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We employ a single worldline effective field theory in a Schwarzschild-Tangherlini background to
compute the gravitational Compton amplitude up to third post-Minkowskian order. After excising the
infrared divergences associated with the Weinberg phase, we establish a direct and exact map to results in
black hole perturbation theory with a natural resummation and regularization of the forward divergences of
the Compton amplitude. We also outline possible applications of this useful computational bridge for
Compton amplitudes that include spin and tidal effects.
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Introduction—The ability to detect gravitational waves
directly using Earth-based interferometers, along with
advances in computational technology for general relativity
arising from quantum field theory [1–7], has led to a
renewed theoretical emphasis on deriving analytic results in
classical gravity. Several new insights have emerged from
studies of the inspiral dynamics [8–64] and radiation effects
[7,65–82] of two-body mergers. The gravitational Compton
amplitude describing graviton scattering off a massive
particle is important in this context, serving to probe and
characterize stable, curved spacetimes within an effective
field theory approach, and is vital for computing results
relevant to massive binary scattering via amplitude tech-
niques (see, for instance, [83–102]).
The Compton amplitude at the second post-Minkowskian

order has been studied previously in Refs. [103–105]. The
full result for a nonspinning mass was first derived by the
present authors [104] using worldline effective field theory
[2,8,9,106] in flat and curved backgrounds [107–109]. In
this Letter, we extend the approach of Ref. [104] to the third
post-Minkowskian order. The infrared structure of the
amplitude displays the expected form of the Weinberg phase
[110], allowing a straightforward extraction of the infrared
finite amplitude and the physical differential cross section.

The complete description of gravitational waves scatter-
ing against compact objects like black holes, as dictated by
general relativity, comes from black hole perturbation
theory [111–114] and matching to these results systemati-
cally identifies the right point particle effective field theory
for modeling them. Playing a central role in analyzing
gravitational waves in the ringdown regime of a black hole
merger process, black hole perturbation theory studies are
most naturally conducted in a partial-wave expansion that
encodes strong-field dynamics. Establishing an explicit
connection between plane-wave amplitudes from post-
Minkowskian perturbation theory and partial-wave ampli-
tudes from black hole perturbation theory is therefore
essential for extracting and classifying the effects from
the finite size of these objects [52,97,100,102,115–117]. A
comparison between these two representations—requiring
a projection integral from plane-wave to partial-wave
amplitudes—has been achieved at tree level [89,118] but
an obstacle when going to higher post-Minkowksian orders
is the increasingly complex singular integrals arising from
forward-limit divergences. In this Letter, we overcome the
challenge by employing a resummation of the leading
forward divergences into a compact Newtonian-like con-
tribution [119] that naturally regularizes the singularity.
Using it, we establish a direct map between plane-wave and
partial-wave amplitudes. We find complete agreement
between the scattering amplitudes up to third post-
Minkowskian order and therefore obtain the same differ-
ential cross section up to next-to-next-to-leading order.
We envision many interesting applications of our results.

Perturbative amplitude relations arising from the nonper-
turbative isospectrality relations in black hole perturbation
theory [120] could, for instance, lead to new insight on how
to resum perturbative amplitude expressions. We also
believe that computations of amplitudes with finite-size
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effects, such as spin and tidal contributions, could receive
useful input from the direct link.
The structure of this Letter is as follows. We begin by

reviewing the computational formalism and discussing the
general structure of the classical Compton amplitude. Then,
we outline the structure of the third-order post-Minkowskian
amplitude, identifying the contributing diagrams and speci-
fying the integral basis required to determine the integrand.
The results for the third-order post-Minkowskian amplitude
and next-to-leading order cross section are presented next.
This is followed by a section describing the comparison of
our post-Minkowskian results with black hole perturbation
theory by projecting the gravitational post-Minkowskian
Compton amplitude to its counterpart in black hole pertur-
bation theory, given in terms of functions in a spin-weighted
spherical harmonic basis. Finally, we present our
conclusions.
Throughout, we adopt the mostly minus metric signature

and set ℏ ¼ c ¼ 1.
Gravitational Compton amplitude—We start with

describing the gravitational interactions of a nonspinning
compact object of mass M in an effective field theory
approach using the gauge-fixed Einstein-Hilbert action and
a minimally coupled worldline action,

S ¼ SG½g� þ Swl½g; x�; ð1Þ

where

SG½g� ¼ −
2

κ2d

Z
ddx

ffiffiffiffiffi
jgj

p �
R − ḡμνGμGν

�
;

Swl½g; x� ¼ −
M
2

Z
dτðgμνẋμẋν þ 1Þ: ð2Þ

The gauge-fixing function is Gμ ¼ ḡνλ∇νhλμ − 1
2
ḡρσ∇μhρσ

and the bars denote a fixed background metric and its
associated covariant derivatives. To regulate formal infinities
that arise in loop level computations, we work in d ¼ 4 − 2ϵ
dimensions. The gravitational coupling constant is κ2d≡
32πGμ̃2ϵ, with G being the four-dimensional Newton’s
constant, and μ̃2 ≡ ðeγ=4πÞμ2. Here, μ is an arbitrary mass
scale coming from dimensional regularization, and γ is the
Euler-Mascheroni constant.
The object of our study, the scattering of a graviton off a

compact object modeled as a point particle, is described by
the gravitational Compton amplitude whose relevant kin-
ematics can be summarized as

ð3Þ

Here, pμ
i and εμi ε

ν
i are the momenta and polarization of the

gravitons, and vμ denotes the velocity of the compact

object. The frequency of the external gravitons is defined
by ω ¼ p1 · v ¼ p2 · v, and the momentum transferred in
the process is qμ ¼ pμ

2 − pμ
1. The magnitude of qμ is related

to the spatial angle θ between the two graviton momenta
and is encoded in x ¼ ðjqj=2ωÞ ¼ sinðθ=2Þ; 0 ≤ x ≤ 1.
The Compton amplitude, which has a nontrivial functional
dependence on x, can be systematically expanded in a post-
Minkowskian series, nPM signifying the n th order term,
and in a series in the dimensional regulator ϵ so that

M ¼ M1PM
0 þ

X∞
n¼2

X∞
j¼1−n

ϵjMnPM
j ; ð4Þ

where terms with j < 0 represent infrared divergences.
From Weinberg’s soft graviton theorem [110], the infrared
divergences may be extracted by factoring out the
Weinberg phase from the amplitude [121],

Mfiniteðμ; ε1; ε�2Þ ¼ eiϵ̄=ϵMjϵ→0

¼ M1PM
0 þM2PM

0 þ ðM3PM
0 þ iϵ̄M2PM

1 Þ þ � � � ; ð5Þ

where ϵ̄ ¼ 2GMω is the post-Minkowskian expansion
parameter. Note at third post-Minkowskian order that
Mfinite has a contribution from the ϵ-linear M2PM

1 [122].
More generally, at higher orders in the post-Minkowskian
expansion, higher powers of ϵ in the amplitude can also
contribute to the finite amplitude and hence contribute to
the physical differential cross section [123],

dσ
dΩ

¼ jMfiniteðμ; ε1; ε�2Þj2
ð8πMÞ2 : ð6Þ

Therefore, positive powers of ϵ in the amplitude cannot be
discarded a priori. We also note that the μ dependence in
the amplitude cancels in the cross section.
All Feynman rules required for our computation are

extracted from the action in Eq. (1) by inserting the
background field expansions,

gμνðxÞ¼ ḡμνðxÞþκdhμνðxÞ; xμðτÞ¼vμτþzμðτÞ; ð7Þ

such that the metric is expanded around the Schwarzschild-
Tangherlini solution [125] in isotropic coordinates, and the
massive particle trajectory around straight-line motion
[104,107,108]. Expanding around this solution resums
certain classes of Feynman diagrams, reducing the number
of diagrams one has to evaluate. To construct the integrand
for the third-order Compton amplitude, we add the 13
contributing diagrams [126],
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ð8Þ

where we have the deflection and metric insertion subdia-
grams,

ð9Þ

The deflection subdiagram (also known as the recoil vertex
[109]) represents the process of a graviton being absorbed
by the compact object, perturbing its motion, and being
reemitted. The n th post-Minkowskian metric insertion
represents the graviton interacting with the gravitational
potential generated by the compact object at that order in
the expansion. Due to the nonlinearity of general relativity,
there is an infinite tower of these metric insertion vertices.
We refer to our previous paper for more details [104].
The expression for the numerator of the integrand contains

scalar products like li · εj. These can be reduced by
expanding the polarization vectors εμi in a basis composed
of the external kinematics and an additional spacelike unit
vectorwμ. After tensor reduction, the integrand is spanned by
the integral family,

Kλ⃗
ν⃗ ¼ μ̃4ϵ

Z
l

δ̂ðν1−1Þðl1 · vÞδ̂ðν2−1Þðl2 · vÞ
½l2

1�ν3 ½l2
2�ν4 ½ðq − l1 − l2Þ2�ν5

×
½ðl1 þ l2Þ2�λ1 ½ðq − l1Þ2�λ2ðl1 · wÞλ3ðl2 · wÞλ4
½ðp1 þ l1Þ2 þ i0þ�ν6 ½ðp1 þ l1 þ l2Þ2 þ i0þ�ν7 ;

ð10Þ

where ν⃗ ¼ ðν1; ν2; ν3; ν4; ν5; ν6; ν7Þ, λ⃗ ¼ ðλ1; λ2; λ3; λ4Þ.
The superscripts on the δ functions signify derivatives and
are only needed for the purpose of deriving integration-by-
parts relations between the integrals [128–132]. The first
three propagators in the denominator originate entirely from
the metric insertion vertices in Eq. (9). They are never on
shell, since they are forced to be spacelike on the whole
integration domain. Therefore, their i0þ prescription is
inconsequential and suppressed in Eq. (10). The next two
propagators come from the gravitons traversing between any
two-point vertices in Eq. (8), and it is essential to keep track
of their i0þ prescription. It turns out to be trivial to show that
the Feynman and retarded prescriptions are identical for the
Compton amplitude.
With LiteRed [133,134], we reduce the integral family

to eight master integrals: [135]

K1¼K0;0;0;0
1;1;0;0;0;1;1; K2¼K0;0;0;0

1;1;1;1;0;0;1; K3¼K0;0;0;0
1;1;0;1;1;1;0

K4¼K0;0;0;0
1;1;1;1;1;0;0; K5¼K0;0;0;0

1;1;1;1;1;0;1; K6¼K0;0;0;0
1;1;1;1;1;1;0

K7¼K0;0;0;0
1;1;1;1;1;1;1; K8¼K0;0;0;0

1;1;2;1;1;1;1:

See Fig. 1 for a diagrammatic representation. To solve the
master integrals, we use the method of differential equa-
tions [128,129,136–138]. Concretely, we find a canonical
basis of master integrals [138] which allows us to easily
integrate the required integration-by-parts differential equa-
tions that appear in the calculation order by order in ϵ. We
fix the boundary constants for the three lowest sectors by
directly determining the limit of the integrals as x → 0,
which is the forward-scattering limit. The boundary con-
stants for the top sector are fixed by imposing the condition
that the amplitude be free of all backward scattering
singularities as x → 1 and of higher power singularities
x−m, m ≥ 3. More details on our procedure and integral
results can be found in Supplemental Material [139], which
includes [140–147].
We find that the third post-Minkowskian order amplitude

up to OðϵÞ,

M3PM ¼ −
ϵ̄2

2ϵ2
M1PM

0 −
iϵ̄
ϵ
M2PM

0 þM3PM
0 þOðϵÞ; ð11Þ

has the expected infrared behavior from Weinberg’s soft
theorem [110]. Then, using Eq. (5) and inserting the linear-
in-ϵ term from the second-order post-Minkowskian ampli-
tude, extracted from the d-dimensional expression pre-
sented in [121], we obtain the finite amplitude at third post-
Minkowskian order, expressed here in terms of the tran-
scendental functions appearing in the master integrals,

FIG. 1. Diagrams representing the master integrals ordered left
to right from K1 to K4 and then K5 to K8. Red lines denote
velocity-cut propagators. The dot on the second double box
signifies a squared propagator.
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M3PM
finite ¼ M3PM

0 þ iϵ̄M2PM
1 ¼ πMð2GMωÞ3

ω
×

�
d1ðGþðxÞ þ iπ logð1þ xÞÞ þ d2

�
G−ðxÞ þ iπ log

4x
1þ x

�

þ d3log2
4ω2x2

μ2
þ d4

�
4ζð2Þ − log2

4ω2

μ2

�
þ d5 log x2 þ ðd6 þ d7iπÞ log

4ω2

μ2
þ dRe þ dIm

�
; ð12Þ

where we have used

G�ðxÞ ¼ Li2ðxÞ � Li2ð−xÞ þ ðlogð1 − xÞ � logð1þ xÞÞ log x: ð13Þ

The coefficients, which are given in Supplemental Material
[139], are all in terms of two gauge-invariant functions,

F1 ¼
ðv · f1 · f�2 · vÞ

ω2
; F2 ¼

ðv · f1 · p2Þðv · f�2 · p1Þ
ω4

;

ð14Þ

where fμνi ¼ pμ
i ε

ν
i − pν

i ε
μ
i . The poles at x → 1 and x →

1=
ffiffiffi
2

p
are spurious and originate in the tensor and integra-

tion-by-parts reduction. We remark that the leading forward
divergences up to third post-Minkowskian order in Mfinite
go as

3PM∶x−2log2x; 2PM∶x−2 log x; 1PM∶x−2: ð15Þ

Using Eqs. (5) and (6), together with the first and second
order post-Minkowskian amplitude results in [104], one
can directly get the leading order, next-to-leading order,
and next-to-next-to-leading order cross sections from the
expression,

�
dσ
dΩ

�
¼ jM1PM

0 j2 þ 2ReðM1PM
0 M2PM

0 Þ
ð8πMÞ2

þ jM2PM
0 j2 þ 2ReðM1PM

0 M3PM
finiteÞ

ð8πMÞ2 þ � � � : ð16Þ

Working in the lab frame, one can take θ1 ¼ 0 and relabel
θ2 ¼ θ in the following general expressions for the exter-
nal data present in the amplitude, v¼ð1;0;0;0Þ;pj¼
ωð1;sinθj;0;cosθjÞ;εþj ¼ 1ffiffi

2
p ð0;cosθj;i;−sinθjÞ;ε−j ¼ 1ffiffi

2
p ð0;

cosθj;−i;−sinθjÞ, so that the cross section can be
rephrased as receiving contributions from a helicity-con-
serving function f and helicity-reversing function g,

dσ
dΩ

¼ jfampðθÞj2 þ jgampðθÞj2; ð17Þ

where fampðθÞ¼ð1=8πMÞMfiniteðμ;εþ1 ;εþ�
2 Þ and gampðθÞ ¼

ð1=8πMÞMfiniteðμ; εþ1 ; ε−�2 Þ. Using explicit expressions
for the amplitudes, the cross section up to next-to-leading
order is

dσ
dΩ

¼ ðGMÞ2
�ðx2 − 1Þ4 þ x8

x4
þ ϵ̄

πð15ðxþ 1Þ2 − 2xÞ
4x3

× ðx − 1Þ4 þ ϵ̄2
�
c1GþðxÞ þ c2G−ðxÞ þ c3 þ π2c4

þ c5 logðxÞ þ c6log2ðxÞ
��

; ð18Þ

where the coefficients ci are provided in Supplemental
Material [139]. In the plot shown in Fig. 2, we display the
leading order, next-to-leading order, and next-to-next-to-
leading order cross sections separately as functions of θ at
ϵ̄ ¼ 0.3. The leading order is dominant at all angles and
indicates the efficiency of the post-Minkowskian expansion
(at ϵ̄ ≤ 0.3).
Comparison with black hole perturbation theory—In

black hole perturbation theory, the helicity-conserving and
helicity-reversing contributions to the differential cross
section are expressed as an infinite sum involving spin-
weighted spherical harmonic functions [119,148,149] writ-
ten here in a modified form,

fBðθÞ ¼
πe−iΦ

iω

X∞
l¼2

−2Yl2ð0Þ−2Yl2ðθÞΔþ
l2;

gBðθÞ ¼
πe−iΦ

iω

X∞
l¼2

ð−1Þl−2Yl2ð0Þ−2Yl2ðπ − θÞΔ−
l2; ð19Þ

where Φ≡ 2ϵ̄ lnð2ϵ̄Þ − ϵ̄ and Δ�
l2 ¼ e2iδ

þ
l2 � e2iδ

−
l2 . We drop

the subtraction of 2 in the original fBðθÞ to make the
definition consistent with the post-Minkowskian amplitude
and also multiply by an l-independent overall phase that
does not affect the physical differential cross section. The
parity- and l-dependent phases are obtained from the
Mano-Suzuki-Takasugi solution [150] of the Teukolsky
equation [113,114]

e2iδ
�
lm ¼ ð−1Þlþ1

Cð0Þ
TS

16ω4

BðrefÞ
lm

BðincÞ
lm

; ð20Þ

where Cð0Þ
TS ¼ lðl2 − 1Þðlþ 2Þ � 6iϵ̄ is the Teukolsky-

Starobinsky constant in the spinless limit. BðrefÞ and
BðincÞ are obtained from the asymptotic behavior of the
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Mano-Suzuki-Takasugi solution for the Newman-Penrose
scalar ψ4 and we refer to [150,151] for their explicit values
[152]. If we define components of the scattering amplitudes
under projection to the spin-weighted spherical harmonic
basis as

ðfÞðlÞ ≡ 2π

Z
π

0

fðθÞ−2Yl2ðθÞ sinðθÞdθ;

ðgÞðlÞ ≡ 2π

Z
π

0

gðθÞ−2Yl2ðπ − θÞ sinðθÞdθ; ð21Þ

it is straightforward to deduce a non-perturbative relation
between helicity-conserving and helicity-reversing func-
tions,

gðlÞB ¼ 6iϵ̄
ð−1Þllðl2 − 1Þðlþ 2Þ f

ðlÞ
B ; ð22Þ

as the parity-dependent phase arises only from the
Teukolsky-Starobinsky constant. This relation is also
proved in [155] based on Zerilli’s radial equation [112];
see also Ref. [119].
To demonstrate the equivalence between the Compton

amplitude in a post-Minkowskian expansion and expres-
sions from black hole perturbation theory, it is useful to
project the Compton amplitude onto the same complete
basis of spherical harmonic functions. In order to do so and
match known results, we set the scale parameter in the
Compton amplitude to μ ¼ 2e−γω, and first proceed to
regularize the forward scattering divergences in Eq. (15)
that prevent successful projection. Covariantizing the
results of long-range (Newtonian) contributions to gravi-
tational wave scattering in [119,156], we find that a
resummation of the leading forward divergent components
from each post-Minkowskian order suffices as a natural
regularization. While this contribution contains terms at all

orders in the post-Minkowskian expansion, it arises solely
from iterations of the tree-level Newtonian potential. Thus,
we arrive at

Mfiniteð2e−γω; ε1; ε�2Þ ¼ 32πGM2
Γð1 − iϵ̄Þ
Γð1þ iϵ̄Þ

F2
1

4x2ð1−iϵ̄Þ

þ
X∞
n¼2

MnPM
finite;rmð2e−γω; ε1; ε�2Þ;

ð23Þ

where the subscript “rm” denotes remaining terms that are
free of the leading forward divergent contribution. We find
(to the order we work) that the leading forward divergent
contribution can be understood from considering the
resummation of graphs with a double cut at each loop,

ð24Þ

The logic behind this argument starts from the one-loop
amplitude result, where one arrives at contributions with
the form ðlogðxÞ þ γÞ½1=x2�. When adding a new rung,
these one-loop terms reappear together with new higher-
order loop terms. Since the total contribution from sum-
ming all loop orders will consist of all lower order
contributions plus new ones at each order, it is possible
to conjecture the all-loop result from the pattern of
explicitly computed terms. We find terms giving rise to
ðe2iγϵ̄=x2−2iϵ̄Þ which is consistent with

Γð1 − iϵ̄Þ
Γð1þ iϵ̄Þ ¼ e2iγϵ̄ei

P
∞
n¼1

2ð−1Þn
2nþ1

ϵ̄2nþ1ζð2nþ1Þ

in 32πGM2½Γð1 − iϵ̄Þ=Γð1þ iϵ̄Þ�fF2
1=4x

2ð1−iϵ̄Þg in (23).
[We note that exponential factors which involve terms
such as ζð3Þ and other transcendental constants begin to
appear in the loop diagrams from the fourth post-
Minkowskian order, which necessitates the appearance
of ζðjÞ in the phase factor.] A different value of μ will
result in an extra phase upon resummation which does not
affect physics but prevents a complete match when com-
paring with black hole perturbation theory.
In the lab frame, the scattering functions are

fntampðθÞ þ frmampðθÞ ¼
Mfiniteð2e−γω; εþ1 ; εþ�

2 Þ
8πM

;

gntampðθÞ þ grmampðθÞ ¼
Mfiniteð2e−γω; εþ1 ; ε−�2 Þ

8πM
; ð25Þ

where fntampðθÞ denotes the long-range Newtonian contri-
bution from the first term in (23) and frmampðθÞ gets
contributions from the remaining terms. The same holds
for the helicity-reversing gðθÞ.

FIG. 2. Differential cross section at ϵ̄ ¼ 0.3 showing leading
order (LO), next-to-leading order (NLO), and next-to-next-to-
leading order (NNLO) contributions.
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For the resummed Newtonian part, the integration
necessary to project to the spherical harmonic basis is
well-defined via analytic continuation in ϵ̄. An example for
l ¼ 2 is

fntð2Þamp ¼
ffiffiffiffiffiffi
5π

p

ω

�
−iþ

�
2γ −

25

12

�
ϵ̄þ i

�
415

144
−
25

6
γ þ 2γ2

�
ϵ̄2

−
�
2

3
ζð3Þ− 25

6
γ2 þ 4

3
γ3 þ 415

72
γ −

5845

1728

�
ϵ̄3
�
:

ð26Þ

The partial wave projection leads to a post-Minkowskian
order mixing effect which is clearly illustrated by this
example. The ζð3Þ term, expected in the plane wave
amplitude at the fourth post-Minkowskian order, actually
contributes at the third post-Minkowskian order in the
spherical harmonic basis. This arises from the singular
integration of one term in resummed Newtonian part of
the amplitude in (23), −ð8iπ=3ωÞ R 1

0 dxxð−2Y22Þ½ϵ̄4ζð3Þ=
x2−2iϵ̄� ¼ ½4 ffiffiffiffiffiffi

5π
p

ϵ̄3ζð3Þ=3ðϵ̄2 − 3iϵ̄ − 2Þω�. The agreement
of this term with black hole perturbation theory at ϵ̄3-order
thus implies that the corresponding term in the Newtonian
part in (23) is correct at the fourth post-Minkowskian order.
Similarly, the ϵ̄0 term in the spherical harmonic component
in (26) actually originates from the first post-Minkowskian
amplitude, which explains why we drop the subtraction of 2
in the definition of fB.
The remaining terms in Eq. (23) exhibit softer diver-

gences in the projection integral at each post-Minkowskian
order and can therefore be integrated directly. As a highly
nontrivial check, we compare the projected components
explicitly up to l ¼ 10 to ϵ̄3-order and find exact agreement
between the amplitude and black hole perturbation theory
results,

frmðlÞ
amp þ fntðlÞamp ¼ fðlÞB ; grmðlÞ

amp þ gntðlÞamp ¼ gðlÞB : ð27Þ

The match for higher values of l should be straightforward
and we expect this equivalence to continue to hold at fourth
post-Minkowskian order directly and at higher post-
Minkowskian orders after including all the finite-size
effects from either completing the effective action, or
equivalently, the four-point tree-level Compton amplitude.
In particular, the nonperturbative relations (22) appearing
on the black hole perturbation theory side suggest the
existence of highly nontrivial nonperturbative relations
between the complete helicity-conserving Compton ampli-
tude and the helicity-reversing one.
Conclusion and outlook—In this Letter, we explicitly

demonstrate that a formalism that systematically incorpo-
rates recoil effects in a nonspinning background extends to
obtaining the gravitational Compton amplitude to third
post-Minkowskian order. We also employ Weinberg’s soft

theorem to factorize infrared singularities in the Compton
amplitude and regulate the leading forward divergences of
the long-range Newtonian contributions through a re-
summed expression. This framework allows us to establish
an explicit mapping between perturbative scattering ampli-
tudes in the post-Minkowskian expansion and nonpertur-
bative expressions formulated in terms of spin-weighted
spherical harmonics within the Mano-Suzuki-Takasugi
solution of black hole perturbation theory. It seems to be
worthwhile to formally prove the proposed deduced form
for the term regulating the all-order resummed Newtonian
contribution by explicitly working to higher orders in the
post-Minkowskian expansion.
A natural extension of this work is to incorporate finite-

size effects—such as spin, tidal responses, and absorption—
into gravitational Compton amplitudes, particularly in light
of current astrophysical observations. Because the resummed
Newtonian contribution systematically handles post-
Minkowskian order mixing, the bridge between formalisms
established here indicates that black hole perturbation theory
might constrain tree-level Compton amplitudes directly at
arbitrary spin order in a way that would enable a bypassing
of the conventional separation between near- and far-zone
dynamics.
The direct observables in the ringdown stage are the quasi-

normal modes [157–161], which are naturally obtained from
computations within black hole perturbation theory. A
central open question is how the discrete quasi-normal-mode
frequencies and their associated amplitudes arise from post-
Minkowskian scattering amplitudes. Our work suggests that
such an extraction can be achieved by partially resumming
plane-wave amplitudes and systematically mapping them
onto partial-wave observables, thereby providing a new
pathway to derive ringdown physics from perturbative
scattering, which in turn could be used to characterize the
black hole spectrum from an action principle. Moreover,
generalizing the framework to higher-multiplicity ampli-
tudes is of considerable interest, as it may provide access to
nonlinear features of the quasi-normal-mode spectrum [162–
166] and thus further deepen the connection between
scattering amplitudes and black hole dynamics. We leave
these and other questions to future research.

Note added—During the preparation of our manuscript,
we became aware of [167] and [168], which have a partial
overlap with our work.
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