protocol taking into account real-time knowledge of the
stochastic system state, resembling a mesoscopic “Maxwell
demon” [21]. Closed-loop control can generally provide
more precise manipulation, but it necessarily relies on
measurements which, according to Landauer’s principle,
have a thermodynamic cost [22–25]. As a simple example of
closed-loop control, we study how an initial measurement of
the system state affects the optimal protocol, generalizing
previous studies on PPs [19,26] to the active case.
Remarkably, we find that if the particle is initially moving
toward the target position, the optimal protocol can involve
an initial jump of the trap away from the target, challenging
naive intuition.
As an application, we theoretically construct a minimal,

thermodynamically optimized iteration that uses measure-
ment information and returns extractable work, creating an
“information engine” [22,27,28]. The harvested work
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stems from the in-built activity [13,14,28,29], as in an
active heat engine [30–34].
Our approach complements recent perturbative methods

based on response theory [6,7], which enable the study of
more complex active systems, but are limited to the weak
and slow driving regime. Our exact results allow for an
explicit analysis of fast and intermediate driving, where
driving discontinuities have been observed in various
contexts for PPs [16–20].
Model—We consider a one-dimensional model for a self-

propelled particle at position x in a harmonic potential
Vðx; λÞ ¼ kðx − λÞ2=2 centered at λ with stiffness k. The
particle’smotion follows the overdampedLangevin equation

ẋðtÞ ¼ −∂xVðx; λÞ þ vðtÞ þ
ffiffiffiffiffiffiffi
2D

p
ξðtÞ; ð1Þ

where v denotes the self-propulsion, D is the thermal
diffusion constant, and ξ is a thermal, unit-variance
Gaussian white noise, hξðtÞi ¼ 0, hξðtÞξðt0Þi ¼ δðt − t0Þ.
We have absorbed the friction constant and kB into other
parameters. We consider two standard models of active
motility: (i) AOUPs, where τv̇ðtÞ ¼ −vðtÞ þ ffiffiffiffiffiffiffiffiffi

2Dv
p

ξvðtÞ,
with self-propulsion “diffusion” constant Dv and unit-vari-
anceGaussianwhite noise ξv independent of ξ; and (ii) RTPs,
where v is a dichotomous Poissonian noise that randomly
reassigns values �ω with tumbling rate 1=τ [1,35–38]. A
direct comparison can be established up to second-order
correlators by fixingDv=τ≡ ω2, such that bothmodels yield

hvðtÞvðt0Þis ¼ ω2e−
jt−t0 j
τ ð2Þ

at stationarity (s),with correlation time τ. ComparingAOUPs
versus RTPs allows us to study the effect of non-Gaussianity
(RTPs) [39]. We further compare with PPs, where vðtÞ≡ 0.

Both active models reduce to PPs under the limits ω → 0 or
τ → 0. The limit τ → ∞ yields a ballistic motion with a
constant random velocity set by the initial condition.
We study the problem of moving the trap from λ0 ¼ 0 at

t ¼ 0, where the system is in a nonequilibrium steady state,
to a target position λðtfÞ ¼ λf in a finite time tf . Owing to
the frictional resistance of the fluid and changes in the
particle’s potential energy, such a process generally
requires external work input by the controller [40,41],

W ¼
Z

tf

0

dtλ̇
∂Vðx; λÞ

∂λ
¼

Z
tf

0

dtλ̇kðλ − xÞ: ð3Þ

We optimize the time-dependent protocol λðtÞ to minimize
the average work input. We deliberately do not account for
the dissipation associated with self-propulsion, as the
internal swimming mechanism is unresolved at the model
level, nonuniversal, and hard to measure experimentally (to
quantify it, one could explicitly model the swimming
mechanism [33,42–44]).
Open-loop control—First we discuss the open-loop

control problem where no measurements are taken. We
minimize the noise-averaged work functional given in
Eq. (3) using the Euler-Lagrange formalism; see Ref. [45]
for the explicit derivation. Thereby, the initial condition is
drawn from the nonequilibrium steady state, where
hxð0Þis ¼ 0 and hvð0Þis ¼ 0. We denote averages over
trajectories initialized in the steady state by h…is.
Interestingly, the resulting optimal protocol λ turns out to
be independent of the self-propulsion, and therefore, iden-
tical for AOUPs, RTPs, and PPs [16]. It has two symmetric
jumps at t ¼ 0; tf of length λf=ðktf þ 2Þ connected by a
linear dragging regime, shown as a thin line in Fig. 1(b), and
its energetic cost is hWis ¼ λ2f =ðtf þ 2=kÞ ≥ 0. Thus, the
activity does not decrease the required average work. These

FIG. 1. Optimal dragging for open-loop control and for closed-loop control, where the demon measures the particle’s initial self-
propulsion (here, v0 > 0 as an example). (a) Protocol stages (1 → 2 initial jump, 2 → 3 continuous driving regime, 3 → 4 final jump to
target). (b) Protocol (blue), average particle position (gray) and self-propulsion (arrows). The thin blue line shows the open-loop
protocol; the thick line shows the corresponding closed-loop protocol. (c) Cumulative average work hWðtÞiv0 ¼

R
t
0 dt

0λ̇kðλ − hxiv0Þ for
open-loop control (thin line) and for closed-loop control (thick line). Here, τ ¼ 0.2, k ¼ 1, tf ¼ 1, and v0 ¼ 1.
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findings are important in experimental settings, where the
underlying particle dynamics and level of activity may be
unknown.
However, the activity influences the fluctuations of the

work done by the controller. As we derive in the companion
paper [45], the variance of the work for PPs is
VarsWpassive ¼ 2Dλ2f =ðtf þ 2=kÞ, while for both active
models, there is an identical additional contribution:

VarsWactive −VarsWpassive

¼ 2λ2fω
2�

tf
τ þ 2

kτ

�
2

�
tf
τ
þ

2
kτþ ð1− kτÞð1− e−tf=τÞ

1þ kτ

�
≥ 0: ð4Þ

Thus, the variance of the work is always increased by
activity, consistent with the picture of an increased effective
temperature. The additional variance only vanishes in the
trivial (passive) limits: λf → 0, ω → 0, and in the quasi-
static limit, tf → ∞, where VarsW vanishes for all models.
Taken together, our findings suggest that activity pro-

vides no advantage in the open-loop problem: while the
optimal protocol and minimummean work remain identical
to the passive case, the stochastic work entails larger
uncertainty. Furthermore, at the level of first and second
moments, the (non-)Gaussianity is irrelevant for open-loop
control, though a distinction arises in the higher moments.
For example, the positional distribution remains Gaussian
for PPs and AOUPs throughout the protocol, while the non-
Gaussian distribution of RTPs is generally changed by the
dragging [38].
Closed-loop control (initial measurement)—We turn to

the case where a feedback controller or mesoscopic
“demon” takes an initial real-time measurement before
deciding upon the protocol. The optimal closed-loop
protocol can be obtained by the same procedure as before,
now incorporating the (measured) states xð0Þ ¼ x0; vð0Þ ¼
v0 as the initial condition. We focus on the case where only
v is measured, which is obtained by marginalizing over x.
Notably, a measurement of v also yields statistical infor-
mation about x, since the average of xð0Þ, conditioned on
vð0Þ ¼ v0, is hxð0Þiv0 ¼ v0=ðkþ τ−1Þ ≠ hxð0Þi [38,45];
here we introduced the notation h•iv0 ¼ h•jvð0Þ ¼ v0i.
As detailed in the companion paper [45], the optimal

protocol after a v measurement, which again coincides for
AOUPs and RTPs, reads as

λv0ðtÞ ¼

8>><
>>:

0; t ¼ 0

hxðtÞiv0 þ
dv0

ktfþ2
− v0

2k e
−t=τ 0 < t < tf

λf ; t ¼ tf

; ð5Þ

with

hxðtÞiv0 ¼
v0

kþ τ−1
þ dv0
tf þ 2=k

tþ τv0
2

ð1 − e−t=τÞ; ð6Þ

dv0 ¼ λf −
v0

kþ τ−1
−
τv0
2

�
1 − e−tf=τ

�
: ð7Þ

The quantity dv0 corresponds to the distance between the
target trap position λf and the expected value of the
particle’s initial position after v0 measurement, minus
the mean distance covered “for free” by the particle’s
self-propulsion until its orientation decorrelates (last term).
Figures 1(a) and 1(b) show a typical optimal protocol (5)

for some v0 > 0, λf > 0. Different from the open-loop case,
the jumps at t ¼ 0; tf can be asymmetric, and, at inter-
mediate times, the protocol is generally nonlinear.
Furthermore, the initial jump

λv0ð0þÞ − λv0ð0Þ ¼
v0

kþ τ−1
−
v0
2k

þ dv0
ktf þ 2

; ð8Þ

can be in the opposite direction to the target position λf .What
seems at first glance even more counterintuitive, these
“reversed” jumps occur when the initial self-propulsion
already pushes the particle toward λf ; see Fig. 1(b). The
expectation value for the corresponding cumulative work,R
t
0 dt

0λ̇ðλ − hxiÞ, shown in Fig. 1(c), reveals the reason.
While the initial reversed jump is costly, it brings the system
into a configuration that enables a subsequent extraction of
net work from the self-propulsion (negative hdWi), over-
compensating the initial cost.
The average total work associated with λv0 is

hWiv0 ¼−
kv20

2ðkþ τ−1Þ2 −
τv20
8

�
1− e−2tf=τ

�
þ d2v0
tf þ 2=k

; ð9Þ

which implies that v measurements enable work extraction
through two distinct physical mechanisms. First, measuring
v gives average positional information that makes it
possible to extract some of the potential energy stored in
the initial configuration, concretely ðk=2Þhxð0Þi2v0 [first
term in Eq. (9)] [46]. Second, energy can be extracted
from the self-propulsion: setting the trap to a position
where the particle actively climbs up the potential and then
moving the trap along the direction of self-propelled
motion, one can extract work from the activity until the
orientation decorrelates. In contrast to work extracted from
potential energy, this operation requires a finite duration,
tf > 0. Neither mechanism requires an ambient temper-
ature, D > 0, unlike work extraction from potential energy
of PPs through positional measurements [26].
Averaging Eq. (9) over the steady state distribution of

vð0Þ yields the expected mean work

W ¼ −
kω2

2ðkþ τ−1Þ2 −
τω2

8
ð1 − e−2tf=τÞ

þ
λ2f þ

�
2

kþτ−1
þ τð1 − e−tf=τÞ

�
2
ω2=4

tf þ 2=k
: ð10Þ
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W has a pronounced minimum at finite τ, Fig. 2. Thus, the
expected cost to translate an active particle is lower than for
a PP (τ → 0), and, remarkably, also a ballistic particle
(τ → ∞). In both these limits the work W reduces to
ðλ2f =tf þ 2=kÞ. Therefore, a finite persistence time, i.e., the
presence of nonequilibrium fluctuations, poses an advan-
tage for closed-loop control.
Active information engine—A notable potential applica-

tion of optimal protocols is optimized periodic machines.
Based on our results so far, one can readily construct a
minimal, optimal information engine that harvests energy
from activity using self-propulsion measurements, as fol-
lows. From Eqs. (5)–(9), we find that the work hWiv0 is

minimized, i.e., work extraction is maximized, if the trap is
set to λ�f ¼ v0=ðkþ τ−1Þ þ 1

2
τv0ð1 − e−tf=τÞ. For this opti-

mal target displacement λ�f , the final trap position coincides
with the average particle position at the end of the protocol,
so that the protocol extracts any average potential energy
available at t ¼ tf . Setting λf ¼ λ�f further yields hWiv0 ≤ 0

for all v0, and dv0 ¼ 0. The corresponding optimal protocol
reads as

λengine ¼

8>>><
>>>:

0; t ¼ 0

τv0
2

�
3þkτ
1þkτ −

1þkτ
kτ e−t=τ

�
0 < t < tf

τv0
2

�
3þkτ
1þkτ − e−tf=τ

�
t ¼ tf

: ð11Þ

Iterating λengine yields an information engine with period tf ,
visualized in Fig. 3. Over long time scales, the trap center
undergoes diffusive motion. This can however be prevented
by reset events that do not asymptotically affect effi-
ciency [47].
The motor builds up nontrivial correlations between

iterations, so the system does not reach a steady state.
However, the orientational dynamics is not affected by the
trap, and the trap position automatically coincides with the
average particle position at the end of the protocol. Therefore,
assuming that tf is large compared to typical intrinsic
relaxation times [48], we can still calculate the average
work extraction per iteration from Eq. (9), which yields
ðk=2Þω2v0ðkþ τ−1Þ−2 − 1

8
ω2τð1 − e−2tf=τÞ for AOUPs and

RTPs. This has no optimum τ, and reaches its maximum in
the quasistatic regime. Simulating this engine, we find that,
while the averagework is identical for AOUPs andRTPs, the

FIG. 2. The work for closed-loop control averaged over v0
measurements exhibits a pronounced minimum for a finite
persistence time τ (here, k ¼ 1). The y axis shows the reduction
in average work compared to the passive limit (τ → 0). The
optimum value τ� (black line) is nonmonotonic in tf , due to a
“kink” around tf ¼ 1, discussed in more detail in [45].

FIG. 3. Active information engine: (a) iterated engine protocol determined upon an initial self-propulsion measurement v0 in
each iteration, (b) single realization of engine protocol (thick blue), corresponding noise-averaged particle position (gray),
and cumulative work (thick red). The arrows indicate the measured v0 values. Thin lines show trajectories for other stochastic
realizations (ω ¼ 1.0; τ ¼ 0.5; tf ¼ 10; k ¼ 0.5). (c) Work distribution per iteration for AOUP and RTP from simulations
(ω ¼ 0.2; τ ¼ 1; tf ¼ 10; k ¼ 2). While the mean (times symbol) is identical for AOUP and RTP, matching the theory (dashed line),
AOUPs have a larger standard deviation (vertical bars). For RTPs, the unique mode of the distribution is below the mean, while it is close
to zero for AOUPs.
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work distributions differ significantly, and most notably are
always broader for AOUPs, Fig. 3(c).
Finally, we address the effect of measurement uncer-

tainty and the thermodynamic cost of information acquis-
ition [22,49–51], which has not been included in previous
studies of active information engines [14]. The uncertainty
of the v measurement lowers the extractable work.
Assuming a Gaussian-distributed measurement error ϵ,
we show in [45] that the net extracted work has an
additional cost term ∝ ϵ2, leading to a total average work
per iteration of

Wengine ¼ ðϵ2 −ω2Þ
�

k=2
ðkþ τ−1Þ2 þ

τ

8

�
1− e−2tf=τ

��
: ð12Þ

Thus, work extraction is still possible for all finite k; τ; tf ,
provided that ϵ < jωj.
The information efficiency η of the engine is obtained by

dividing the mean extracted work per iteration by the
information acquisition cost. Henceforth, we assume an
isothermal process, where the demon operates at temperature
D ¼ Dv. Under this assumption, the fundamental limit to the
information acquisition cost for an individual measurement
is given by the relative entropy and, when averaged over
multiple iterations, by the mutual information I between the
true valuevr0 and themeasurement outcome vm0 , scaled by the
temperature [26,49,51–53]. Thus,

η ¼ −Wengine

DvI
: ð13Þ

For AOUPs, the mutual information is [45]

IAOUP½vm0 ; vr0� ¼
1

2
ln
�
1þ ω2

ϵ2

�
; ð14Þ

which vanishes for ϵ → ∞, where measurements become
useless, and diverges for ϵ → 0. This divergence is not
surprising, in view of the infinite information content in a
continuous variable, v0 ∈R [54,55]. For RTPs, we find in
the regime of small errors ϵ ≪ ω,

IRTP½vm0 ; vr0� ¼ lnð2Þ; ð15Þ
i.e., the measurement yields exactly one bit of information.
Comparing (14) and (15) indicates that, at least in the
regime of interest of modest ϵ, the cost of information
acquisition is generally lower for RTPs than AOUPs. In
fact, RTPs have the smallest information cost (one bit) of
any possible active particle model. Recalling that the
extractable work is independent of the model of self-
propulsion, we conclude that the information efficiency
η is highest for RTPs.
Together with Eqs. (12) and (15), this gives a universal

upper bound to the information efficiency,

η ≤ ηmax ¼ 1=½4 lnð2Þ�: ð16Þ

The engine is most efficient when run with an RTP at low
frequency 1=tf, with low error ϵ, and τ ¼ k−1 [56]. Even for
finite tf , the efficiency η admits a maximum at a finite
persistence time τ.
Conclusions—We have generalized a canonical optimi-

zation problem to the case of active particles. The open-
loop protocol is not affected by activity, but fluctuations of
the work are generally increased. In contrast, closed-loop
protocols can extract energy from self-propulsion measure-
ments by jumps away from the target position. Surprisingly,
a finite persistence time is beneficial compared to “infi-
nitely persistent” (ballistic) particles. We have further
derived an optimal engine to harvest work from the self-
propulsion measurements by simple shifts of the trap. Such
an engine is most efficient and most precise for RTPs
benefiting from non-Gaussianity. We found a universal
upper information efficiency bound for this engine design
of 1=½4 lnð2Þ� ≈ 0.36. Higher efficiencies are presumably
achievable with more complex machines, e.g., by a
dynamic adjustment of trap stiffness.
Our results for AOUPs readily generalize to higher

dimensions, and it would be compelling to explore other
active models in higher dimensions too. To address more
complicated processes, recent machine learning algorithms
offer a promising approach [18–20], potentially enabling
the study of collective active systems. We hope that our
work will stimulate experimental investigations into opti-
mal control of optically trapped bacteria [57] or synthetic
active particles [58,59].
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